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Motivation

zero curves γi, where i = 1, . . . , nγ , with second homology class γ contribute a superpotential term

Wγ =

nγ
∑

i=1

Pfaff(∂Vγi⊗Oγi (−1))

[det(∂Oγi
)]2 det(∂Nγi)

exp

[

−

∫

γ

J

2πα′
− iB

]

. (1.1)

Let us explain the various terms:

• nγ is the number of (isolated) holomorphic curves in the curve class of the genus zero curve γ as
counted by the Gromov-Witten invariants (we will focus on the dominant contribution for which
the instanton wraps the curves only once). We denote the nγ curves with class γ by γi, where
i = 1, . . . , nγ .

• Pfaff(∂Vγi⊗Oγi (−1)) is the Pfaffian of the Dirac operator obtained by integrating over the right-
moving fermionic world-sheet degrees of freedom. It depends on the complex structure parameters
of the CY and the bundle moduli. Here Vγi denotes the bundle V restricted to γi and this is
tensored with the spin bundle Oγi(−1) on γi.

• [det(∂Oγi
)]2 is the determinant of the ∂-operator on the trivial bundle and is just a constant.

• det(∂Nγi) is the determinant of the ∂-operator on the normal bundle of γi which arises from
integrating over the bosonic fluctuations on the world-sheet. For a smooth, isolated, genus 0 curve,
the normal bundle is just NCi = Oγi(−1)⊗Oγi(−1), so this term is det(∂Nγi) = [det(∂Oγi

(−1))]2.

• The (1,1)-forms J and B are the Kähler form and the B-field on X, respectively. The integral
over the Kähler form is the area of the curve, which does not depend on the individual curves γi
but just on their class γ. The B field cancels the anomalous variation of the Pfaffian factor [5–7].

An important observation by Beasley and Witten [8] (see also [9–12] for related work) is that, while
each instanton contribution associated to a curve γi can be non-zero, the sum (1.1) over all instanton
contributions in a given class γ vanishes, under fairly general conditions. This powerful result is due
to a residue theorem in a linear or half-linear (0, 2) sigma model. While it would be interesting and,
in light of the swampland conjectures, important to see how this condition carries over to other string
theories, such as Type II under heterotic-Type II duality, we will focus on the heterotic case.

The residue theorem of Beasley–Witten is based on the following assumptions. The compactification
Calabi–Yau (CY) manifold X, its associated Kähler form, J and the vector bundle on X must descend
from a projective or, more generally, toric ambient space. Additionally, the instanton moduli space must
be “compact”. This condition is defined in terms of the linear or half-linear (0, 2) sigma model and
manifests itself in a possible appearance of additional fermionic zero modes which lead to the vanishing
of the instanton sum (1.1). Within this context of linear and half-linear sigma models, it is not easily
checked.

Bertolini and Plesser [13] have emphasized the importance of compactness for the validity of the residue
theorem. In cases with a gauged linear sigma model (GLSM) [14] description, they have formulated
a criterion that allows checking compactness of the instanton moduli space. More specifically, their
compactness criterion is simply a condition on the GLSM U(1) charges. If the instanton moduli space
turns out to be non-compact, the residue theorem of Beasley and Witten does not apply and one cannot
conclude that the instanton sum vanishes.

To the best of our knowledge, it is not known whether every heterotic compactification can be described
as a GLSM. In a GLSM, the vector bundle V is naturally described in terms of a monad bundle. Besides
this bundle construction, there exist other descriptions such as spectral cover or extension bundles, and it
is unclear whether every such bundle can re-written as a monad bundle. Moreover, a generic heterotic
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Motivation

zero curves γi, where i = 1, . . . , nγ , with second homology class γ contribute a superpotential term

Wγ =

nγ
∑

i=1

Pfaff(∂Vγi⊗Oγi (−1))

[det(∂Oγi
)]2 det(∂Nγi)

exp

[

−

∫

γ

J

2πα′
− iB

]

. (1.1)

Let us explain the various terms:

• nγ is the number of (isolated) holomorphic curves in the curve class of the genus zero curve γ as
counted by the Gromov-Witten invariants (we will focus on the dominant contribution for which
the instanton wraps the curves only once). We denote the nγ curves with class γ by γi, where
i = 1, . . . , nγ .

• Pfaff(∂Vγi⊗Oγi (−1)) is the Pfaffian of the Dirac operator obtained by integrating over the right-
moving fermionic world-sheet degrees of freedom. It depends on the complex structure parameters
of the CY and the bundle moduli. Here Vγi denotes the bundle V restricted to γi and this is
tensored with the spin bundle Oγi(−1) on γi.

• [det(∂Oγi
)]2 is the determinant of the ∂-operator on the trivial bundle and is just a constant.

• det(∂Nγi) is the determinant of the ∂-operator on the normal bundle of γi which arises from
integrating over the bosonic fluctuations on the world-sheet. For a smooth, isolated, genus 0 curve,
the normal bundle is just NCi = Oγi(−1)⊗Oγi(−1), so this term is det(∂Nγi) = [det(∂Oγi

(−1))]2.

• The (1,1)-forms J and B are the Kähler form and the B-field on X, respectively. The integral
over the Kähler form is the area of the curve, which does not depend on the individual curves γi
but just on their class γ. The B field cancels the anomalous variation of the Pfaffian factor [5–7].

An important observation by Beasley and Witten [8] (see also [9–12] for related work) is that, while
each instanton contribution associated to a curve γi can be non-zero, the sum (1.1) over all instanton
contributions in a given class γ vanishes, under fairly general conditions. This powerful result is due
to a residue theorem in a linear or half-linear (0, 2) sigma model. While it would be interesting and,
in light of the swampland conjectures, important to see how this condition carries over to other string
theories, such as Type II under heterotic-Type II duality, we will focus on the heterotic case.

The residue theorem of Beasley–Witten is based on the following assumptions. The compactification
Calabi–Yau (CY) manifold X, its associated Kähler form, J and the vector bundle on X must descend
from a projective or, more generally, toric ambient space. Additionally, the instanton moduli space must
be “compact”. This condition is defined in terms of the linear or half-linear (0, 2) sigma model and
manifests itself in a possible appearance of additional fermionic zero modes which lead to the vanishing
of the instanton sum (1.1). Within this context of linear and half-linear sigma models, it is not easily
checked.

Bertolini and Plesser [13] have emphasized the importance of compactness for the validity of the residue
theorem. In cases with a gauged linear sigma model (GLSM) [14] description, they have formulated
a criterion that allows checking compactness of the instanton moduli space. More specifically, their
compactness criterion is simply a condition on the GLSM U(1) charges. If the instanton moduli space
turns out to be non-compact, the residue theorem of Beasley and Witten does not apply and one cannot
conclude that the instanton sum vanishes.

