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Basic model 

H =
NX

i=1

p
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2m
+ V2N + V3N + · · ·
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Non-relativistic Kinetic term

Two and three body  forces

Negligible >3 -body forces

Nuclear strong hamiltonian

Nucleons interact between each others through many-body forces

V2N =
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Potentials derived in chiral EFT



Scaling of classical resources

Each nucleon has quantum numbers

Number of nucleons
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Many-nucleon wave function         
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• In principle          amplitudes each a function of         coordinates  
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Imposing charge conservation we have               amplitudes 
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Schrodinger equation solved with ab initio methods up to12C
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How do we go to A>12?



Electroweak nuclear scattering

Nuclear electroweak scattering

Nuclear part has one- and two-body terms

• Interactions described at ‘low’ energies by

HI = c Lµ J
µ
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Leptonic current

SM

• Quantity connected with experiments is

Leptonic tensor fully specified by the electron kinematic variables

Hadronic tensor that contains all the information on the target structure

d2�

d⌦edEe
/ Lµ⌫ Rµ⌫
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Response functions
The challenging quantity to calculate is

Rµ⌫(!,q) =
X

X

h0|Jµ(!,q)|Xi hX|J⌫(!,q)|0i�(E0 + ! � EX)
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Directly related to the cross section

What can be calculated is  related to

Alternative classical approaches ————> Integral transforms (not in this talk)

• done in euclidean time


• go back to frequency domain (ill defined problem)

Classical calculation

t = itE �! e�HtE
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Cµ⌫(t) =

Z
dt h0|Jµ(!,q)ei(H�!)tJ⌫(!,q)|0i
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Response functions

How do we move to heavier nuclei? Are classical resources gonna be enough?

• Exponential growth of # states with particle #Exponential growth of # states with particle #



Response functions on QC

Rµ⌫(!,q) =
X

X

h0|Jµ(!,q)|Xi hX|J⌫(!,q)|0i�(E0 + ! � EX)
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Cµ⌫(t) =

Z
dt h0|Jµ(!,q)ei(H�!)tJ⌫(!,q)|0i
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Following this approach



Very simple nuclear interactions can be obtained by the LO pionless EFT

3
H

H = T + V2N + V3N
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Simple nucleus to study is 

How to formulate the problem in order to map to qubits?

• Put the problem on a lattice

H = T + V2N + V3N
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c†ifcif
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c†ifcif c†jf 0cjf 0
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For N states
the number of qubits needed log2
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N

Hubbard model-like

EFT lattice on qubits I⇡
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We describe coupling with a nucleus using

⇢f (i, j) = ef
X

i

eiqi,jxic†i,fci,f
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The quantity we are after is the response,  that in time domain becomes

Sf (i, j)(t) = hU†(t)⇢f (i, j)U(t)⇢f (i, j)i
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Responses

Structure closely resembles

e�iHt
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Site location

Classical calculation for H of dimension NxN:

 


• Diagonalize H:

•            storing,              operations
O(N3)
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O(N2)
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For approximate diagonalization better scalings



How do we put this on a quantum computer?

Hqubits

Jordan-Wigner (1928)

• Mapping between fermionic second quantized operators and Pauli matrices

c↵ =

 
n�1Y

k=1

�k
z

!
�n
�
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EFT lattice on qubits I

Simple model that captures not trivial physics?

H = T + V2N + V3N
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…

⇡
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Avoid symmetrization issues

Only two species



We use a model where one nucleon is fixed at one site and the other two can move

EFT lattice on qubits II

• Only two particles moving in a static field (particles of two different species)

• States needed are only four in this case

• (Approximate) Ground state of the Hamiltonian

• Time evolution done with Trotterizzation

Mapping to qubits for this case only four qubits 
are needed

U(t) = e�itH = e�it
P

i Hi '
h
⇧ie

� it
r Hi

ir
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Quantum Simulations in a nutshell

| prep.i

ei�H | prep.i

Measurements

• Three sources of error state preparation, time evolution, measurements
• They should have all poly(N) scaling for precision epsilon

• The idea is to start small with a few qubits problem with a well-known solution

State

preparation

U
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Can realize all unitary matrices with 
a small set of unitary gates 

(Barenco et al.,Sleator et al., 1995)



Responses on a quantum computer

How do we compute the response on a quantum computer?

