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In 1909, E. Rutherford’s model
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In 1921, N. Bohr’s model

Atom models

In 1932, E. Schrodinger model

Electron cloud
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Electron-Ion Collider (EIC) project
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Relativistic spatial distribution



Electromagnetic form factors

Internal structure,e. g., uy # 1

Form factor
In elastic scatterings
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Dirac form factor Pauli form factor

Electric : Gg = F1 + 7F>,
Magnetic: @,, = F| + Fy,
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Lorentz invariant quantities
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Spatial distribution depending on Lorentz frame



Sachs, PR 126 (1962)
Jaffe, RRD 103 (2021)

Non-relativistic charge distribution
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Particle size

Regime: R > )\
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Reduced Compton wavelength

However,

II. Recoil correction

K Por = M1+,

\/<T2>§<p =0.84fm V.s. A= e~ U2 not POy ~ M, Q < 2M

[. Comparable charge radius

PDG, PTEP 2022 (2022)

————fp  Motivation of relativistic spatial distribution

Relativistic spatial distribution in Breit frame
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Recoil correction effect
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Infinite momentum frame distribution
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Infinite momentum frame distribution _______ Miller, PRL 99 (2007)
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Lorcé, Wang, PRD 105 (2022) . O 2 _
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-0.3 neutron
No recoil correction! . Galilean symmetry in the transverse plane — 0_4 | /OE}\I/IF
Consistency with the light-front distribution 0 05 1 1.5 2
b[fm]

How to interpolate two different distributions?
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Hadronic matrix element

In quantum phase-space formalism

(IO (r)|¥) :/ (er]; / PR (B P)(OW),,

) [ 20 e (o 2) 5 ()
N /dSY BZP'YTN <R 12/) v (R E §> Wavepacket

o (r) = (r|0)
5 (p) = —— (p|¥)
2p

Wigner, PR40 (1932) 10

Hillery, O'Connell, Scully, and Wigner, PR106 (1984)

Image: Lorce’s presentation Bialynicki-Birula, Gornicki, and Rafelski, PRD 44 (1991)

m phase-space formalism
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Quasi-probablistic interpretation
‘ 2

[ &R pu (R.P) = |(P)

/ d> P

2 P (R, P) = [¢ (R)[’
II. Phase-space amplitude (internal distribution)

Lorcé, Moutarde, and Trawinski, EPJC 79 (2019)
Lorcé, EPJC 78 (2018)
Lorcé, PRL 125 (2020)
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I. A generic frame 1n the 2D space
Connection between the rest (Breit) frame and the moving frame.

o — e — = e — ——— ————— = —
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P, =0 P, — oo
Breit frame (BF) Infinite momentum frame (IMF)
P:(PO,OJ_,O), P%(PZ,OJ_,PZ),
A= (0,A,0) A= (0,A,0)

cf. light-front frame

Lorcé, Mantovani, Pasquini, PLB 776 (2018) PT ~P,,

P =0
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II. Relativistic spin dynamics

For spin-j particle Non-trivial structure - [KY K] = —ig"k g*

I AL _ - . .
', s |O% T p, s) = */ §Wigner rotation

b, 5|0 i

“n |pBF, SBF

Lorentz transformation of BF alitudes

Durand, DeCelles, and Marr, PR 126 (1962)
Polyzou, Glokle, and Witala, FBS 54 (2013)

* Wigner rotation and Melosh rotation
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Melosh rotation
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Electric charge distribution in the elastic frame

Charge dlstrlbutlon in the elastlc frame
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What about the EMT?




Energy-momentum tensor
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Energy-momentum tensor

Energy-momentum tensor (EMT)

Conserved current under space-time translations
Energy Momentum

Mechanical force and torque

Stress tensor 7%

momentum flux
Pk

Mechanical forces

Conservation law Z« g _projection ) .
THY — 9 Y _ | ; F(rﬁ,gb) =T n<r,9’¢)
K * normal vector n’
Asymmetric! g
Energy flux Stress tensor
Angular momentum Generalized torque
: 0 9k, .glk
Orbaital angular momentum c.f. intrinsic spin ; C" =e’"r/T
i1 n i 4 ol 1 17k k
i / 3y €k pITOk (1) 5= / Pro@asvin g P Cnggg) = €T )
| projection g
' o T@,qb)
— ] | ' Mechanical torque y

Spin sum rule & individual contribution Kim, Kim, Polyakov, and Son, PRD 103 (2021)

Lorcé, and Song, PLB 864 (2025)

Lorcé, Mantovani, and Pasquini, PLB 776 (2018)

Lorcé, Mukherjee, Singh, and Won, arXiv 2606.20468 1



Relativistic spatial distributions of the EMT

V.D. Burkert et al., RMP 95 (2023)
Won, and Lorcé, PRD 111 (2025)