To the best of our knowledge, it is not known whether every heterotic compactification can be described
as a GLSM. In a GLSM, the vector bundle V is naturally described in terms of a monad bundle. Besides
this bundle construction, there exist other descriptions such as spectral cover or extension bundles, and it
is unclear whether every such bundle can re-written as a monad bundle. Moreover, a generic heterotic

3

Spin bundle on

‣ Contributions depend on 
• Kahler moduli 
• CS moduli  
• Bundle moduli ↵a
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Motivation

zero curves γi, where i = 1, . . . , nγ , with second homology class γ contribute a superpotential term

Wγ =

nγ
∑

i=1

Pfaff(∂Vγi⊗Oγi (−1))

[det(∂Oγi
)]2 det(∂Nγi)

exp

[

−

∫

γ

J

2πα′
− iB

]

. (1.1)

Let us explain the various terms:

• nγ is the number of (isolated) holomorphic curves in the curve class of the genus zero curve γ as
counted by the Gromov-Witten invariants (we will focus on the dominant contribution for which
the instanton wraps the curves only once). We denote the nγ curves with class γ by γi, where
i = 1, . . . , nγ .

• Pfaff(∂Vγi⊗Oγi (−1)) is the Pfaffian of the Dirac operator obtained by integrating over the right-
moving fermionic world-sheet degrees of freedom. It depends on the complex structure parameters
of the CY and the bundle moduli. Here Vγi denotes the bundle V restricted to γi and this is
tensored with the spin bundle Oγi(−1) on γi.

• [det(∂Oγi
)]2 is the determinant of the ∂-operator on the trivial bundle and is just a constant.

• det(∂Nγi) is the determinant of the ∂-operator on the normal bundle of γi which arises from
integrating over the bosonic fluctuations on the world-sheet. For a smooth, isolated, genus 0 curve,
the normal bundle is just NCi = Oγi(−1)⊗Oγi(−1), so this term is det(∂Nγi) = [det(∂Oγi

(−1))]2.

• The (1,1)-forms J and B are the Kähler form and the B-field on X, respectively. The integral
over the Kähler form is the area of the curve, which does not depend on the individual curves γi
but just on their class γ. The B field cancels the anomalous variation of the Pfaffian factor [5–7].

An important observation by Beasley and Witten [8] (see also [9–12] for related work) is that, while
each instanton contribution associated to a curve γi can be non-zero, the sum (1.1) over all instanton
contributions in a given class γ vanishes, under fairly general conditions. This powerful result is due
to a residue theorem in a linear or half-linear (0, 2) sigma model. While it would be interesting and,
in light of the swampland conjectures, important to see how this condition carries over to other string
theories, such as Type II under heterotic-Type II duality, we will focus on the heterotic case.

The residue theorem of Beasley–Witten is based on the following assumptions. The compactification
Calabi–Yau (CY) manifold X, its associated Kähler form, J and the vector bundle on X must descend
from a projective or, more generally, toric ambient space. Additionally, the instanton moduli space must
be “compact”. This condition is defined in terms of the linear or half-linear (0, 2) sigma model and
manifests itself in a possible appearance of additional fermionic zero modes which lead to the vanishing
of the instanton sum (1.1). Within this context of linear and half-linear sigma models, it is not easily
checked.

Bertolini and Plesser [13] have emphasized the importance of compactness for the validity of the residue
theorem. In cases with a gauged linear sigma model (GLSM) [14] description, they have formulated
a criterion that allows checking compactness of the instanton moduli space. More specifically, their
compactness criterion is simply a condition on the GLSM U(1) charges. If the instanton moduli space
turns out to be non-compact, the residue theorem of Beasley and Witten does not apply and one cannot
conclude that the instanton sum vanishes.

To the best of our knowledge, it is not known whether every heterotic compactification can be described
as a GLSM. In a GLSM, the vector bundle V is naturally described in terms of a monad bundle. Besides
this bundle construction, there exist other descriptions such as spectral cover or extension bundles, and it
is unclear whether every such bundle can re-written as a monad bundle. Moreover, a generic heterotic
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• Kahler moduli 
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Motivation

zero curves γi, where i = 1, . . . , nγ , with second homology class γ contribute a superpotential term

Wγ =

nγ
∑

i=1

Pfaff(∂Vγi⊗Oγi (−1))

[det(∂Oγi
)]2 det(∂Nγi)

exp

[

−

∫

γ

J

2πα′
− iB

]

. (1.1)

Let us explain the various terms:

• nγ is the number of (isolated) holomorphic curves in the curve class of the genus zero curve γ as
counted by the Gromov-Witten invariants (we will focus on the dominant contribution for which
the instanton wraps the curves only once). We denote the nγ curves with class γ by γi, where
i = 1, . . . , nγ .

• Pfaff(∂Vγi⊗Oγi (−1)) is the Pfaffian of the Dirac operator obtained by integrating over the right-
moving fermionic world-sheet degrees of freedom. It depends on the complex structure parameters
of the CY and the bundle moduli. Here Vγi denotes the bundle V restricted to γi and this is
tensored with the spin bundle Oγi(−1) on γi.

• [det(∂Oγi
)]2 is the determinant of the ∂-operator on the trivial bundle and is just a constant.

• det(∂Nγi) is the determinant of the ∂-operator on the normal bundle of γi which arises from
integrating over the bosonic fluctuations on the world-sheet. For a smooth, isolated, genus 0 curve,
the normal bundle is just NCi = Oγi(−1)⊗Oγi(−1), so this term is det(∂Nγi) = [det(∂Oγi

(−1))]2.

• The (1,1)-forms J and B are the Kähler form and the B-field on X, respectively. The integral
over the Kähler form is the area of the curve, which does not depend on the individual curves γi
but just on their class γ. The B field cancels the anomalous variation of the Pfaffian factor [5–7].

An important observation by Beasley and Witten [8] (see also [9–12] for related work) is that, while
each instanton contribution associated to a curve γi can be non-zero, the sum (1.1) over all instanton
contributions in a given class γ vanishes, under fairly general conditions. This powerful result is due
to a residue theorem in a linear or half-linear (0, 2) sigma model. While it would be interesting and,
in light of the swampland conjectures, important to see how this condition carries over to other string
theories, such as Type II under heterotic-Type II duality, we will focus on the heterotic case.

The residue theorem of Beasley–Witten is based on the following assumptions. The compactification
Calabi–Yau (CY) manifold X, its associated Kähler form, J and the vector bundle on X must descend
from a projective or, more generally, toric ambient space. Additionally, the instanton moduli space must
be “compact”. This condition is defined in terms of the linear or half-linear (0, 2) sigma model and
manifests itself in a possible appearance of additional fermionic zero modes which lead to the vanishing
of the instanton sum (1.1). Within this context of linear and half-linear sigma models, it is not easily
checked.

Bertolini and Plesser [13] have emphasized the importance of compactness for the validity of the residue
theorem. In cases with a gauged linear sigma model (GLSM) [14] description, they have formulated
a criterion that allows checking compactness of the instanton moduli space. More specifically, their
compactness criterion is simply a condition on the GLSM U(1) charges. If the instanton moduli space
turns out to be non-compact, the residue theorem of Beasley and Witten does not apply and one cannot
conclude that the instanton sum vanishes.

To the best of our knowledge, it is not known whether every heterotic compactification can be described
as a GLSM. In a GLSM, the vector bundle V is naturally described in terms of a monad bundle. Besides
this bundle construction, there exist other descriptions such as spectral cover or extension bundles, and it
is unclear whether every such bundle can re-written as a monad bundle. Moreover, a generic heterotic
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Motivation

zero curves γi, where i = 1, . . . , nγ , with second homology class γ contribute a superpotential term

Wγ =

nγ
∑

i=1

Pfaff(∂Vγi⊗Oγi (−1))

[det(∂Oγi
)]2 det(∂Nγi)

exp

[

−

∫

γ

J

2πα′
− iB

]

. (1.1)

Let us explain the various terms:

• nγ is the number of (isolated) holomorphic curves in the curve class of the genus zero curve γ as
counted by the Gromov-Witten invariants (we will focus on the dominant contribution for which
the instanton wraps the curves only once). We denote the nγ curves with class γ by γi, where
i = 1, . . . , nγ .