U(t)
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• Allows to calculate
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Sf (i, j)(t) =
X
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Tensor product of Pauli matrices

Time evolution of H over qubits



Responses on a quantum computer

U(t)
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<latexit sha1_base64="BQQ2cScdgT+nRMNhby0H8fTJokI="></latexit><latexit sha1_base64="BQQ2cScdgT+nRMNhby0H8fTJokI="></latexit><latexit sha1_base64="BQQ2cScdgT+nRMNhby0H8fTJokI="></latexit><latexit sha1_base64="BQQ2cScdgT+nRMNhby0H8fTJokI="></latexit>
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<latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit>
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<latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit>

Rz
<latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit>

U3�body = ⇧i 6=j 6=ke
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<latexit sha1_base64="dokp+r0NwlmGJSu+oZiX+hdTmtU="></latexit><latexit sha1_base64="dokp+r0NwlmGJSu+oZiX+hdTmtU="></latexit><latexit sha1_base64="dokp+r0NwlmGJSu+oZiX+hdTmtU="></latexit><latexit sha1_base64="dokp+r0NwlmGJSu+oZiX+hdTmtU="></latexit>

Example circuit

• One Trotter step

• On current quantum hardware major source of noise Ibmq Vigo



Responses on a quantum computer

Minimal (found) circuits with 26 Cnots

connectivity constraints taken into account
Ibmq Vigo/Ourense 5 qubit machine

Properly map the problem

Exact———> 
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<latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit>
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<latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit>

X
<latexit sha1_base64="148NXSJksI3ijaPUzgO66ashDBI="></latexit><latexit sha1_base64="148NXSJksI3ijaPUzgO66ashDBI="></latexit><latexit sha1_base64="148NXSJksI3ijaPUzgO66ashDBI="></latexit><latexit sha1_base64="148NXSJksI3ijaPUzgO66ashDBI="></latexit>

2bdy


• Workflow of the calculation

Simulator———> Real machine

hGSapprox.|U †(t)Z1U(t)Z1|GSapproxi
<latexit sha1_base64="Eyh0mACx89kjOg87EK5lz3uPo44="></latexit><latexit sha1_base64="Eyh0mACx89kjOg87EK5lz3uPo44="></latexit><latexit sha1_base64="Eyh0mACx89kjOg87EK5lz3uPo44="></latexit><latexit sha1_base64="Eyh0mACx89kjOg87EK5lz3uPo44="></latexit>



Error mitigation

• Readout error


• Gate noise 

• Strategy


• Correct for readout (not  difficult)


• Correct for  gate noise (adds a linear overhead)

Rz
<latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit><latexit sha1_base64="jVK0cF1MH2WxjXBGfZUrpIpxqDk="></latexit>



Responses on a quantum computer

Plots for real hardware next slide

Ibmq Vigo virtual machine 



Responses on a quantum computer

Two different first order Trotterizzations

Error mitigation brings results closer

Ibmq Ourense

Sf (0, 1)

<latexit sha1_base64="7wr7CFvmk811IG6OTjex7KSSYfE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahgpRdqeix6MVjRfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ubz1RpVkkH8w4pr7AA8lCRrCxUvu+F5bdM++0Vyy5FXcGtEy8jJQgQ71X/Or2I5IIKg3hWOuO58bGT7EyjHA6KXQTTWNMRnhAO5ZKLKj209m9E3RilT4KI2VLGjRTf0+kWGg9FoHtFNgM9aI3Ff/zOokJr/yUyTgxVJL5ojDhyERo+jzqM0WJ4WNLMFHM3orIECtMjI2oYEPwFl9eJs3ziletXNxVS7XrLI48HMExlMGDS6jBLdShAQQ4PMMrvDmPzovz7nzMW3NONnMIf+B8/gA2oY7I</latexit>



Error mitigation I
Readout error mitigation protocol

• Obtain calibration matrix             

    with errors on the entries

• Observable of interest is affected

P
<latexit sha1_base64="7E5/ePtRxgQ0cqAXRuTtO3nmark="></latexit><latexit sha1_base64="7E5/ePtRxgQ0cqAXRuTtO3nmark="></latexit><latexit sha1_base64="7E5/ePtRxgQ0cqAXRuTtO3nmark="></latexit><latexit sha1_base64="7E5/ePtRxgQ0cqAXRuTtO3nmark="></latexit>

