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Generalized Parton Distributions

[M. Burkardt, PRD62 071503 (2000), hep-ph/0005108] [M. V. Polyakov, PLB555 (2003) 57, hep-ph/0210165]

% GPDs may be accessed via % exclusive pion-nucleon diffractive
exclusive reactions (DVCS, DVMP) production of a y pair of high p,
DVCS DVMP

[X.-D. Ji, PRD 55, 7114 (1997)] [J. Qiu et al, arXiv:2205.07846]

% GPDs are not well-constrained experimentally:

+1
- Xx-dependence extraction is not direct. DVCS amplitude: s = [ H(xéit_) dx
 X— €

(SDHEP [J. Qiu et al, arXiv:2205.07846] gives access to x)
- independent measurements to disentangle GPDs
- GPDs phenomenology more complicated than PDFs (multi-dimensionality)

- and more challenges ...
A number of talks in this Workshop
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e R s A~
% Essential to complement the knowledge on GPD from lattice QCD
% Lattice data may be incorporated in global analysis of experimental
data and may influence parametrization of  and & dependence

T
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Accessing information on PDFs/GPDs

% Parton model: physical picture valid for infinite momentum frame
[R. P. Feynman, Phys. Rev. Lett. 23, 1415 (1969)]

% PDFs via matrix elements of nonlocal liaht-cone operators (—t* + 7> = 0)
— o [ e T B S WP S)

* Light-cone correlations inaccessible from Euclidean lattices (z* + 7> = 0)

%
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L 4 $
A. Mellin moments (local OPE expansion) local operators
cj(—%z) WC’W[—%z, %z] q(%z) = i} % Zay - -+ Za, [q705a1 .. .Ba”q]
n—
(N(P)|O " |N(P)) ~z% {y{w P P A () BT g .ﬁ“";‘}Bn,i(t)} HEE B ), )} F A“MW’L;V' A 0(8?) ) ] U(P)
See talks by Y. Zhao and D. Richard Reconstruction of PDFs/GPDs very challenging

"‘WW

— M. Constantinou, Exclusive Processes 2025 n



Accessing information on PDFs/GPDs

% Parton model: physical picture valid for infinite momentum frame
[R. P. Feynman, Phys. Rev. Lett. 23, 1415 (1969)]

% PDFs via matrix elements of nonlocal liaht-cone operators (—t* + 7> = 0)
— o [ e T B S WP S)

* Light-cone correlations inaccessible from Euclidean lattices (z* + 7> = 0)

L 4 &
A. Mellin moments (local OPE expansion) local operators
q(—32) Y W[-32,32]q(32) = f% ;' Zay -+ - Zay, [@YUBO“ ... Ba”q]
n=
(N(P)|O " |N(P)) ~z% {y{w P P A () BT g .ﬁ“";‘}Bn,i(t)} HEE B ), )} F A“A'“W'L;v' A 0(8?) R ] U(P)
See talks by Y. Zhao and D. Richard Reconstruction of PDFs/GPDs very challenging
L —— , %

B. Matrix elements of nonlocal operators (quasi-GPDs, pseudo-GPDs)

(N(P) ¥ T W (2,0)¥(0) | N(P)), NGV P = TP {6 + 2 (e 6 0} ) 4
Nonlocal operator with Wilson line This talk
W y ¥
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Nonlocal operator with Wilson line This talk
L | et ®

C. Other methods
T
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Well-studied “novel” methods for PDFs/GPDs in LQCD

Matrix elements of non-local operators (space-like separated fields)
with boosted hadrons

M(P;, P, 2) = (N(P) | B() T W (2.0)¥(0) | N(P)),

Calculation very taxing!

- length of the Wilson line ( z)

- nucleon momentum boost ( P3) } PDFs, GPDs
- momentum transfer ( ¢) GPDs

- skewness ( &)

— M. Constantinou, Exclusive Processes 2025 B
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A new approach to GPDs
from lattice QCD

(leading twist)




GPDs on the lattice: the unpolarized case

; 1 (dz= , . _
FIrle, A0, 0) = Ejz—ﬂelk%p XN =DV (5.0 i d)

* Off-forward matrix elements of non-local light-cone orerators

+=O,EJ_=OJ_

% Parametrization in two leading twist GPDs

ictHA

1 — I + H
u(p,/l)[}/ Hx, &0 +— E(x,é,t)]u(p,/l)

2P+

FU(x, A; 2, 1) =
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How can one define GPDs on a Euclidean lattice?