Matrix elements of the EMT

Kinetic EMT operator; gauge-invariant and asymmetric

(', 8|1 (0)]p, 5)
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+ 2M Ja(Q)_ 2M Sa(Q) U(p,S)

a=gq, G

Relativistic spatial distributions

A, 8| T (0
0t = [ B, s WTE Ol
(27) 2P -

utu”

m-—s-b /deJ_TC'i“/(bJ_,PZ;S/,S):M 210 55’57

Four-velocity of the systemu = vp (1,0, Bp)
VPR P
TP = M ) P — \/ma

15

Multi-pole ansatz

Fo(t) =

F4o(0)

(1—t/A% )"

u =72 GeV

F, nr F,(0) A, (GeV) Fg(0) Ar, (GeV)
A, 2055 091 045 091
C, 2 —0.11 0.91 0.11 0.91
Se 2 033 1.00 — —

. Lorcé, Moutarde, and Trawinski, EPJC 79 (2019)
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EMT distributions in transversely polarized nucleon

Energy, TOO/}/P Won, and Lorcé, PRD 111 (2025)
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consistency with LF work
(but polarized in the +y direction)

Transverse radial force, y,7/A. = 6,7/, Won, and Lorcs, in preparation
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Angular momentum

17



Spin sum rules

P — P — — — = —_——— — ———— m—————— e = — = = - = ——— . ———— e —————————————
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For spin-1/2 target,

Longitudinal spin sum rule Transverse spin sum rule
o~ - o’
(S7) = o) Frame-independent <S’i> — TL Leader, PRD 85 (2012) Frame-independent
VS |
: g’
Clearly’ Only one <Sﬁ_> — ’V—J' Ji, and Yuan, PLB 810 (2020) Frame-dependent

2

with 7 = /P2 + M*/M

Why two sum rules?
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Hydrogen atom:

An AM operator 1s defined as a generator of rotations about the pivot

The origin of the coordinate system 1s “conventionally” choosen to coincide
with the pivot.

Pivot; the center of the rotation
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Angular momentum operator for composite systems

e e — p— E— B e ———— e ——— %*— S e — p— — — [ — — pe—— ——— ————— ——— ——  _  — —————— e — — - — -

_ __— _ _ e — — —_— = e —— — —

Composite system: Lorcé, EPJC 81 (2021)
. Internal AM operator to composite systems in QFT
A P =PFP,e, total AM
Definition: S =J — R X P
Internal AM External AM

S, 87] = iek Sk, [RS8 =0, [P',87]=0
----------- . su(2) spin algebra

Position operator R; from the origin to the pivot

R, Pl =146, [R'R’]=0,

Canonical relation

L s —

Pivot for the internal AM

— The center of mass is typically used as the pivot, but the choice of the pivot is arbitrary
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Relat1V1stlc centers of eomp0s1te systems in QFT

Qualifications of t

ﬂe posmon operator

- ——— —p— I

Qualification of the internal AM operator

o j Canonical Vector under '4 Compatlblllty of il Four-vector su(2) spin
Relativistic Position operator L relation rotation {[f components { transformation algebra
center F g o g f o } L Y
[k, P7] =i6" |[R', )] =ie”*RMll  [R',R’] =0 R* = A RY |[S?,87] = ieFSF
7“0 = | i
Energy |Rj = =5 d3r 700 e 0 0
Mass Rl](/[ — A'UJVR% rest 0 0
0 pi i
Spin i _ PR + MRy, o
© PO+ M

Pauli-Lubanski pseudo-vector: S% = W*/P"

(51) =

Leader, PRD 85 (2012)

*\ Qualiicti of ocalze state

R.|r)=r|r)

O-J_

. (S1)=

Ji, and Yuan, PLB 810 (2020)

2

Measured relative to different relativistic centers
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Transverse
spin sum rule

Today’s topic

Pryce, PRSLA 195 (1948)

Newton, and Wigner, RMP 21 (1949)
Fleming, PR 137 (1965)

Murkardt, PRD 72 (2005)

Lorcé, EPJC 81 (2021)
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Relativistic spatial distributions of OAM and intrinsic spin

Relativistic spatial distributions about the relativsitic center of spin

. - d? A\ _ i ) 11Tk (g
L’L (bJ_, S/,S) — EZ]k/ J2— 6—’LA'bJ_ —1 . <p y S ‘ (E )‘p7 S> ,
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2 (27) 2P0 N

Longitudinal component in longitudinally polarized nucleon

[ ano
I e 1 B0.25
-0.075 1-0.20
] -0.050 e 2
| 010 _ _ _
| §0.025 I Longitudinal spin sum rule
f | §0.05 L :
| Eo E about the relativistic center of spin

Frame-independent

22



Lorcé,

1.0

0.5

< 00

0.5

-1.0-

Relativistic spatial dlstrlbutlons of ()AM and Intrinsic spm

L* (P = OGeV)

Transverse components Ig transversely polarlzed nucleon

P = 0.1 GeV)

e - —

L* (P = 2GeV)