Var[P ]
<latexit sha1_base64="/gtF+/khHFnwXi43PFPgGcknz90="></latexit><latexit sha1_base64="/gtF+/khHFnwXi43PFPgGcknz90="></latexit><latexit sha1_base64="/gtF+/khHFnwXi43PFPgGcknz90="></latexit><latexit sha1_base64="/gtF+/khHFnwXi43PFPgGcknz90="></latexit>

hOi =
NX

i=1

ai pi

<latexit sha1_base64="8lKOaQEHpUdFOKpGnAbmghPgy4Y="></latexit><latexit sha1_base64="8lKOaQEHpUdFOKpGnAbmghPgy4Y="></latexit><latexit sha1_base64="8lKOaQEHpUdFOKpGnAbmghPgy4Y="></latexit><latexit sha1_base64="8lKOaQEHpUdFOKpGnAbmghPgy4Y="></latexit>
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<latexit sha1_base64="w79F9W6BYxhyera4IcitAk6R0Gg="></latexit><latexit sha1_base64="w79F9W6BYxhyera4IcitAk6R0Gg="></latexit><latexit sha1_base64="w79F9W6BYxhyera4IcitAk6R0Gg="></latexit><latexit sha1_base64="w79F9W6BYxhyera4IcitAk6R0Gg="></latexit>

bare probabilities

• Caveat size of the calibration matrix exponential in the number of qubits,

    Exponential number of different measurements required

• Independent errors on different qubits: N diagonal 2x2 blocks

                                                                   linear number of measurements required 

• Error propagation has been implemented (not present in current qiskit) 



Error mitigation II

For inversion probabilities we use three different methods

• Richardson extrapolation

• Exponential extrapolation
O(r) = OF e

�↵r
<latexit sha1_base64="trCKse1fz8YpK5zwnC5FltUfAgs="></latexit><latexit sha1_base64="trCKse1fz8YpK5zwnC5FltUfAgs="></latexit><latexit sha1_base64="trCKse1fz8YpK5zwnC5FltUfAgs="></latexit><latexit sha1_base64="trCKse1fz8YpK5zwnC5FltUfAgs="></latexit>

O(r0) = OF e
�↵r0

<latexit sha1_base64="XTqy8zs2LfptnQsIu8Damif/1LM="></latexit><latexit sha1_base64="XTqy8zs2LfptnQsIu8Damif/1LM="></latexit><latexit sha1_base64="XTqy8zs2LfptnQsIu8Damif/1LM="></latexit><latexit sha1_base64="XTqy8zs2LfptnQsIu8Damif/1LM="></latexit>

OF = O(r)

✓
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O(r0)

◆r/(r�r0)

<latexit sha1_base64="UjuU2uSUHzsOsqitfNABEa1hjnE="></latexit><latexit sha1_base64="UjuU2uSUHzsOsqitfNABEa1hjnE="></latexit><latexit sha1_base64="UjuU2uSUHzsOsqitfNABEa1hjnE="></latexit><latexit sha1_base64="UjuU2uSUHzsOsqitfNABEa1hjnE="></latexit>

O(r) = OF +
MX

j=1

cjr
j +O(rM+1)

<latexit sha1_base64="qXEDpxlq6NiaEiKdOWovaklNCVc="></latexit><latexit sha1_base64="qXEDpxlq6NiaEiKdOWovaklNCVc="></latexit><latexit sha1_base64="qXEDpxlq6NiaEiKdOWovaklNCVc="></latexit><latexit sha1_base64="qXEDpxlq6NiaEiKdOWovaklNCVc="></latexit>

Computed at M+1 different noise values

Invert the linear system to obtain the error free observable



Summary

Classical calculation with realistic number of lattice sites to  guide future simulations

Explore automated circuit synthesis for larger circuits

Explore other error mitigation protocols 



Thank you



NxN matrix Space complexity Time complexity 
(flops) Task

QR decomposition Get all eigenvalues

Lanczos algorithm Get only largest 
eigenvalue

Scaling of classical diagonalization algorithms

Finding eigenvalues of a matrix, exact algorithms

O(N2)
<latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit><latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit><latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit><latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit> O(N3)

<latexit sha1_base64="HcGoD0fZ7FnWzACe9G3W8ijPx3c="></latexit><latexit sha1_base64="HcGoD0fZ7FnWzACe9G3W8ijPx3c="></latexit><latexit sha1_base64="HcGoD0fZ7FnWzACe9G3W8ijPx3c="></latexit><latexit sha1_base64="HcGoD0fZ7FnWzACe9G3W8ijPx3c="></latexit>