— M. Constantinou, Exclusive Processes 2025



GPDs on the lattice: the unpolarized case

% Off-forward matrix elements of non-local light-cone operators
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ictHA
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2P+

FU G, A0, 1) =

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)

. 3y
1 ic”FA
F[}/3](x, Aa ﬂa ﬂl, P3) = ﬁﬁ(p,a /1,) [y3HQ(O)(x9 g? [ P3) + ‘M a EQ(O)(xa 69 [ P3)] u(p7 A’)

. O
| ic*A
FUNx, Ay 2,45 P3) = ﬁﬂp', A") IVOHQ(O)(X, Et; P7) + M - Eq)x, &, 1 P3)] u(p, 4)
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GPDs on the lattice: the unpolarized case

% Off-forward matrix elements of non-local light-cone operators
\ 1 (dz
Fl ](x,A;A,/l’)=5J - e A (=) v W (=5, 5w (5) | ps 4)

/A -
Z+=O,EJ_=OJ_
% Parametrization in two leading twist GPDs

ictHA

- LE €, t)] u(p, )

1
(7] . N — TR, +
F}/ (X,A,/ﬁt,/l)— 2P+u(p’;t)[y H(X,é,t)"‘

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)

. lO-3MA - . - . .
FIr'l(x, A; 4, 1, P3) = —u(p ﬂ’)[@t P3) + EQ(O)(x £t P )]u(p » —p finite mixing with scalar
[Constantinou & Panagopoulos (2017)]

wO”A

2M

1
F[yo](x A4, AP = z—u(p /l’) y HQ(O)(x Et;P7) + EQ(O)(x Et, P )] u(p, A)
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3,uA . . _ .
F[}’3](x A /1 /1/ P3) — —l/t(p /1,)[@1 P3)+ o EQ(O)()C 5 t: p )] u(p /1) _} flnlte leIﬂg Wlth Scalar
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ic™A, reduction of power

&) (Xffp)]u(]?ﬁ) ) . ..
om0 —>  corrections in fwd limit
[Radyushkin, PLB 767, 314, 2017]

1
FU'x, A2, 2 P3) = T /1') y OHo (&, 1, P3) +
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Let’s rethink calculation of GPDs !

;/0 parametrization is prohibitively expensive
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K. Cichy, 2024 Workshop

Definition of GPDs on Euclidean lattice " s

% Parametrization of matrix elements in Lorentz invariant amplitudes

Vector I[S.Bhattacharya et al., PRD 106 (2022) 11, 114512] ial [S. Bhattacharya et al., PRD 109 (2024) 3, 034508]

AX
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Vector I[S.Bhattacharya et al., PRD 106 (2022) 11, 114512] ial [S. Bhattacharya et al., PRD 109 (2024) 3, 034508]

AX

Tensor  Flie"wsl(z P A) = (py; N |b(—2) io"vs W(—Z, Z)(Z)|p;; ) [S. Bhattacharya et al., arXiv:2505.11288]

PleAv Pl AV
= u(ps, \) [P[“ZV]%ATl +— 5 VsArz2 + 2 A g Apg + 4l (WAT4 +mz" Ars + WAT6) V5

PleAY P A
+mgys (P[“ZV]AW R Ars + Z[“AV]ATg) + ic"y5 Ar10 + 1€ T Ay + i€ AT12] u(pi, A)
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Definition of GPDs on Euclidean lattice " =

% Parametrization of matrix elements in Lorentz invariant amplitudes

Vector I[S.Bhattacharya et al., PRD 106 (2022) 11, 114512] Axial [S. Bhattacharya et al., PRD 109 (2024) 3, 034508]

Tensor  Flie"wsl(z P A) = (py; N |b(—2) io"vs W(—Z, Z)(Z)|p;; ) [S. Bhattacharya et al., arXiv:2505.11288]

PleAv Pl AV
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PleAY] P A
+mgys (P[“ZV]AW T3 Arg + Z[“AV]ATg) + 10" ys AT10 + 16" T A1y + 1€"7F AT12] u(pi, M)

Advantages
e Applicable to any kinematic frame and have definite symmetries

o Lorentz invariant amplitudes A, can be related to the standard GPDs

e Quasi GPDs may be redefined (Lorentz covariant) to eliminate 1/P; contributions
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% Parametrization of matrix elements in Lorentz invariant amplitudes

Vector I[S.Bhattacharya et al., PRD 106 (2022) 11, 114512] Axial [S. Bhattacharya et al., PRD 109 (2024) 3, 034508]
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Advantages
e Applicable to any kinematic frame and have definite symmetries

o Lorentz invariant amplitudes A, can be related to the standard GPDs

e Quasi GPDs may be redefined (Lorentz covariant) to eliminate 1/P; contributions

Goals
e Extraction of standard GPDs using A, obtained from any frame

e quasi-GPDs may be redefined (Lorentz covariant) inspired by light-cone

Light-cone GPDs using lattice correlators in non-symmetric frames

T
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Twisted-mass fermions & clover

