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Parton Distribution Functions
(PDFs)
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Can we calculate all of them in
lattice QCD?




Large-Momentum Effective Theory (LaMET)

Z4+ct=0, z—ct#£0 Related by Lorentz boost t=0, z£0

N N N

n
.

PDF f(x): | | | Quasi-PDF f(x, P?):
Cannot be Calculated X. Ji, PRL 110 (2013); SCPMA 57 (2014); Directly calculable on the

on the lattice e ;g‘?z'g;‘;’)_“ Liu, J.-H. Zhang and Y2, lattice
dz” —lb (xP™) Iy Z dz iz(xP*) 7
fx) = (Plw(z7) flx, P*) = e (Ply(z)
27r 27
}/+ }/Z
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Large-Momentum Effective Theory (LaMET)

Systematic calculation of x-dependence for x € [x,,; , X

n’ max]:

f(xm_ro ﬂC_l<x ; ﬂ>f(y P + O Moo e
’ —eo V] y yP o (xP22" ((1 = x)P?)?

Renormalization

Perturbative Matching
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Large-Momentum Effective Theory (LaMET)

Systematic calculation of x-dependence for x € [X,,:, X, .-

y yP< (xP?)2" ((1 — x)P)?

o0 d ~ 3 AZ A2
f(x,u)=J = <x ” ”)f(y,PZ,m ' @( = )
—oo Y

e Subtraction of linear divergence

Renormalization m_,
om(a) = 7+ @(AQCD) Renormalon ambiguity
Ox(z, @) = Wy(2)T Wy [2,01y(0) » Self renormalization Y. Huo, etal. (LPC), NPB 969 (2021)
e Static potential X. Gao, YZ, et al., PRL 128 (2022).

— p—om@)lz] ZO(G)OIE(Z) .

Linear divergence in the Wilson line: | ° Subtraction of leading renormalon ambiguity

(\C’\M,VL) Matching to the OPE of P?=0 matrix element:
NS _ . MS
¢ ® Gy (1, 2) = CyR(p, z)e ™01
< 0 Leading-renormalon resummation (LRR)
— 51’}1(61) | 7 | X | < | o HoIIigan,-Ji, Lir_1, Su and Zhang, NPB 993 (2023);
a e Zhang, Ji, Holligan and Su (ZJHS23), PLB 844 (2023).
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Large-Momentum Effective Theory (LaMET)

n’ xmax]:

- - A2 A2
f(x,u)=J ﬂc*(x . ”)ﬂy,Piﬂ) + @( S p— )

Systematic calculation of x-dependence for x € [x,,

o 1y y yPi u (xP9)2” ((1 — x)P?)2

Perturbative Matching
- Next-to-next-to-leading order (NNLO) kernel

®* Chen, Zhu and Wang, PRL 126 (2021);
* Li, Ma and Qiu, PRL 126 (2021).

(DGLAP evolution)

. Resummation of small-x logarithms o In
<
e X. Gao, K. Lee, and YZ et al., PRD 103 (2021); 2'XP
e Y. Su, J. Holligan et al., NPB 991 (2023).

- Subtraction of leading renormalon C(x/y) — C“*%(x/y)

¢ Holligan, Ji, Lin, Su and Zhang, NPB 993 (2023);
e Zhang, Ji, Holligan and Su (ZJHS23), PLB 844 (2023).

. Resummation of large-x (threshold) logarithms

e X. Gao, K. Lee, and YZ et al., PRD 103 (2021); (1 — x/ )7)
e X.Ji, Y. Liu and Y. Su, arXiv:2305.04416.

a,In(l — x/y)
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Short-distance factorization in coordinate space

~ X (—id)"
h(. = 2P 20 = ) G ———a,(1) + O@Ngep) s
=0 n.

©dr
f(x,ﬂ)=[ oo € h.p)
o 27

1
=J da 6(a, Zzﬂz) h(al,u) + @(ZzAéCD)a

0
e A. Radyushkin, PRD 96 (2017);
e K. Orginos et al., PRD 96 (2017);

e T. lzubuchi, YZ, et al., PRD 98 (2018).

Pz

e Extraction of the lowest moments;

e Calculation of the light-cone correlation up to /lmax = Zmax

* Fitting the x-dependence with model assumption of the PDF.

Towards systematic control:

®* Chen, Zhu and Wang, PRL 126 (2021);
1) Higher-order matching (NNLO); ° Li, Ma and Qiu, PRL 126 (2021).

. 2.2
2) Resummation of o In(z747); e X.Gao, K. Lee, and YZ et al., PRD 103 (2021);
e X.Ji, Y. Liu and Y. Su, arXiv:2305.04416.