• Pfaff(∂Vγi⊗Oγi (−1)) is the Pfaffian of the Dirac operator obtained by integrating over the right-
moving fermionic world-sheet degrees of freedom. It depends on the complex structure parameters
of the CY and the bundle moduli. Here Vγi denotes the bundle V restricted to γi and this is
tensored with the spin bundle Oγi(−1) on γi.

• [det(∂Oγi
)]2 is the determinant of the ∂-operator on the trivial bundle and is just a constant.

• det(∂Nγi) is the determinant of the ∂-operator on the normal bundle of γi which arises from
integrating over the bosonic fluctuations on the world-sheet. For a smooth, isolated, genus 0 curve,
the normal bundle is just NCi = Oγi(−1)⊗Oγi(−1), so this term is det(∂Nγi) = [det(∂Oγi

(−1))]2.

• The (1,1)-forms J and B are the Kähler form and the B-field on X, respectively. The integral
over the Kähler form is the area of the curve, which does not depend on the individual curves γi
but just on their class γ. The B field cancels the anomalous variation of the Pfaffian factor [5–7].

An important observation by Beasley and Witten [8] (see also [9–12] for related work) is that, while
each instanton contribution associated to a curve γi can be non-zero, the sum (1.1) over all instanton
contributions in a given class γ vanishes, under fairly general conditions. This powerful result is due
to a residue theorem in a linear or half-linear (0, 2) sigma model. While it would be interesting and,
in light of the swampland conjectures, important to see how this condition carries over to other string
theories, such as Type II under heterotic-Type II duality, we will focus on the heterotic case.

The residue theorem of Beasley–Witten is based on the following assumptions. The compactification
Calabi–Yau (CY) manifold X, its associated Kähler form, J and the vector bundle on X must descend
from a projective or, more generally, toric ambient space. Additionally, the instanton moduli space must
be “compact”. This condition is defined in terms of the linear or half-linear (0, 2) sigma model and
manifests itself in a possible appearance of additional fermionic zero modes which lead to the vanishing
of the instanton sum (1.1). Within this context of linear and half-linear sigma models, it is not easily
checked.

Bertolini and Plesser [13] have emphasized the importance of compactness for the validity of the residue
theorem. In cases with a gauged linear sigma model (GLSM) [14] description, they have formulated
a criterion that allows checking compactness of the instanton moduli space. More specifically, their
compactness criterion is simply a condition on the GLSM U(1) charges. If the instanton moduli space
turns out to be non-compact, the residue theorem of Beasley and Witten does not apply and one cannot
conclude that the instanton sum vanishes.

To the best of our knowledge, it is not known whether every heterotic compactification can be described
as a GLSM. In a GLSM, the vector bundle V is naturally described in terms of a monad bundle. Besides
this bundle construction, there exist other descriptions such as spectral cover or extension bundles, and it
is unclear whether every such bundle can re-written as a monad bundle. Moreover, a generic heterotic

3
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Note:

‣ Contributions depend on 
• Kahler moduli 
• CS moduli  
• Bundle moduli ↵a
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Motivation

zero curves γi, where i = 1, . . . , nγ , with second homology class γ contribute a superpotential term

Wγ =

nγ
∑

i=1

Pfaff(∂Vγi⊗Oγi (−1))

[det(∂Oγi
)]2 det(∂Nγi)

exp

[

−

∫

γ

J

2πα′
− iB

]

. (1.1)

Let us explain the various terms:

• nγ is the number of (isolated) holomorphic curves in the curve class of the genus zero curve γ as
counted by the Gromov-Witten invariants (we will focus on the dominant contribution for which
the instanton wraps the curves only once). We denote the nγ curves with class γ by γi, where
i = 1, . . . , nγ .

• Pfaff(∂Vγi⊗Oγi (−1)) is the Pfaffian of the Dirac operator obtained by integrating over the right-
moving fermionic world-sheet degrees of freedom. It depends on the complex structure parameters
of the CY and the bundle moduli. Here Vγi denotes the bundle V restricted to γi and this is
tensored with the spin bundle Oγi(−1) on γi.

• [det(∂Oγi
)]2 is the determinant of the ∂-operator on the trivial bundle and is just a constant.

• det(∂Nγi) is the determinant of the ∂-operator on the normal bundle of γi which arises from
integrating over the bosonic fluctuations on the world-sheet. For a smooth, isolated, genus 0 curve,
the normal bundle is just NCi = Oγi(−1)⊗Oγi(−1), so this term is det(∂Nγi) = [det(∂Oγi

(−1))]2.

• The (1,1)-forms J and B are the Kähler form and the B-field on X, respectively. The integral
over the Kähler form is the area of the curve, which does not depend on the individual curves γi
but just on their class γ. The B field cancels the anomalous variation of the Pfaffian factor [5–7].

An important observation by Beasley and Witten [8] (see also [9–12] for related work) is that, while
each instanton contribution associated to a curve γi can be non-zero, the sum (1.1) over all instanton
contributions in a given class γ vanishes, under fairly general conditions. This powerful result is due
to a residue theorem in a linear or half-linear (0, 2) sigma model. While it would be interesting and,
in light of the swampland conjectures, important to see how this condition carries over to other string
theories, such as Type II under heterotic-Type II duality, we will focus on the heterotic case.

The residue theorem of Beasley–Witten is based on the following assumptions. The compactification
Calabi–Yau (CY) manifold X, its associated Kähler form, J and the vector bundle on X must descend
from a projective or, more generally, toric ambient space. Additionally, the instanton moduli space must
be “compact”. This condition is defined in terms of the linear or half-linear (0, 2) sigma model and
manifests itself in a possible appearance of additional fermionic zero modes which lead to the vanishing
of the instanton sum (1.1). Within this context of linear and half-linear sigma models, it is not easily
checked.

Bertolini and Plesser [13] have emphasized the importance of compactness for the validity of the residue
theorem. In cases with a gauged linear sigma model (GLSM) [14] description, they have formulated
a criterion that allows checking compactness of the instanton moduli space. More specifically, their
compactness criterion is simply a condition on the GLSM U(1) charges. If the instanton moduli space
turns out to be non-compact, the residue theorem of Beasley and Witten does not apply and one cannot
conclude that the instanton sum vanishes.