Proof of Concept Calculation

Name B Ny L*xT a [fm] M ML
cA211.32 | 1.726 wu,d,s,c 32°x64 0.093 260 MeV 4
Test at zero skewness
- symmetric frame: /=P +Q/2, pi=P-0/2 —t'=0°=0.69GeV
- asymmetric frame: pi="P, pe=P-0 (4= = 0 + (E; — E)? = 0.65 GeV>
Tensor case
I AT\Z 2
o T H L AL A
L] b " s :? ¥ % %
- T T -as -0.5 L { f
Dominant o5 FEEgE P | - f
magnitude = [ 3 ¥ A:: L ; { i
3 ' z l
| £
H HILHITH Rt
0.5 { { { -2.0 1 1
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 50 2 14 16 18 20
Zla Zla
i A 0.3 T
258 A Tl
0.2 } f 3 :4:: % ::: 0.2 | I . 1
Smaller ‘_0.01} 1} T%§§¥§§§§§§§ ?0,1 | 1
magnitude = ii 1it = o0l 1 » }%%;iiffi%
Z 02 %; E SRR ERRRRE:
o || {1
0.4 i l
i i 1 ~0.2 ‘ [+
_06‘ T . - - ~ - - T —0'3 .- -'- - T T - - T T
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Zla zla
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Name B Ny L*xT a [fm] M ML
cA211.32 | 1.726 wu,d,s,c 32°x64 0.093 260 MeV 4
Test at zero skewness
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Tensor case
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& i 5
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magnitude ) ; i o0l 1 SEERREE
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Indeed frame independence
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Proof of Concept Calculation

Twisted-mass fermions & clover

Test at zero skewness

- symmetric frame:

- asymmetric frame:

Theoretically "

zero at 0.10.
£=0 _

':3' 0.051

0.00

—0.05

Name B Ny L*xT a [fm] M ML
cA211.32 | 1.726 wu,d,s,c 32°x64 0.093 260 MeV 4
pi=P+0Q/2, pi=P-0/2 —t'=Q%=0.69GeV>
pi="P, pi=P -0 t“=— Q*+ (E, — E)* = 0.65GeV?
Tensor case
f
. 0.2
i ® ° —
3 011 | | ,
‘ ST
CRURSSES SRR R SRRt Es
- [ + 1 0.1 [t
i 02
:,: : i : : : : : —031 : : : : : : : : : :
2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Zla 7/a

Indeed frame independence
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Beyond Exploration

% Symm. frame: separate calculation for each 5
% Asymm. frame: Two classes of 5 : (0,,0,0), (0., 0,,0)

frame P; [GeV] A [27] —t [GeV?] ¢ |Nume Neonts Nsre Niot

N/A  +1.25 (0,0,0) 0 0 | 2 731 16 23392

symm  +0.83  (£2,0,0), (0,42,0) 0.69 0 | 8 67 8 4288
symm  +£1.25  (£2,0,0), (0,42,0) 0.69 0 | 8 249 8 15936

symm  £1.67 (£2,0,0), (0,£2,0) 0.69 0 8 294 32 75264

symm  +1.25 (£2, £2,0) 1.39 0 | 16 224 8 28672
symm  +1.25  (£4,0,0), (0,44,0) 2.76 0 | 8 329 32 84224
asymm +1.25  (+1,0,0), (0,£1,0) 0.17 0 | 8 429 8 27456
asymm +1.25 (+1,+1,0) 0.33 0 |16 194 8 12416

asymm +1.25  (+2,0,0), (0,+2,0) 0.64 0 | 8 429 8 27456

asymm +1.25 (£1,£2,0), (£2,£1,0) 0.80 0 | 16 194 8 12416

asymm +1.25 (£2,42,0) 1.16 0 | 16 194 8 24832
asymm +1.25  (+£3,0,0), (0,£3,0) 1.37 0 | 8 429 8 27456
asymm +1.25 (£1,43,0), (£3,+£1,0)  1.50 0 | 16 194 8 12416

asymm +1.25  (%4,0,0), (0,£4,0) 2.26 0 | 8 429 8 27456

% Momentum transfer range is very optimistic
(some values have enhanced systematic uncertainties)