L*1 (P* =10GeV)

(=

w

(( W

N

@))

10 -05 00 05 10 -10 -05 00 05 10 <10 -05 00 05 10 -10 -05 00 05 1.0

b,

Ot (P =0 Ge\/)

1.0

0.5

2 0.0

W

~0.5

10 -05 0.0 ‘05 ‘10 10 -05 00 05 10 -10 -05 00 05 10 -10 -05 00 05 1.0
b,

-1.0-

Mukherjee

=

ST

(P = 0. 1GeV)

ba

1

J

by

il
\

, Singh, and Won,

w

arXiv 2606.20468

w

/

=

ST (P* = 2GeV)

2
\

S
8

—

bs

Vp
~
BV

|
S
.

@
=

/

23

——_———— —— = —————— = - _ R

Frame-dependent

[T, K] = ieYF KR

B (J1) = 02L

Transverse spin sum rule
about the relativistic center of spin



Conclusion
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Conclusion

hoyeon.won@ polytechnique.edu

Won, and Lorcé, PRD 111 (2025)
Lorcé, Mukherjee, Singh, and Won, arXiv 2606.20468 (accepted in PLB)

 We review the energy-momentum tensor and related physical observables.

 Quantum phase-space formalism developed the relativistic spatial distribution in the
elastic frame, which is a generic frame to interpolate both rest and infinite momentum
frames, as well as to include the relativistic spin effect emerged as Wigner rotation.

 We show the relativistic spatial distributions of the EMT, and longitudinal and
transverse angular momentum for polarized nucleons in the transverse plane.

* This work can be extended to study the parity-odd EMT, including longitudinal spin-orbit

correlation and unknown gquantities. | |
Parity-odd EMT operator in QCD |

. _ PN - -
T — mu%% DVep — 2Tr FPAFY, + % g"'Tr FMF,,
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The spatial distributions of the EMT
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In the EF, the longitudinal EMT distributions, i.e., T°°,T% T°Y, and T°°

dQAJ_ . . ; Ed/XiAJ_
Ja (bJ_,PZ;S/,S):/ e 1A b ; s’s

(27‘(‘)2 ! 2M | ga (Q ) z)_ )
Monopole; spin-independent Dipole; spin-dependent = Rank: spin=position in multipole order

TN

g=p,P I II*, 0

For example, the amplitudes 1n the energy distribution

o2 py ) [P M) N g2p (o2 . VTP o7 (02 s T
P (@ P) =M | e B (@) + PR (@)} + o VT (@)

T (2 v VTP, 1 2\ a2 ny, PP+M(I+71) 1 - o

pa, (Q,PZ)—M’YP _(PO—|—M)\/?\/;{ Ea(@) BFCL(Q )} ! (PO——M)\/H——T\/;Q\/_ﬁja(Q) y

Normalized by yp, so that |d*b, p =M

Wigner rotation effects X mixing of currents under a longitudinal Lorentz boost
TOO N ,}/ZTOO 4 ’725T03 4+ ’725TSO + 7262T33

The transverse shear force

~

1 dZAJ_ : (0' 1o X ZAJ_) ~
Ha b PZ / — —ZAJ_'bJ_ HU 2 Pz 53’3 § S z HT 2 Pz
( 1 y S 78) M2b2 / (27’(’)26 a (Q ) ) + N a (Q 9 )




Position operator in QFT

Center of
-+ energy
X spin

® 1Mass

Lorcé, EPJC 81 (2023)

[J:, K] = ieVkK*

Rest frame Moving frame Infinite-momentum frame
Chen, Lorcé, PRD 107 (2023)
Pl’Oton Center‘s‘ 0.12 AR R R R R
S=e, e MAass 0.10 :—_ ______________________ —
P + CNCrgy "2 0.08 —
10, : =, - -
Rusiier=1/2M) RS * SPI 0.06 - -
B A A S -~ : )
Z 0.04f —
» ) S B 1
"t L 0.02 - =
: , Ry(P-)=0 -
| = S uiviauy T i M Y I
0.4 1m EF IMF 1072 107 10" 10’ 10°

P. |GeV|
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Parity-odd EMT operator

Parity-odd EMT operator

Dual field tensor

- - <> ~ ] ~ ~ 1
T — mu%% DVep — 2iTr FRAFY, + % g"'Tr FMFy,. P = e 0
Chiral decomposition Helicity decomposition 1n the field strength tensor
1 L1 L=
wR/L:§(1:”Y5)¢ F:'Ié =§(F“’ ::ZF'LL)
Matrix elements of P-odd EMT operator
o B 'p{uvv}% . p{uAv}% .
0| (O)lp,s) = 0 (v, ') | ———2Aa (Q%) + —5—2Ba (Q%)
Plivly, PlAYI~g - o E '
5 Ca (Q°) + ———Da (Q°) + Mic"y5Fu (Q%) | u(p, 5)
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