3) Threshold resummation of o' In/ 72 or r In(1 — o)/(1 — )
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State-of-the-art calculation of pion PDF

Gao, YZ et al. (BNL-ANL21), 128 (2022).

Zhang, Ji, Holligan and Su (ZJHS23), PLB 844 (2023)

2.0—
A _
m This work i
—~ = BNL20 15 NLO |
% 3} mIAM2Inlo | ) NNLO
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- )
™ - GRVPI1 | O - maNLO+RGR+LRR
2t xFitter Y 1.0 aNNLO+RGR+LRR -
3 < |
- X
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2 1t 0.5~
0 M ! i
i N N L 0.0.‘|‘. \ N S| L | Ly 0
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X X
Subtraction | Leading-renormalon Small-x Threshold | Subleading | Discretizati
: NNLO : :
of om | resummation (LRR) resummation | resumation | renormalon | on effects
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ANL21 v v
ZJHS23 v v v v
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Universality in LaMET

e Y. Hatta, X. Ji, and YZ, PRD 89 (2014);
* X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).

Gauge-invariant
bilinear

w()I'Wz,0]y(0)

Current-current
correlator

Light-cone
bilinear

e Liu and Dong, PRL 72 (1994); +
U ¢ Detmold and Lin, PRD 73 (2006); y(&E™ B
J”(Z)J (O) e Braun and Miller, EPJC 55 (2008; l//(é )}/ W[f ,O]W(O)
¢ A Chambers et al. (QCDSE)PRL 118 (2017) Or
e Ma and Qiu, PRL 1202018). _ .+
w(& )y w(0)
A+t=0

Free bilinear in a

physical gauge

w(z) 'y (0) G(A) =A% A% V- A
G(A)=0 X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).
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Quasi-PDF in the Coulomb gauge

i} 1
Wz, p, p) = —<p | W (2)y"'y(0)

2p!
o0 -
flplom=151| 5
Coo
Static charge Moving charge

Ip), Z//p

V-A=0

First proposed in the lattice
calculation of gluon helicity

AG = (P |(EXAY |y ,_o| Po)

X. Ji, J.-H. Zhang and YZ, PRL 111 (2013);

Y. Hatta, X. Ji, and YZ, PRD 89 (2014);

X. Ji, J.-H. Zhang and YZ, PLB 743 (2015);
Y.-B. Yang, R. Sufian, YZ, et al. PRL 118 (2017).
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Factorization

e X. Xiong, X. Ji, J.-H. Zhang and YZ, PRD 90 (2014);

* Large-momentum factorization: - v wvaandJ. i, prD 98 (2018)

e T. lzubuchi, X. Ji, L. Jin, |. Stewart, and YZ, PRD 98 (2018)

g " dy A%)CD A%)CD
P L Ny
J( 1) N |y|PZ f(v, 1) + P2 (1 = 02D
ﬁ . _ asCF (1) U o)
C(cf,pz)—é(cf 1) + > c(¢, pz)+@(a) _
(e Py Z o (e 2 ! NN l_r , 1
C ((S,pz) Ct) (¢ Z) TS 5)_ 21n4pZ2+2 Odél_g,_
- 110,1]

4
ch (¢, —) = | P, (5ln p: +E-1

ratlo
M

- - +(1) | ( 1= 2z
tan (—00,00)
36— 1 ] 3 }

+{qu(éf)[sgn(éf)lnlcfl+89"(1—§>ln|1‘5|]+59"(‘5)+ E—1 [— 28 2|1-¢]

+(1)
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Factorization

* Short-distance factorization: A. Radyushkin, PRD 96 (2017).

Mz, P ) = | du Bu, 222w, ) + O Adep)

J

%(u,ﬁ) =o(u—1)+ aSCF%m(u,ﬁ) + @(af)

pZ

1
€D, 22u?) = €V (u, %1% + 01 = w)(1—1In

V). (u, %) =

ratio

21 D~

22u2ee

ratio

_ 7 [0.1]

2,22y 41n(1 —
P, (u)ln " _ nd=w

1 —u
- 1 +a)

i tan_l vV 122u
3u—1 | ul 3

_1 — 1 —
u V1 —2u T=ul |,

] (—O0,00)
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Lattice setup

Wilson-clover valence fermion on 2+1 flavor HISQ gauge
configurations (HotQCD).