To the best of our knowledge, it is not known whether every heterotic compactification can be described
as a GLSM. In a GLSM, the vector bundle V is naturally described in terms of a monad bundle. Besides
this bundle construction, there exist other descriptions such as spectral cover or extension bundles, and it
is unclear whether every such bundle can re-written as a monad bundle. Moreover, a generic heterotic
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‣ Beasley-Witten cancellation: 
• Consistent compactification (stable vector bundle, BI+HYM solved) 
• Gauge bundle pulls back from the ambient space 
• Right-moving WS SUSY 
• Instanton moduli space compact 

‣   

‣ Cancellation has to hold at any point in moduli space 
‣ If                                        are linear independent  no BW cancellation 
‣ If                                        are linear dependent  thousands of terms can cancel by 

choosing                     complex constants      (highly non-trivial if there is not a reason 
why the monomials align this way)

⇒
⇒

Motivation
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‣ Checked for quintic (                       ) in (half-) linear sigma model  

‣ Compactness of instanton moduli space very hard to check 
‣ Simple criterion for GLSMs 

‣ Zero-modes of s and b can make instanton moduli space non-compact  
‣ For                      check 

Motivation
[Beasley, Witten hep-th/0304115]

[Bertolini, Plesser 1410.4541]

ZI Pk Aα Bβ S Ξ

U(1)i Qi
I −qik aiα −biβ QS QΞ

U(1)L 0 0 −1 1 1 −1

U(1)R 0 1 0 1 1 0

Interpretation
Geometry Geometry Monad Monad

Spectator Spectator
coordinates constraints A-terms B-terms

Table 1: Overview of GLSM fields and their U(1) charges.

Each gauge superfield comes with FI-parameters ti, i = 1, . . . ,m (and a θ-angle), which are linked to
the Kähler parameters of the geometric setup. Since we focus on favorable cases, the number of Kähler
parameters is equal to the number of ambient space ni factors, and we have introduced that many
U(1) gauge fields. The Calabi–Yau phase of the GLSM will correspond to the case where all ti " 0.

In addition to the gauge charges, all fields also carry a charge under an Abelian (non-R) symmetry
U(1)L and an Abelian R-symmetry U(1)R. In particular, the superpotential has U(1)L charge 0 and
U(1)R charge 1. We summarize the charge assignments in Table 1.

Note that in (0, 2) GLSMs the sum of the scalar charges can be non-zero, which will lead to a one-loop
running of the FI parameters. In order to cure this, it was observed in [35] that one can simply add
a pair of spectator superfields, consisting of a chiral superfield S and a chiral-fermi superfield Ξ with
opposite charges,

Qi
S =

∑

β

biβ −
∑

k

qik , Qi
Ξ = −

∑

β

biβ +
∑

k

qik . (4.1)

The U(1)L,R and the U(1)i charges of S and Ξ allow for a term

W ⊃ mSΞ (4.2)

in the superpotential so that the spectators pair up and become massive in the IR. However, as was
shown in Ref. [13], the zero modes of S can still decompactify the instanton moduli space.

Moreover, we note that the U(1)L,R charge assignments are compatible with the superpotential

W ⊃
K
∑

k=1

PkHk(ZI) +
rB
∑

β=1

Bβ

rA
∑

α=1

Aαfαβ(ZI) , (4.3)

where Hk(ZI) and fα(ZI) are holomorphic polynomials in ZI whose multi-degree is such that the
superpotential is gauge-invariant. Note that f corresponds to the monad map in Eq. (2.22).

In the Calabi–Yau phase ti " 0, the F- and D-terms give rise (for sufficiently generic H and f such
that the geometry is smooth) to constraints

Hk(ZI)
!
= 0 , ∀k = 1, . . . ,K , (4.4)

which precisely imposes the K equations that define the CICY in the ambient space. Since the zI are
the collection of all N coordinates of all m ambient space factors, it makes sense to break them up into
the ni they belong to, that is, to split I into I = {i, r} with i = 1, . . . ,m and r = 0, . . . , ni. Then, the
charge of Zj

i,r under the j
th U(1) is simply δji and zi,0, . . . , zi,ni are the homogeneous coordinates of ni .
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‣ Curves in Complete Intersection Calabi-Yaus 
‣ Compute the Pfaffian 

• Monad bundles 

• Extension bundles 

‣ Comparing GLSM and alg. geom. conditions 
• Vanishing instanton sum and Hilbert functions 

• Pfaffians and GLSM quantities

Outline



Curves in Complete Intersection CYs



‣ Focus on CICYs with ambient space       factors 
‣ Two possibilities 

• Charges of two      are 1, rest zero (type I) 

• Charges of one      is 2, rest zero (type II)

CICY
Z1,2 Z3,4 Z5,6,7,8,9 P1 P2 P3 A1 A2 A3 A4 B S Ξ

U(1)1 1 0 0 -1 -1 0 1 0 0 0 -1 -1 1

U(1)2 0 1 0 -2 0 0 0 1 0 1 -2 0 0

U(1)3 0 0 1 -2 -1 -2 0 0 1 2 -3 -2 2

Table 2: GLSM charges of the monad bundle on CICY 7836.

5.2.2 The GLSM computation

The corresponding GLSM can be easily constructed from this geometric data. We summarize the GLSM
charges in Table 2. The two cases fit into our general discussion in Section 4.4, so we already know that
the Bertolini-Plesser criteria are fulfilled and the instanton moduli space is compact.

Using (4.7), we find that all GLSM anomalies cancel. Hence, we have an anomaly free GLSM description
of this heterotic model. Using Eq. (4.14), we see from Table 2 that neither the spectator field S nor
the field B have zero modes. Hence, the GLSM model satisfies the compactness criterion by Bertolini
and Plesser and the superpotential must be zero from the vanishing theorems [8, 11, 12]. This nicely
explains the seemingly miraculous cancelation of the 105 and 1400 terms in the Pfaffian for the two
cases discussed above. It also provides a highly non-trivial consistency check of the geometric technique.

5.3 Example with non-compact moduli space

Let us also give an example which has an (anomaly free) GLSM description with non-compact moduli
space. For this we consider CICY 7555, which is very similar to CICY 7834 discussed above. Its
configuration matrix reads

X ∈







1 1 1 0
1 2 0 0
4 1 2 2







(3,61)
∣

∣

∣

∣

∣

∣

∣

∣

!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2 : z3,3 : z3,4] .

(5.26)

We furthermore consider the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(2, 1, 0) ⊕OX(1, 0, 2) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 0, 1) ,

B = OX(2, 2, 1) ⊕OX(1, 0, 3) .
(5.27)

Again, this example satisfies all consistency conditions.

5.3.1 The geometric computation

The restriction of the monad bundle to the first 1 has been discussed in (5.11). The Pfaffian is hence
determined by the polynomial

δ = f̃
(1,1)
1,1 (y) ˜̃f (1,1)

1,1 (y)f (2,2)
0,1 (y) , (5.28)

with y = (!z2, !z3) and

f̃
(1,1)
1,1 (y) =

10
∑

i=1

β
(1,1)
i mi

1,1(y) ,
˜̃
f
(1,1)
1,1 (y) =

10
∑

i=1

β̃
(1,1)
i mi

1,1(y) , f
(2,2)
0,1 (y) =

5
∑

i=1

β
(2,2)
i mi

0,1(y) . (5.29)
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Z1,2 Z3,4 Z5,6,7,8,9 P1 P2 P3 A1 A2 A3 A4 B S Ξ

U(1)1 1 0 0 -1 -1 0 1 0 0 0 -1 -1 1

U(1)2 0 1 0 -2 0 0 0 1 0 1 -2 0 0

U(1)3 0 0 1 -2 -1 -2 0 0 1 2 -3 -2 2

Table 2: GLSM charges of the monad bundle on CICY 7836.