T
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Beyond Exploration

% Symm. frame: separate calculation for each 5
Y Asymm. frame: Two classes of 5 : (0,,0,0), (0., 0,,0)

frame P; [GeV] A [27] —t [GeV?] ¢ |Nume Neonts Nsre Niot
N/A  +1.25 (0,0,0) 0 0 | 2 731 16 23392
symm  +0.83  (£2,0,0), (0,42,0)  0.69 0 | 8 67 8 4288
symm  +1.25  (£2,0,0), (0,£2,0)  0.69 0 | 8 249 8 15936
symm  +1.67  (£2,0,0), (0,4£2,0) 069 0 | 8 204 32 75264
symm  +1.25 (£2,+£2,0) 1.39 0 16 224 8 28672
symm  +£1.25  (£4,0,0), (0,£4,0)  2.76 0 | 8 320 32 84224
asymm +1.25  (£1,0,0), (0,£1,0)  0.17 0 | 8 429 8 27456
asymm  +1.25 (+1,+1,0) 0.33 0 | 16 194 8 12416
asymm +1.25  (£2,0,0), (0,£2,0)  0.64 0 | 8 429 8 27456
asymm +1.25 (+1,£2,0), (£2,£1,0)  0.80 0 | 16 194 8 12416
asymm +1.25 (£2,42,0) 1.16 0 | 16 194 8 24832
asymm +1.25 (£3,0,0), (0,43,0) 1.37 0 8 429 8 27456
asymm  +1.25 (4+1,43,0), (£3,£1,0)  1.50 0 | 16 194 8 12416
asymm  +1.25  (£4,0,0), (0,44,0) 226 0 | 8 420 8 27456

 EEEEEEEE——
% Momentum transfer range is very optimistic

T

asymmetric frame

1.2

i } —1=0.17 GeV?

— 2

TI { —t—0.34GeV7
! % } —1=0.65 GeV?

08 § . § ¢ I —1=081GeV?

_ t 3 t  —1=1.24GeV?

= 0.6 L] {  —1=138GeV?

= (]

2 ) s b —1=1.52GeV?
0.41 L I —1=229GeV?
0.2 ? :

: T
0.0 % g ; ; § s e =@
- EEREE

0 2 4 6 8 10 12 14 16 18 20
zla

——
°0 * ERRRRRRR

"

6 & 10 12 14 16 18 20

(some values have enhanced systematic uncertainties)
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Beyond Exploration

asymmetric frame

1.2

L { —1=0.17 GeV?
_ { —1=0.34 GeV?
.. + %%i I —1=0.65 GeV?
Apply non-trivial steps 08 § . 43 P —1=081GeV?
— ! i t  —1=124GeV?
= 061 D T —1=138GeV?
hadronic Matching to &04 + . { —1=1.52GeV?
matrix elements light-cone GPDs 7 % iy I —1=229GeV?
“ l/ n Y 0.21 ? i i
H
0.0 § s ¢ =88
quasi ; ¥ § peee
Identification of distribution x-dependence | 0 2 4 6 8 10 12 14 16 18 20
ground state _/ approach reconstruction/ Za
e
ii;ii!?””
Renormalizati& ‘ -M e Ol % : i
< dlsentanglement/ _ f %
5021
E
~0.3 i
i
{1t
~0.4 }
[} ; [}
0 2 4 6 & 10 12 14 16 18 20

% Momentum transfer range is very optimistic
(some values have enhanced systematic uncertainties)
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Definition of GPDs

Standard definition (a3j)
Lorentz invariant definition

P? E} - E}
Hy = —2Ar (1 + W) + Apg — ZATs( >P, ) + AT10

P2
Hr = —2Ar (1 + —2> + A74 4+ A110 E? - E7

M Er = 2A71o — Ara + zATs

2P;

Er = 2Ar2 — Ars N M2
_ Hr = —Apy — ZATIZ?
Hr = —Ars 3
Er = —2A71¢ — 2P3 zATs Er = —2A16 — ZATS( f2P3 )

— M. Constantinou, Exclusive Processes 2025 m



Definition of GPDs

Standard definition (a3j)
Lorentz invariant definition

P? E} - E}
Hy = —2Ar (1 + W) + Apg — ZATs( >P, ) + AT10

P2
Hr = —2Ar (1 + —2> + A74 4+ A110 E? - E7

M Er = 2A71o — Ara + zATs

2P;

Er = 2Ar2 — Ars N M2
_ Hr = —Apy — ZATIZ?
Hr = —Ars 3
Er = —2A71¢ — 2P3 zATs Er = —2A16 — ZATS( f2P3 )

* Definitions for H, £, identical between frames at & = ()
*k Eq(6=0)=0, (Agg=Apg=0at&=0)

* Definitions for H  have small numerical differences
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Definition of GPDs

Standard definition (a3j)
Lorentz invariant definition

P? » (E} — B}
Hr = _2AT2(1 + W) + A1y _%’1;8( 2P, ) + Ar10

P2
Hr = —2Aps (1 -+ —2> + A7r4 + A110 / E_?’ — E?