7] (GeV)| 7 k ts/a |(Fex,#sl)
0 (0,0,0)[(0,0,0)[8,10,12] (1, 16)

8 (1, 32)
1.72 (0,0,4)](0,0,3)| 10 (3, 96) a =0.06 fm
12| (8, 256) m_= 300 MeV
8
2.15  1(0,0,5)((0,0,3)| 10 L) x L, =48 x 64
I 12
8 chg — 109
224 (3’3’3) (2’2’2) 10 e T. lzubuchi, L. Jin et al., PRD 100 (2019);
- 12 e X. Gao, N. Karthik, YZ et al., PRD 102 (2020).
#ex and #sl: numbers of exact and For n;=(3,3,3):

sloppy inversions per configuration half the statistics for n»=(0,0,5)

YONG ZHAO, 08/10/2023
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Coulomb gauge fixing

+ Find the gauge transformation €2 of link variables U(t, X) that
minimizes:

1 >
FIU"] = oV Z Z |—re Tr UP(1,X)]  precision ~ 107
% =123

* Gauge-variant correlations may differ in different Gribov copies.

* In SU(2) Yang-Mills theory, different Gribov copies only affects the

gluon propagator at far infrared region |g| < 0.2 GeV, though
the ghost propagator are more sensitive to them.

A. Mass, Annals. Phys. 387 (2017).

» (©: Gribov copies should only affect large | z| correlations in
physical states, or PDF at small x where LaMET does not work.

YONG ZHAO, 08/10/2023
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Bare matrix elements

Gl CG

1-step hypercubic smeared Wilson line No Wilson line

Same quark propagators, free to calculate both!

YONG ZHAO, 08/10/2023 17



Bare matrix elements
Rotational symmetry: on-axis V.S. off-axis momenta <

Zig-zagged Wilson line for Gl bilinear
B. Musch et al., PRD 83 (2011). 7
1.00 [£ i CG,|pI=0,z 1.00 # ¥ GL|p=0,z
N CG, |pl=0,7 GI, |pl=0, 7
0.75+ 1.\' $ CG, |pl=2.15GeV, z3 0.75F ¢ GIL |pl=2.15GeV, z3
. I CG,|pl=2.24GeV,? {1 GI |pl=2.24GeV,Z

0.25 0.25r
0.00F 0.00, , . ‘
0.0 : , 0.0 0.5 1.0 1.5
7] [fm] 17l [fm]

CG matrix elements precisely preserve the 3D rotational symmetry,
which is broken for Gl matrix elements with a zig-zagged Wilson line
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Renormalizability

Gl = A°=0  g@ly(0) = Z,@[F@TWO)], = tim - — finire

a—0

CG: V-A=0 h(z:,0.a)

D. Zwanziger, NPB 518 (1998);

Baulieu and Zwanziger, NPB 548 (1999);

A. Niegawa, PRD 74 (2006);

Niegawa, Inui and Kohyama, PRD 74 (2006).

Wave function renormalization

Comparison with a
finer lattice with .\ # a=0.04 fim, z,= 6\/§ a
~ DF
a = 0.04 fm = N a=0.06 fm, z,=41/3a
m, =300 MeV 3 e
ls .
3 — 644 < u
Ls X Lt = 64 = | 4\.'\
g |
Nepo = 12 ,g/ u\.l
- e
Z=(1,1,1)Z oh | . I-u-..,m?.mm’
0.0 0.5 1.0 1.5 2.0
1Zl [fm]

Nice continuum limit except for the discretization effects at z~a !
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Consistency at short distance

Double ratio:

M (z, P*,a) = —

Parameterize PDF
£, ~ x%(1 = x)/

Fit a, / from the Gl
matrix elements

Match fitted PDF to the
CG matrix elements

h(z, P*,a) h(0,0,a)

h(z,0,a) h(0,P a)

K. Orginos et al., PRD 96 (2017).

1.0f
0.8}
0.6}
0.4}
0.2}

P =172 GeV,u =20 GeV

1.0F
0.8}
0.6}
0.4}
0.2}

- GI
- CG

0.0t

0

2z(fm)

Agree within 10!
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Hybrid scheme renormalization with LRR

------------------------------- . h(z, P, a)
LOpe 1=2.0 GV 1 1zl Lz,
— 0.8 % 7 ( i h(Z,O,CZ)
- o GI, 7 =1(0,0,5), zs = 4a : h( Z
2 | . zZ, P, a)
< 006 I{I .G, = (0,0,5), zmda ] 12| >z, M@l
ol o | : h(z,,0,a)
Q, | « CG, T=1(3,3,3), z=2a
N 0-2;' I[ { J ; X. Ji, YZ, et al., NPB 964 (2021).
xR 00l I S T | I 13
= | ! RESEE
_0.2' o]
) | P A R A I Y