5.2.2 The GLSM computation

The corresponding GLSM can be easily constructed from this geometric data. We summarize the GLSM
charges in Table 2. The two cases fit into our general discussion in Section 4.4, so we already know that
the Bertolini-Plesser criteria are fulfilled and the instanton moduli space is compact.

Using (4.7), we find that all GLSM anomalies cancel. Hence, we have an anomaly free GLSM description
of this heterotic model. Using Eq. (4.14), we see from Table 2 that neither the spectator field S nor
the field B have zero modes. Hence, the GLSM model satisfies the compactness criterion by Bertolini
and Plesser and the superpotential must be zero from the vanishing theorems [8, 11, 12]. This nicely
explains the seemingly miraculous cancelation of the 105 and 1400 terms in the Pfaffian for the two
cases discussed above. It also provides a highly non-trivial consistency check of the geometric technique.

5.3 Example with non-compact moduli space

Let us also give an example which has an (anomaly free) GLSM description with non-compact moduli
space. For this we consider CICY 7555, which is very similar to CICY 7834 discussed above. Its
configuration matrix reads

X ∈







1 1 1 0
1 2 0 0
4 1 2 2







(3,61)
∣

∣

∣

∣

∣

∣

∣

∣

!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2 : z3,3 : z3,4] .

(5.26)

We furthermore consider the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(2, 1, 0) ⊕OX(1, 0, 2) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 0, 1) ,

B = OX(2, 2, 1) ⊕OX(1, 0, 3) .
(5.27)

Again, this example satisfies all consistency conditions.

5.3.1 The geometric computation

The restriction of the monad bundle to the first 1 has been discussed in (5.11). The Pfaffian is hence
determined by the polynomial

δ = f̃
(1,1)
1,1 (y) ˜̃f (1,1)

1,1 (y)f (2,2)
0,1 (y) , (5.28)

with y = (!z2, !z3) and

f̃
(1,1)
1,1 (y) =

10
∑

i=1

β
(1,1)
i mi

1,1(y) ,
˜̃
f
(1,1)
1,1 (y) =

10
∑

i=1

β̃
(1,1)
i mi

1,1(y) , f
(2,2)
0,1 (y) =

5
∑

i=1

β
(2,2)
i mi

0,1(y) . (5.29)
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Z1,2 Z3,4 Z5,6,7,8,9 P1 P2 P3 A1 A2 A3 A4 B S Ξ

U(1)1 1 0 0 -1 -1 0 1 0 0 0 -1 -1 1

U(1)2 0 1 0 -2 0 0 0 1 0 1 -2 0 0

U(1)3 0 0 1 -2 -1 -2 0 0 1 2 -3 -2 2

Table 2: GLSM charges of the monad bundle on CICY 7836.

5.2.2 The GLSM computation

The corresponding GLSM can be easily constructed from this geometric data. We summarize the GLSM
charges in Table 2. The two cases fit into our general discussion in Section 4.4, so we already know that
the Bertolini-Plesser criteria are fulfilled and the instanton moduli space is compact.

Using (4.7), we find that all GLSM anomalies cancel. Hence, we have an anomaly free GLSM description
of this heterotic model. Using Eq. (4.14), we see from Table 2 that neither the spectator field S nor
the field B have zero modes. Hence, the GLSM model satisfies the compactness criterion by Bertolini
and Plesser and the superpotential must be zero from the vanishing theorems [8, 11, 12]. This nicely
explains the seemingly miraculous cancelation of the 105 and 1400 terms in the Pfaffian for the two
cases discussed above. It also provides a highly non-trivial consistency check of the geometric technique.

5.3 Example with non-compact moduli space

Let us also give an example which has an (anomaly free) GLSM description with non-compact moduli
space. For this we consider CICY 7555, which is very similar to CICY 7834 discussed above. Its
configuration matrix reads

X ∈







1 1 1 0
1 2 0 0
4 1 2 2







(3,61)
∣

∣

∣

∣

∣

∣

∣

∣

!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2 : z3,3 : z3,4] .

(5.26)

We furthermore consider the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(2, 1, 0) ⊕OX(1, 0, 2) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 0, 1) ,

B = OX(2, 2, 1) ⊕OX(1, 0, 3) .
(5.27)

Again, this example satisfies all consistency conditions.

5.3.1 The geometric computation

The restriction of the monad bundle to the first 1 has been discussed in (5.11). The Pfaffian is hence
determined by the polynomial

δ = f̃
(1,1)
1,1 (y) ˜̃f (1,1)

1,1 (y)f (2,2)
0,1 (y) , (5.28)

with y = (!z2, !z3) and

f̃
(1,1)
1,1 (y) =

10
∑

i=1

β
(1,1)
i mi

1,1(y) ,
˜̃
f
(1,1)
1,1 (y) =

10
∑

i=1

β̃
(1,1)
i mi

1,1(y) , f
(2,2)
0,1 (y) =

5
∑

i=1

β
(2,2)
i mi

0,1(y) . (5.29)
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Z1,2 Z3,4 Z5,6,7,8,9 P1 P2 P3 A1 A2 A3 A4 B S Ξ
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U(1)3 0 0 1 -2 -1 -2 0 0 1 2 -3 -2 2

Table 2: GLSM charges of the monad bundle on CICY 7836.

5.2.2 The GLSM computation

The corresponding GLSM can be easily constructed from this geometric data. We summarize the GLSM
charges in Table 2. The two cases fit into our general discussion in Section 4.4, so we already know that
the Bertolini-Plesser criteria are fulfilled and the instanton moduli space is compact.

Using (4.7), we find that all GLSM anomalies cancel. Hence, we have an anomaly free GLSM description
of this heterotic model. Using Eq. (4.14), we see from Table 2 that neither the spectator field S nor
the field B have zero modes. Hence, the GLSM model satisfies the compactness criterion by Bertolini
and Plesser and the superpotential must be zero from the vanishing theorems [8, 11, 12]. This nicely
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5.3 Example with non-compact moduli space

Let us also give an example which has an (anomaly free) GLSM description with non-compact moduli
space. For this we consider CICY 7555, which is very similar to CICY 7834 discussed above. Its
configuration matrix reads
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!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2 : z3,3 : z3,4] .
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We furthermore consider the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(2, 1, 0) ⊕OX(1, 0, 2) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 0, 1) ,

B = OX(2, 2, 1) ⊕OX(1, 0, 3) .
(5.27)

Again, this example satisfies all consistency conditions.

5.3.1 The geometric computation

The restriction of the monad bundle to the first 1 has been discussed in (5.11). The Pfaffian is hence
determined by the polynomial

δ = f̃
(1,1)
1,1 (y) ˜̃f (1,1)

1,1 (y)f (2,2)
0,1 (y) , (5.28)

with y = (!z2, !z3) and
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i mi
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1,1 (y) =
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i mi
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0,1(y) . (5.29)
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2 Instanton superpotentials from geometry

2.1 The Calabi-Yau geometry

In Ref. [22], we have described a method of identifying all genus zero curves within certain homology
classes of CICY manifolds. This method applies if the homology class under consideration descends
from a 1 factor of the ambient space. In this case, the union of all genus zero curves in this class can
be written as a complete intersection. We will now briefly review this method.

Our manifolds are defined in an ambient space P which we take to be a product

P = n1 × . . .× nm . (2.1)

of m projective factors. Within such an ambient space, a family of CICYs, X, is defined by a configu-
ration matrix

X ∈













n1 q11 q12 . . . q1K
n2 q21 q22 . . . q2K
...