M Er = 2A71o — Ars + 2 A78

4 2P;

Er = 2Ar2 — Ars N M2
~ Hpy = —Arz — ZAle?
Hr = —Ar 3

&r = — ,’T6—2P3z/%p§ 5T=_}Af‘f—%fs( ! )

* Definitions for H, £, identical between frames at & = ()
*k Eq(6=0)=0, (Agg=Apg=0at&=0)

% Definitions for H  have small numerical differences
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Definition of GPDs

Standard definition (a3j)

Lorentz invariant definition 2 . B2 _ B2
P f (]

Hy = —2AT2(1+—2) +AT4—%:I{S( ) + Ar10
M , 2P

P2
Hr = —2Ar2 (1 + —2> + Ara + AT10 E; - E}
M E5 =
)
Er = 2A710 — Ay
_ Hs =
Hr = —Apg o e
- ~ E +Ei)2
Er = —,,T6—2P3%4/'Té &r = —2A f2p3

* Definitions for H, £, identical between frames at & = ()
*k Eq(6=0)=0, (Agg=Apg=0at&=0)

* Definitions for H  have small numerical differences
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Definition of GPDs

Standard definition (03j)
P2 + (Ef — E7
Hr = —2AT2(1+W)+AT4—%7{8( 2P, )+AT10

/ (E} - E}
ATS 2P,

Lorentz invariant definition

2

P
Hr = —2Aps (1 + W) + A7r4 + A110

A
I
DN
~
N
[\
|
=
i~
1SN
+
N

Er = =20t £ = g p O E)
* Definitions for H, £, identical between frames at & = ()
*k Eq(6=0)=0, (Agg=Apg=0at&=0)

% Definitions for H  have small numerical differences

0.251

|1 Re[Hr] ) 3 T ¢ Im(H7]
00| L H . pppitEEdés . .
021 $ IEN ,
0 i f- P } | Representative
04 H 0.10 | l | example
. U H 005/ I ﬁ | l ~‘ | (-1 = 0.64 GeV?)
i 2 g4
o 0O 2 4 6 & 10 12 14 16 18 20 OO 6§ 10 12 14 16 18 20

mal b/ Zla
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= 100'
Final Results
7.51
P —r=0.17 GeV?
31 _1=0.34 GeV? 5.0
L —t=0.65 GeV? =
5| e —1=0.81 GeV? 25
e —t=1.24 GeV?
f e —1=1.38 GeV? 0.01
. —t=1.52 GeV?
B =229 GeV? -2.5

+x (—X) region: quarks (anti-quarks)

anti-quark region susceptible
to more systematic uncertainties

small- and large-x region
not reliably extracted

. D D o

large -t values unreliable but free
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= 100'
Final Results
7.51
P —r=0.17 GeV?
31 _1=0.34 GeV? 5.0
L —t=0.65 GeV? =
5| e —1=0.81 GeV? 25
e —t=1.24 GeV?
f e —1=1.38 GeV? 0.01
. —t=1.52 GeV?
B =229 GeV? -2.5

+x (—X) region: quarks (anti-quarks)

anti-quark region susceptible
to more systematic uncertainties

small- and large-x region
not reliably extracted

. D D o

large -t values unreliable but free

0.06-

t  Re[&]
P Re&)

| '  E(£=0)=0

HHHHH

0 2 4 6 8 10 12 14 16 18 20

—_———————

2/
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Reminder: Unpolarized & Helicity GPDs

3.0
H — GPD L [S. Bhattacharya et al., PRD 106 (2022) 11, 114512]
2.5
6
2.0
5 | E — GPD
1.5 -
= 4 -t =0.17 GeV?
% 1.0 - —t=0.33 GeV?
34 -t = 0.64 GeV?
0.5 1 = —t = 0.80 GeV/?
= pm —t=1.16 GeV?
0.0 27 -t = 1.37 GeV?
—t = 1.50 GeV?
—0.5 - 1 - B -t =2.26 GeV?
_10 T T T T T T 0
-1.00 -0.75 =-0.50 -0.25 025 050 0.75 1.0
| 3 B —=0.17 GeV? l l : l l l ;
—1=0.34 GeV? -0.75 -0.50 -0.25 0.00 025 050 0.75 1.00
44 W —1=0.65GeV> X
e —1=0.69 GeV?
=081 GeV?
31 mm —1=124GeV?
—1=1.38 GeV?
| —1=1.38 GeV? .
o 2| == ey * Signal for H; comparable
fan —1=2.29 GeV?
] { M -r=2.77 GeV? With H H
’
0-
- * E (£ =0) :inaccessible
[S. Bhattacharya et al., PRD 109 (2024) 3, 034508]
—21 . | , ,
-1.0 —0.5 0.0 0.5 1.0
T x
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Physical Interpretation -

E; : No physical interpretation as a density

H 7 : connection with quadrupole deformation

10.01

7.51

5.01

Er

2.5

0.01

of distribution of Lpol. quarks in L pol. proton

—t=0.17 GeV?
—t=0.34 GeV?
—t=0.65 GeV?
—t=0.81 GeV?