 Both CG matrix elements and their errors remain small at large |z|, which
leads to better controlled Fourier transform;

e Off-axis and on-axis momenta matrix elements are at similar precision,
despite half the statistics for the former.
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Perturbative matching
Comparison of the Gl and CG quasi-PDF methods:

folz, 1)

"1 qPDF, GI

P =172 GeV, p=2.0 GeV

77 qPDF, CG

B PDF, GI, NLO+LRR
| PDF, CG,NLO

00 02

04

P =215 GeV, u=2.0GeV

"1 qPDF, GI
7 qPDF, CG

B PDF, GI, NLO+LRR
I PDF, CG, NLO

00 02 04 06 08

While the quasi-PDFs are different by at least 10, the matched results are
consistent for x 2> 0.2, demonstrating the universality in LaMET !
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NLO VS. Leading-logarithmic (LLL) small-x resummation

Inverse matching DGLAP evolution from
at y = k- 2xP* K-2xP“tou =2 GeV

* Vary K € [1/\/5,\/5] to

estimate scale uncertainty

P* =224 GeV, i = 2.0 GeV

P =172 GeV, pp = 2.0 GeV 4}

W qPDF, CG
B PDF, NLO
B PDF, LL+NLO

B qPDF, CG 3]
B PDF, NLO
B PDF, LL+NLO

Small-x resummation makes almost no difference for x > 0.4, but becomes
important at smaller x and is out of control at 2xP* ~ (0.8 GeV where o, ~ 1.
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Final result

Comparison with global fits

X

o Agreement with global fits for x > 0.2 within the (large) error;

 Precision can be considerably improved with larger statistics.

41 | = 2.0 GeV ]
N I PDF, LL+NLO, =224 GeV
— W PDF,LL+NLO, P*=2.15GeV |
3: . ] xFitter20 -
& o W AM2INLO ! Global fits at NLO
= | | JAM2INLO, PRL 127 (2021);
| | xFitter (2020), PRD 102 (2020).
It '.
o e
0.0 0.2 0.4 0.6 0.8 1.0
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Comparison between GI and CG quasi-PDFKs

Momentum .. Gribov Power . . Higher-order
. . Renormalization . ] Mixing .
direction copies corrections corrections
® ® (0,0.) |Linear divergence Alp/ P2
Gauge- + vertex and Lorentz = Available at
invariant (Gl) (1,,0,0) wave function N/A W. renormalon symmetry | NNLO now

subtraction

(O’ny’o) renormalization
¢ ¢ Affecting IR 3D May be hard
Coulomb Wave function ecting 2 =2 . ay be har
(n,, ny,n,) . (long range) Agep/P rotational  to go beyond
gauge (CG) renormalization .
region symmetry NLO
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Summary
* We verify the factorization of CG quasi-PDF to the PDF at NLO

* We demonstrate the universality in LaMET through the
equivalence of CG and Gl quasi-PDF methods;

* The CG correlations have the advantages of access to larger
off-axis momenta (at a lower computational cost), absence of
linear divergence, and enhanced long-range precision;

* |t is almost free to compute the Gl and CG matrix elements at
the same time.

YONG ZHAO, 08/10/2023
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Outlook

* Open questions:

* Effects of Gribov copies seem negligible, but should be further studied;
* Threshold resummation is necessary and similar to the Gl quasi-PDF,;

* OPE and mixings complicated by breaking of Lorentz symmetry.

* Broader applications:
* GPDs. Straightforward extension from the PDF.

* TMDs. Staple-shaped Wilson lines with infinite extension.

* Absence of Wilson line provides much convenience in computation and
renormalization;

* Factorization should be provable as boosted quarks in a physical gauge
capture the right collinear degrees of freedom.
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Bare matrix elements

Effective mass

4
W 5=0 ® 151=2.15GeV

J|# pl=172GeV A Ipl=224GeV |
— e ¥ % 4
> *+ s % % +_
O, 2t -
. 4 _
SQ)

1_

-
"2 s s ssnms=s= =
0

25 5.0 75 100 125
tla

3pt/2pt ratio
1.15
CG Ip1=2.15 GeV,7=0 = t=10a
1.10} 1 t=8a { t~12a
= 1.05}
T,
e o T
K 1.00t
&
0.95r
Ne——4 2 0 2 4
T—1,/2
cG 15
=224 GeV,7=0 =0 1 #=10a
1.10¢ ¥ t=8 ¥ t~12a
i 1,05}
) I ]
¥ 1.00t h £
& T
0.95r
0.90
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