...
...

. . .
...

nm qm1 qm2 . . . qmK













, (2.2)

which specifies the multi-degrees of the defining polynomials. More specifically, the CICY is defined as
the common zero locus of K polynomials pa, where the multi-degree of pa is given by the ath column of
the configuration matrix, so by qa = (q1a, q

2
a, . . . , q

m
a )T . The coefficients in generic polynomials pa of the

appropriate degree parametrize the complex structure of X. Not all these coefficients affect the complex
structure (for example the overall scaling of the coefficients in pa is irrelevant) but this redundancy can
be removed by suitably fixing some of the coefficients.

Since we are interested in CY three-folds we require that K+3 =
∑m

i=1 ni. The CY condition, c1(TX) =
0, amounts to

K
∑

a=1

qia
!
= ni + 1 , i = 1, 2, . . . ,m . (2.3)

For our discussion, we assume that the ambient space P contains at least one P1 factor which corresponds
to the homology class γ we would like to study. We also order the projective factors such that this P1

appears first and write the ambient space as P = P1 × Q, where Q = Pn2 × · · · × Pnm. Further, it is
convenient to denote the degrees related to the “transverse space” Q by q̂a = (q2a, . . . , q

m
a )T .

Due to the CY condition (2.3), there are (up to trivial reordering) only two possibilities for the degrees
in a P1 direction. This leads to two types of configuration matrices [22], referred to as type I and type
II, given by

type I : X ∈

[

1 1 1 0 . . . 0

Q q̂1 q̂2 q̂3 . . . q̂K

]

, type II : X ∈

[

1 2 0 . . . 0

Q q̂1 q̂2 . . . q̂K

]

. (2.4)

Associated to these two types, we can define the complete intersection

type I : {yI} ∈
[

Q q̂1 q̂1 q̂2 q̂2 q̂3 . . . q̂K

]

,

type II : {yI} ∈
[

Q q̂1 q̂1 q̂1 q̂2 . . . q̂K

]

.
(2.5)
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‣ For all (7’890) CICYs, all single wrapping genus zero GW invariants can 

be obtained from counting solutions to the equations above. 
‣ Get the position of the curve as a function of CS 

‣ Why? Maybe because of simplicity of the construction?

I
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Compute the Pfaffian



‣                                             w/                                       ,  

‣ Take                                                 w/                  a                matrix 

‣ Bundle moduli                            . To compute, twist the dual SES with   : 

•   

• Get LES in cohomology (compute ambient space cohomology and restrict to CY via spectral 
sequence or Koszul resolution) 

• Express in terms of                                                                          and extract  

‣ Pfaff 

Monad bundles
0 ! O

Nf
g
�! A

f
�! B ! 0
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Monad bundles - Example
nγ = 16
nγ = 40
nγ = 112

Z1,2 Z3,4 Z5,6,7,8,9 P1 P2 P3 A1 A2 A3 A4 B S Ξ

U(1)1 1 0 0 -1 -1 0 1 0 0 0 -1 -1 1

U(1)2 0 1 0 -2 0 0 0 1 0 1 -2 0 0

U(1)3 0 0 1 -2 -1 -2 0 0 1 2 -3 -2 2

Table 2: GLSM charges of the monad bundle on CICY 7836.

5.2.2 The GLSM computation

The corresponding GLSM can be easily constructed from this geometric data. We summarize the GLSM
charges in Table 2. The two cases fit into our general discussion in Section 4.4, so we already know that
the Bertolini-Plesser criteria are fulfilled and the instanton moduli space is compact.

Using (4.7), we find that all GLSM anomalies cancel. Hence, we have an anomaly free GLSM description
of this heterotic model. Using Eq. (4.14), we see from Table 2 that neither the spectator field S nor
the field B have zero modes. Hence, the GLSM model satisfies the compactness criterion by Bertolini
and Plesser and the superpotential must be zero from the vanishing theorems [8, 11, 12]. This nicely
explains the seemingly miraculous cancelation of the 105 and 1400 terms in the Pfaffian for the two
cases discussed above. It also provides a highly non-trivial consistency check of the geometric technique.

5.3 Example with non-compact moduli space

Let us also give an example which has an (anomaly free) GLSM description with non-compact moduli
space. For this we consider CICY 7555, which is very similar to CICY 7834 discussed above. Its
configuration matrix reads

X ∈







1 1 1 0
1 2 0 0
4 1 2 2







(3,61)
∣

∣

∣

∣

∣

∣

∣

∣

!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2 : z3,3 : z3,4] .

(5.26)

We furthermore consider the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(2, 1, 0) ⊕OX(1, 0, 2) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 0, 1) ,

B = OX(2, 2, 1) ⊕OX(1, 0, 3) .
(5.27)

Again, this example satisfies all consistency conditions.

5.3.1 The geometric computation

The restriction of the monad bundle to the first 1 has been discussed in (5.11). The Pfaffian is hence
determined by the polynomial

δ = f̃
(1,1)
1,1 (y) ˜̃f (1,1)

1,1 (y)f (2,2)
0,1 (y) , (5.28)

with y = (!z2, !z3) and

f̃
(1,1)
1,1 (y) =

10
∑

i=1

β
(1,1)
i mi

1,1(y) ,
˜̃
f
(1,1)
1,1 (y) =

10
∑

i=1

β̃
(1,1)
i mi

1,1(y) , f
(2,2)
0,1 (y) =

5
∑

i=1

β
(2,2)
i mi

0,1(y) . (5.29)
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‣                                       with  
‣ Number of bundle moduli: 
‣ Restrict and twist by spin bundle:

5.2 Examples with compact moduli space

5.2.1 The geometric computation

We consider CICY 7836 with configuration matrix

X ∈







1 1 1 0
1 2 0 0
4 2 1 2







(3,61)
∣

∣

∣

∣

∣

∣

∣

∣

!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2 : z3,3 : z3,4] .

(5.14)

and the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(1, 0, 0) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 1, 2) , B = OX(1, 2, 3) . (5.15)

This example allows us to discuss both the type I and the type II case by focusing on the first and second
ambient space 1 factor, respectively. By explicitly constructing the curves from Eq. (2.4), we find that
there are 16 curves in the curve class of the first 1 and 40 curves in the curve class of the second 1,
respectively. This example satisfies all consistency conditions we need to impose on a consistent string
compactification.

Let us also compute the dimension of the bundle moduli space. On the ambient space, the monad map
f is given by the 1× 4 matrix

f =
(

f(0,2,3) , f(1,1,3) , f(1,2,2) , f(1,1,1)
)

. (5.16)

By counting the number of monomials that appear in f , we find a total of 105 + 140 + 90 + 20 = 355
terms. This (vastly) over-parametrizes the bundle moduli space, since h1(V ∗ ⊗ V ) = 228, as we shall
demonstrate next.