—t=1.24 GeV?
—t=1.38 GeV?

\| s

—t=1.52 GeV?
—1=2.29 GeV?

NI

~

| g

i

R lles
RN

T ~1.0 -0.5 0.0 0.5 1.0
* X
E;+ 2 H ; related to transverse spin structure of the proton

[M. Burkardt, PRD 72, 094020, 2005]
Impact parameter space: describes the deformation in the distribution of

transversely polarized quarks within an unpolarized proton.

ky = de <ET(x,O,O) + 2?]}(x,0,0)>: size of dipole moment given by distribution

E; + ZﬁT = — A, (good signal)
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From Raw Data to

Rich Insights
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Alternative approach: pseudo-ITD

Example: unpolarized GPDs case

| ~ e || [Battacharya et al., PRD 110 (2024) 5, 054502]
— —t =0.65 GeV?
: i“ 31 Different steps between approaches:

—— —t =229 GeV?

- renormalization
- x-dependence reconstruction
- matching formalism

10 5 ) 5 Lo
T

— M. Constantinou, Exclusive Processes 2025



Alternative approach: pseudo-ITD

Example: unpolarized GPDs case

1
Zmax = 0.65 fm
,; — wwiev | [Battacharya et al., PRD 110 (2024) 5, 054502]
—— —t=0.65 GeV?
—t = 0.81 GeV? .

. ey Different steps between approaches.

1 — e - renormalization

: - x-dependence reconstruction

- matching formalism
__11.0 5 ‘ [ 5 10

—t = 0.65 GeV?
seudo
3 peett 3
quasi
2 2
|® %
1 1

-1 -1
—1.0 —0.5 0.0 0.5 1.0 —1.0 —0.5 0.0 0.5 1.0
T €T

% x<0 and small-x regions susceptible to systematic effects

= % Comparison only includes statistical uncertainties

— M. Constantinou, Exclusive Processes 2025



Mellin moments

Example: unpolarized GPDs case

% Leading-twist factorization formula B
F(z,P, A —izP)" CMS(u?7?

M(z, P, A) = ( ) — Z ( ) _('M )
F(P=0A=0) = n! CYS(u?z?)

% Avoid power-divergent mixing of multi-derivative operators

% Wilson coefficients known to NLO (or NNLO)

S, X.Gao's alcin 3035 Worke!

<X n) + @(AéCDZ 2)

[C. Alexandrou et al.,

% Both isovector and isoscalar (ignores disconnected; found tiny) Pro 104 (2021)5,

054503]
[S. Bhattacharya et al., PRD 108 (2023) 1, 014507; arXiv:2410.03539]
d,A [] 3 0.5
1.00fs “—d, A This work —d. B o zExp, —1 €0, 1.0]GeV? . ’
¢ ETMC'1] Hm G o zEzE —1€[0.15]GeV? 03} u—d, Ay % This work u—d, By o zExp, —t € [0, 1.0]GeV?
b o : ETMC'11 i _ 2
0.75f ) s Dipole, € [0, 1.0]GeV? 04 ZFTXP' El0. 131GV )
s Dipole, —t€ [0, 1.5]Ge V2 s Dipole, ~(€[0, 1.0]GeV
050! 0.2} 0.3r s Dipole, —1€ 0, 1.5]1GeV?2
0.2F
025} 0.1r
0.1
0.00+
3 0.0+ . : 0.0
u+d, Aro 0.6 0.2
u+d, By
2 L
0.4} 0.1}
l L
0% i 2 3 1% i 2 3 0.0%5 ] ) 3 015 i 2 3
—1[GeV?] —1[GeV?] 2 2
—t [GeV?] —1[GeV~]
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Beyo n d Iead i n g tWi St See, M. Constantinou’s talk in 2024 Workshop

D SSa————"nh
% Lack density interpretation, but have physical interpretation

% Contain information about quark-gluon correlations inside hadrons
% Sensitive to soft dynamics

% Appear in QCD factorization theorems for various observables

% Challenging to probe experimentally and isolate from leading-twist

[Defurne et al., PRL 117, 26 (2016); Defurne et al., Nature Commun. 8, 1 (2017)]
% Can be as sizable as leading twist

BTl
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Beyo nd leadin g twist See, M. Constantinou’s talk in 2024 Workshop

===
% Lack density interpretation, but have physical interpretation

% Contain information about quark-gluon correlations inside hadrons
% Sensitive to soft dynamics

% Appear in QCD factorization theorems for various observables

% Challenging to probe experimentally and isolate from leading-twist

[Defurne et al., PRL 117, 26 (2016); Defurne et al., Nature Commun. 8, 1 (2017)]
* Can be as Slzable as Ieadlng tWISt [S. Bhattacharya et al., PRD 102 (2020) 11 (Editors Selection)]