O(N2)
<latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit><latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit><latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit><latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit>

O(N2 log(N)/✏)
<latexit sha1_base64="WmnUHX4HJMbK8Ml5L1v9KeSgzTE="></latexit><latexit sha1_base64="WmnUHX4HJMbK8Ml5L1v9KeSgzTE="></latexit><latexit sha1_base64="WmnUHX4HJMbK8Ml5L1v9KeSgzTE="></latexit><latexit sha1_base64="WmnUHX4HJMbK8Ml5L1v9KeSgzTE="></latexit>

Improving 
tradeoff 
between 
space and 
time 

Matrix vector multiplication

Number of times mat vec mult



Trotter scaling

From Childs et al.

||U(t)� T (t, r)||  (L⇤t)2

r
expL⇤|t|/r ⇤ = maxj ||Hj ||

<latexit sha1_base64="2+41w1M3KwoMtXjptZGRp2DsI04="></latexit><latexit sha1_base64="2+41w1M3KwoMtXjptZGRp2DsI04="></latexit><latexit sha1_base64="2+41w1M3KwoMtXjptZGRp2DsI04="></latexit><latexit sha1_base64="2+41w1M3KwoMtXjptZGRp2DsI04="></latexit>

H =
LX

j=1

Hj

<latexit sha1_base64="nXRIi4gsJZoQ2nRa/05WoGyvH1A="></latexit><latexit sha1_base64="nXRIi4gsJZoQ2nRa/05WoGyvH1A="></latexit><latexit sha1_base64="nXRIi4gsJZoQ2nRa/05WoGyvH1A="></latexit><latexit sha1_base64="nXRIi4gsJZoQ2nRa/05WoGyvH1A="></latexit>

Gate depth (almost)

r = max{L|t|⇤, e(Lt⇤)
2

✏
}

<latexit sha1_base64="+KDH+6OaSfnTeSu6skohIKXzBLU="></latexit><latexit sha1_base64="+KDH+6OaSfnTeSu6skohIKXzBLU="></latexit><latexit sha1_base64="+KDH+6OaSfnTeSu6skohIKXzBLU="></latexit><latexit sha1_base64="+KDH+6OaSfnTeSu6skohIKXzBLU="></latexit>

to implement approximate unitary with precision ✏
<latexit sha1_base64="hOzYsBQB//mUHu/U6XewPfNFUQM="></latexit><latexit sha1_base64="hOzYsBQB//mUHu/U6XewPfNFUQM="></latexit><latexit sha1_base64="hOzYsBQB//mUHu/U6XewPfNFUQM="></latexit><latexit sha1_base64="hOzYsBQB//mUHu/U6XewPfNFUQM="></latexit>

Other orders can improve but still get polynomial in time, 1/    ✏<latexit sha1_base64="hOzYsBQB//mUHu/U6XewPfNFUQM="></latexit><latexit sha1_base64="hOzYsBQB//mUHu/U6XewPfNFUQM="></latexit><latexit sha1_base64="hOzYsBQB//mUHu/U6XewPfNFUQM="></latexit><latexit sha1_base64="hOzYsBQB//mUHu/U6XewPfNFUQM="></latexit>

Qubitization? Not here….



Scaling of classical matrix inversion
 algorithms

Ax = b �! x = A�1b
<latexit sha1_base64="WQneeNt0jBvVnD2FDTv5Xhp41UA="></latexit><latexit sha1_base64="WQneeNt0jBvVnD2FDTv5Xhp41UA="></latexit><latexit sha1_base64="WQneeNt0jBvVnD2FDTv5Xhp41UA="></latexit><latexit sha1_base64="WQneeNt0jBvVnD2FDTv5Xhp41UA="></latexit>

?

NxN matrix Space complexity Time complexity Task

Gaussian 
elimination Get all eigenvalues

In general At least linear in N

O(N2)
<latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit><latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit><latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit><latexit sha1_base64="oLXmN8TNEc4+VET6VzOt43FapkA="></latexit>

O(N3)
<latexit sha1_base64="HcGoD0fZ7FnWzACe9G3W8ijPx3c="></latexit><latexit sha1_base64="HcGoD0fZ7FnWzACe9G3W8ijPx3c="></latexit><latexit sha1_base64="HcGoD0fZ7FnWzACe9G3W8ijPx3c="></latexit><latexit sha1_base64="HcGoD0fZ7FnWzACe9G3W8ijPx3c="></latexit>