First, we observe that h1(B∗ ⊗ A) = h1(B∗ ⊗ B) = 0, so that Eq. (2.28) can be applied. In addition,
h1(B∗ ⊗A) = h1(A∗ ⊗A) = h0(B∗ ⊗A) = 0 but we have the contributions

h0(OX(b1 − aα)) = (89, 92, 68, 18) . (5.17)

This is to be contrasted with the number of moduli that appear in the ambient space monad map. Let
us illustrate the reduction for the first term. Out of the original 105, 16 restrict to zero on X. This can
be seen from the Koszul sequence together with

h0(N ∗
3 ⊗OP (b1 − a1)) = h0(OP (0, 2, 1)) = 15 (5.18)

h1(N ∗
1 ⊗N ∗

2 ⊗OP (b1 − a1)) = h1(OP (−2, 0, 0)) = 1 . (5.19)

Hence these 15 + 1 contributions vanish on the CY X. The computations that illustrate the reduction
for the cohomologies H0(OX(b1 − aα)) where α = 2, 3, 4 are analogous.

In addition to the above, we also have to subtract the degrees of freedom that can be attributed to the
endomorphisms of the line bundle sums A and B. Obviously, h0(B ⊗B∗) = 1. For the contributions to
h0(A⊗A∗), we find

h0(OX(aα − aα′)) =











1 0 1 10

0 1 0 14

0 0 1 10

0 0 0 1











. (5.20)

Combining everything, we arrive at the aforementioned result h1(V ∗ ⊗ V ) = 228.
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5.2 Examples with compact moduli space

5.2.1 The geometric computation

We consider CICY 7836 with configuration matrix

X ∈







1 1 1 0
1 2 0 0
4 2 1 2







(3,61)
∣
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!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2 : z3,3 : z3,4] .

(5.14)

and the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(1, 0, 0) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 1, 2) , B = OX(1, 2, 3) . (5.15)

This example allows us to discuss both the type I and the type II case by focusing on the first and second
ambient space 1 factor, respectively. By explicitly constructing the curves from Eq. (2.4), we find that
there are 16 curves in the curve class of the first 1 and 40 curves in the curve class of the second 1,
respectively. This example satisfies all consistency conditions we need to impose on a consistent string
compactification.

Let us also compute the dimension of the bundle moduli space. On the ambient space, the monad map
f is given by the 1× 4 matrix

f =
(

f(0,2,3) , f(1,1,3) , f(1,2,2) , f(1,1,1)
)

. (5.16)

By counting the number of monomials that appear in f , we find a total of 105 + 140 + 90 + 20 = 355
terms. This (vastly) over-parametrizes the bundle moduli space, since h1(V ∗ ⊗ V ) = 228, as we shall
demonstrate next.

First, we observe that h1(B∗ ⊗ A) = h1(B∗ ⊗ B) = 0, so that Eq. (2.28) can be applied. In addition,
h1(B∗ ⊗A) = h1(A∗ ⊗A) = h0(B∗ ⊗A) = 0 but we have the contributions

h0(OX(b1 − aα)) = (89, 92, 68, 18) . (5.17)

This is to be contrasted with the number of moduli that appear in the ambient space monad map. Let
us illustrate the reduction for the first term. Out of the original 105, 16 restrict to zero on X. This can
be seen from the Koszul sequence together with

h0(N ∗
3 ⊗OP (b1 − a1)) = h0(OP (0, 2, 1)) = 15 (5.18)

h1(N ∗
1 ⊗N ∗

2 ⊗OP (b1 − a1)) = h1(OP (−2, 0, 0)) = 1 . (5.19)

Hence these 15 + 1 contributions vanish on the CY X. The computations that illustrate the reduction
for the cohomologies H0(OX(b1 − aα)) where α = 2, 3, 4 are analogous.

In addition to the above, we also have to subtract the degrees of freedom that can be attributed to the
endomorphisms of the line bundle sums A and B. Obviously, h0(B ⊗B∗) = 1. For the contributions to
h0(A⊗A∗), we find

h0(OX(aα − aα′)) =











1 0 1 10

0 1 0 14

0 0 1 10

0 0 0 1











. (5.20)

Combining everything, we arrive at the aforementioned result h1(V ∗ ⊗ V ) = 228.
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h1(X,V ⌦ V ⇤) = 228
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Monad bundles - Example
nγ = 16
nγ = 40
nγ = 112

Z1,2 Z3,4 Z5,6,7,8,9 P1 P2 P3 A1 A2 A3 A4 B S Ξ

U(1)1 1 0 0 -1 -1 0 1 0 0 0 -1 -1 1

U(1)2 0 1 0 -2 0 0 0 1 0 1 -2 0 0

U(1)3 0 0 1 -2 -1 -2 0 0 1 2 -3 -2 2

Table 2: GLSM charges of the monad bundle on CICY 7836.

5.2.2 The GLSM computation

The corresponding GLSM can be easily constructed from this geometric data. We summarize the GLSM
charges in Table 2. The two cases fit into our general discussion in Section 4.4, so we already know that
the Bertolini-Plesser criteria are fulfilled and the instanton moduli space is compact.

Using (4.7), we find that all GLSM anomalies cancel. Hence, we have an anomaly free GLSM description
of this heterotic model. Using Eq. (4.14), we see from Table 2 that neither the spectator field S nor
the field B have zero modes. Hence, the GLSM model satisfies the compactness criterion by Bertolini
and Plesser and the superpotential must be zero from the vanishing theorems [8, 11, 12]. This nicely
explains the seemingly miraculous cancelation of the 105 and 1400 terms in the Pfaffian for the two
cases discussed above. It also provides a highly non-trivial consistency check of the geometric technique.

5.3 Example with non-compact moduli space

Let us also give an example which has an (anomaly free) GLSM description with non-compact moduli
space. For this we consider CICY 7555, which is very similar to CICY 7834 discussed above. Its
configuration matrix reads

X ∈







1 1 1 0
1 2 0 0
4 1 2 2







(3,61)
∣
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∣

∣

!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2 : z3,3 : z3,4] .

(5.26)

We furthermore consider the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(2, 1, 0) ⊕OX(1, 0, 2) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 0, 1) ,

B = OX(2, 2, 1) ⊕OX(1, 0, 3) .
(5.27)

Again, this example satisfies all consistency conditions.

5.3.1 The geometric computation

The restriction of the monad bundle to the first 1 has been discussed in (5.11). The Pfaffian is hence
determined by the polynomial

δ = f̃
(1,1)
1,1 (y) ˜̃f (1,1)

1,1 (y)f (2,2)
0,1 (y) , (5.28)

with y = (!z2, !z3) and

f̃
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1,1 (y) =

10
∑

i=1

β
(1,1)
i mi

1,1(y) ,
˜̃
f
(1,1)
1,1 (y) =

10
∑

i=1

β̃
(1,1)
i mi

1,1(y) , f
(2,2)
0,1 (y) =

5
∑
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β
(2,2)
i mi

0,1(y) . (5.29)
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‣                                       with  
‣ Number of bundle moduli: 
‣ Restrict and twist by spin bundle:

5.2 Examples with compact moduli space

5.2.1 The geometric computation

We consider CICY 7836 with configuration matrix

X ∈







1 1 1 0
1 2 0 0
4 2 1 2







(3,61)
∣
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!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2 : z3,3 : z3,4] .

(5.14)

and the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(1, 0, 0) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 1, 2) , B = OX(1, 2, 3) . (5.15)

This example allows us to discuss both the type I and the type II case by focusing on the first and second
ambient space 1 factor, respectively. By explicitly constructing the curves from Eq. (2.4), we find that
there are 16 curves in the curve class of the first 1 and 40 curves in the curve class of the second 1,
respectively. This example satisfies all consistency conditions we need to impose on a consistent string
compactification.