12 . T

- a(@ i
10 F|— — 9r(2) il

N o n N o e
T T T T

BTl
IE M. Constantinou, Exclusive Processes 2025 m



Beyond leading twist

L D D D .. . . D o

See, M. Constantinou’s talk in 2024 Workshop

NSNS,

Lack density interpretation, but have physical interpretation

Contain information about quark-gluon correlations inside hadrons

Sensitive to soft dynamics

Appear in QCD factorization theorems for various observables

Challenging to probe experimentally and isolate from leading-twist
[Defurne et al., PRL 117, 26 (2016); Defurne et al., Nature Commun. 8, 1 (2017)]

Can be as sizable as leading twist [S. Bhattacharya et al., PRD 102 (2020) 11 (Editors Selection)]

12

Extraction of twist-3 distributions
from lattice QCD is very challenging

Mixing with g-g-q correlators; matching:
[V. Braun et al., JHEP 05 (2021) 086; JHEP 10 (2021) 087]

10

9i(z)
— — gr(z)

N o n N o e
T T T T

Kinematic twist-3 contributions to pseudo & quasi GPDs

to restore translation invariance
[V. Braun et al., JHEP 10 (2023) 134]

=]
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Amplitude decomposition

Example: axial twist-3 GPDs

10 30
=017 GeV E -=0.17 GeV
=034 GeV e —1=0.34 GeV
81 mm —1=065Gev 257 mmm —1=065Gev
=081 GeV =081 GeV
61 —=124 GeV 20 —=124 GeV
—1=1.38 GeV —1=1.38 GeV
=152 GeV |5{ T —r=152Gev
44 Bl -r=2.29 GeV B =229 GeV
l?. 10
1
5<
0<
_5<
. . . . ‘ . . . . —-101+— . . . | . . . .
-1.00 —-0.75 -0.50 -0.25 0.00 025 050 0.75 1.00 -1.00 —-0.75 -0.50 -0.25 0.00 025 050 0.75 1.00
x x
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Amp“tUde decomposition Parametrization, gives info,

Example: axial twist-3 GPDs e.g., access to £ -GPD
even at zero skewness

50

PDF

-1.00 —0.75 —0.50 —025 0.00 025 050 0.75 1.00 101

-1.00 —0.75 —0.50 —-025 0.00 025 050 0.75 1.00
X X

1 — 1 _
/ dr E(z,€,t) = Gp(t) / dz Gi(z,&,t) =0,

-1

BTl
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Amp"tUde decomposition Parametrization, gives info,

Example: axial twist-3 GPDs e.d., access to £ -GPD
even at zero skewness

50

PDF

-1.00 —0.75 —0.50 —-025 0.00 025 050 0.75 1.00
X

-1.00 —0.75 —0.50 —025 0.00 025 050 0.75 1.00 101
X

Similar methodology for tensor twist-3 GPDs (chiral odd)

_ - pt
Flrel = a(p)) (7+75Hé+ M’ys

[Meissner et al., JHEP 08 (2009) 056]

1

~ 1 _ _
Eé) U(p) [1de(x7€,t)=GP(t) / dei(x,f,t)=0,

—1

% Fwd limit (%2;) may be accessed via:

- double-polarized Drell-Yan process
[R. Jaffe, PRL 67 (1991) 552-555; Y. Koike et al., PLB 668 (2008) 286]

- di-hadron single spin asymmetries (CLAS)
[Gliske et al., PRD 90 (2014) 11, 114027; A. Vossen, CIPANP2018, arXiv: 1810.02435]

- single-inclusive particle production
In proton-proton collisions (. koike et al., PLB 759 (2016) 75]

— M. Constantinou, Exclusive Processes 2025 m



Amp"tUde decomposition Parametrization, gives info,

Example: axial twist-3 GPDs e.d., access to £ -GPD
30 even at zero skewness

zo: 50
15 407
S0 PDF
51 301
. o
-1.00 —0.75 —0.50 —0.25 0.00 025 0.0 0.75 1.00 1000 075 050 025 000 025 050 075 100 101
- - —
° 0.0 0.2 0.4 0.6 0.8 1.0
Similar methodology for tensor twist-3 GPDs (chiral odd)  —
. ~ Pty ~ L t
Fler sl = g(p) (’Y+’Ys H), + M'Y"’ Eé) u(p) / dx E(z,&,t) = Gp(t) / dz Gi(z,&,t) =0,
-1 -1
[Meissner et al., JHEP 08 (2009) 056]
10.0 - —
* Fwd limit (4;) may be accessed via: S| = ooy Preliminary
- B =065 GeV" Credit: Josh Miller
- double-polarized Drell-Yan process 5.0{ m= oiatow:
[R. Jaffe, PRL 67 (1991) 552-555; Y. Koike et al., PLB 668 (2008) 286] \ BN =138 GeV?

—t=1.52 GeV?
D] =229 GeV?

- di-hadron single spin asymmetries (CLAS)
[Gliske et al., PRD 90 (2014) 11, 114027; A. Vossen, CIPANP2018, arXiv: 1810.0243!

- single-inclusive particle production 0 05 0.0 0’5 1.0

— In proton-proton collisions (. koike et al., PLB 759 (2016) 75] X
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Synergy/Complementarity

of lattice and phenomenology
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Toward synergy for GPDs

Example: unpolarized GPDs
(a) Unpolarized proton for x = 0.2

[K. Cichy et al., PRD 110 (2024) 11, 114025]

b [1/GeV]

b, [1/GeV]

5

N
&)

o

N
&)

-5

-5 -2.5 0 2.5

b, [1/GeV]

5

5

N
Ul

b, [1/GeV]
(=)

1
N
Ul

-2

(b) Transversely polarized proton for z = 0.2

5

Zj % 2.5

o

I Q

o) = 0

~

o i)

x 25

O

: : 25 25 0 2.5 5
-5 -2.5 0 2.5 5 ' b, [1 /Gev]'
b, [1/GeV]

b, [1/GeV]

-255
5
2.5
0
-2.5
25 25 0 2.5 5

IO.OZ

10.01

IO
!0.02

10.01

IO

e GK (solid line),
e VGG (dashed line)

b, [1/GeV]

b, [1/GeV]

e Good agreement for up quark; reasonable agreement for down quark

* Further study needed on how to combine lattice results with data
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How do lattice QCD data fit in the overall effort for hadron tomography?

% Lattice data may be incorporated in global analysis of experimental

data and may influence parametrization of r and & dependence
See related talks @ this Workshop
QUARK-GLUON et

TOMOGRAPHY
C(())LLIC\)E::)RATION - From FFs to GPDs, Y. Zhao (Monday)
- String-based approach to GPDs, I. Zahed (Monday)

©ENERGY <o - Transition GPDS, Ch. Weiss (Tuesday)
Awvard Number - Reconstructing GPDs, N. Sato (Wednesday)
w u .
DE-SC0023646 - GUMP. F. Aslan (Wednesday)

- GPDs from DVCS, Z. Yu (Wednesday)
- Transversity GPDs, J.-Y. Kim (Thursday)
- D-term, B. Maynard (Thursday)

— M. Constantinou, Exclusive Processes 2025 E



How do lattice QCD data fit in the overall effort for hadron tomography?

% Lattice data may be incorporated in global analysis of experimental

data and may influence parametrization of r and & dependence
See related talks @ this Workshop

QUARK-GLUON N e eSS

TOMOGRAPHY
C(())LLIC\)E::)RATION - From FFs to GPDs, Y. Zhao (Monday)
- String-based approach to GPDs, I. Zahed (Monday)

©ENERGY <o - Transition GPDS, Ch. Weiss (Tuesday)
Awvard Number - Reconstructing GPDs, N. Sato (Wednesday)
w u .
DE-SC0023646 - GUMP. F. Aslan (Wednesday)

- GPDs from DVCS, Z. Yu (Wednesday)
- Transversity GPDs, J.-Y. Kim (Thursday)
- D-term, B. Maynard (Thursday)

“Open database for GPD analyses”,
V.D. Burkert et al., accepted in Eur. Phys. J. C,
(manuscript led by M. Higuera-Angulo and P. Sznajder)

* Other GPD global analysis efforts:

e Gepard [https://gepard.phy.hr/]

e PARTONS [https://partons.cea.fr]

e EXCLAIM [https://exclaimcollab.github.io/web.github.io/#/]

— M. Constantinou, Exclusive Processes 2025 E



* % % %

*

Concluding Remarks

New developments in several promising directions
Extensive program in extracting GPDs from lattice QCD
New methods can optimize computational resources

Access beyond leading-twist GPDs feasible from lattice QCD
(g-g-g challenging)
Next steps: non-zero skewness

Synergy with phenomenology has the potential to enhance the impact of
lattice QCD data and complement data sets
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*

Synergy with phenomenology has the potential to enhance the impact of
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Toward synergy for GPDs

% Forming ratios of GPDs seems to suppress

E M. Constantinou, Exclusive Processes 2025

systematic uncertainties

[K. Cichy et al., PRD 110 (2024) 11, 114025]
(a) As a function of v for [t| = 0.65 GeV?>.
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* GK (solid curve)
VGG (dashed curve)

e Good agreement
for up quark

* Reasonable
agreement for
down quark

e Further study
needed on how to
combine lattice
results with data