Let us also compute the dimension of the bundle moduli space. On the ambient space, the monad map
f is given by the 1× 4 matrix

f =
(

f(0,2,3) , f(1,1,3) , f(1,2,2) , f(1,1,1)
)

. (5.16)

By counting the number of monomials that appear in f , we find a total of 105 + 140 + 90 + 20 = 355
terms. This (vastly) over-parametrizes the bundle moduli space, since h1(V ∗ ⊗ V ) = 228, as we shall
demonstrate next.

First, we observe that h1(B∗ ⊗ A) = h1(B∗ ⊗ B) = 0, so that Eq. (2.28) can be applied. In addition,
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‣                                       with  
‣ Number of bundle moduli: 
‣ Restrict and twist by spin bundle: 

‣ Parameterize                             and                            write map ⇒

Monad bundles - Example
nγ = 16
nγ = 40
nγ = 112

Z1,2 Z3,4 Z5,6,7,8,9 P1 P2 P3 A1 A2 A3 A4 B S Ξ

U(1)1 1 0 0 -1 -1 0 1 0 0 0 -1 -1 1

U(1)2 0 1 0 -2 0 0 0 1 0 1 -2 0 0

U(1)3 0 0 1 -2 -1 -2 0 0 1 2 -3 -2 2

Table 2: GLSM charges of the monad bundle on CICY 7836.

5.2.2 The GLSM computation

The corresponding GLSM can be easily constructed from this geometric data. We summarize the GLSM
charges in Table 2. The two cases fit into our general discussion in Section 4.4, so we already know that
the Bertolini-Plesser criteria are fulfilled and the instanton moduli space is compact.

Using (4.7), we find that all GLSM anomalies cancel. Hence, we have an anomaly free GLSM description
of this heterotic model. Using Eq. (4.14), we see from Table 2 that neither the spectator field S nor
the field B have zero modes. Hence, the GLSM model satisfies the compactness criterion by Bertolini
and Plesser and the superpotential must be zero from the vanishing theorems [8, 11, 12]. This nicely
explains the seemingly miraculous cancelation of the 105 and 1400 terms in the Pfaffian for the two
cases discussed above. It also provides a highly non-trivial consistency check of the geometric technique.

5.3 Example with non-compact moduli space

Let us also give an example which has an (anomaly free) GLSM description with non-compact moduli
space. For this we consider CICY 7555, which is very similar to CICY 7834 discussed above. Its
configuration matrix reads

X ∈
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!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2 : z3,3 : z3,4] .

(5.26)

We furthermore consider the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(2, 1, 0) ⊕OX(1, 0, 2) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 0, 1) ,

B = OX(2, 2, 1) ⊕OX(1, 0, 3) .
(5.27)

Again, this example satisfies all consistency conditions.

5.3.1 The geometric computation

The restriction of the monad bundle to the first 1 has been discussed in (5.11). The Pfaffian is hence
determined by the polynomial

δ = f̃
(1,1)
1,1 (y) ˜̃f (1,1)

1,1 (y)f (2,2)
0,1 (y) , (5.28)

with y = (!z2, !z3) and

f̃
(1,1)
1,1 (y) =

10
∑

i=1

β
(1,1)
i mi

1,1(y) ,
˜̃
f
(1,1)
1,1 (y) =

10
∑

i=1

β̃
(1,1)
i mi

1,1(y) , f
(2,2)
0,1 (y) =

5
∑

i=1

β
(2,2)
i mi

0,1(y) . (5.29)
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and the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(1, 0, 0) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 1, 2) , B = OX(1, 2, 3) . (5.15)

This example allows us to discuss both the type I and the type II case by focusing on the first and second
ambient space 1 factor, respectively. By explicitly constructing the curves from Eq. (2.4), we find that
there are 16 curves in the curve class of the first 1 and 40 curves in the curve class of the second 1,
respectively. This example satisfies all consistency conditions we need to impose on a consistent string
compactification.

Let us also compute the dimension of the bundle moduli space. On the ambient space, the monad map
f is given by the 1× 4 matrix

f =
(

f(0,2,3) , f(1,1,3) , f(1,2,2) , f(1,1,1)
)

. (5.16)

By counting the number of monomials that appear in f , we find a total of 105 + 140 + 90 + 20 = 355
terms. This (vastly) over-parametrizes the bundle moduli space, since h1(V ∗ ⊗ V ) = 228, as we shall
demonstrate next.

First, we observe that h1(B∗ ⊗ A) = h1(B∗ ⊗ B) = 0, so that Eq. (2.28) can be applied. In addition,
h1(B∗ ⊗A) = h1(A∗ ⊗A) = h0(B∗ ⊗A) = 0 but we have the contributions

h0(OX(b1 − aα)) = (89, 92, 68, 18) . (5.17)

This is to be contrasted with the number of moduli that appear in the ambient space monad map. Let
us illustrate the reduction for the first term. Out of the original 105, 16 restrict to zero on X. This can
be seen from the Koszul sequence together with

h0(N ∗
3 ⊗OP (b1 − a1)) = h0(OP (0, 2, 1)) = 15 (5.18)

h1(N ∗
1 ⊗N ∗

2 ⊗OP (b1 − a1)) = h1(OP (−2, 0, 0)) = 1 . (5.19)

Hence these 15 + 1 contributions vanish on the CY X. The computations that illustrate the reduction
for the cohomologies H0(OX(b1 − aα)) where α = 2, 3, 4 are analogous.

In addition to the above, we also have to subtract the degrees of freedom that can be attributed to the
endomorphisms of the line bundle sums A and B. Obviously, h0(B ⊗B∗) = 1. For the contributions to
h0(A⊗A∗), we find

h0(OX(aα − aα′)) =











1 0 1 10

0 1 0 14

0 0 1 10

0 0 0 1











. (5.20)

Combining everything, we arrive at the aforementioned result h1(V ∗ ⊗ V ) = 228.

33

5.2 Examples with compact moduli space

5.2.1 The geometric computation

We consider CICY 7836 with configuration matrix

X ∈







1 1 1 0
1 2 0 0
4 2 1 2







(3,61)
∣

∣

∣

∣

∣

∣

∣

∣

!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2 : z3,3 : z3,4] .

(5.14)

and the two-term monad 0 → V → A
f
→ B → 0 with

A = OX(1, 0, 0) ⊕OX(0, 1, 0) ⊕OX(0, 0, 1) ⊕OX(0, 1, 2) , B = OX(1, 2, 3) . (5.15)

This example allows us to discuss both the type I and the type II case by focusing on the first and second
ambient space 1 factor, respectively. By explicitly constructing the curves from Eq. (2.4), we find that
there are 16 curves in the curve class of the first 1 and 40 curves in the curve class of the second 1,
respectively. This example satisfies all consistency conditions we need to impose on a consistent string
compactification.

Let us also compute the dimension of the bundle moduli space. On the ambient space, the monad map
f is given by the 1× 4 matrix

f =
(

f(0,2,3) , f(1,1,3) , f(1,2,2) , f(1,1,1)
)

. (5.16)

By counting the number of monomials that appear in f , we find a total of 105 + 140 + 90 + 20 = 355
terms. This (vastly) over-parametrizes the bundle moduli space, since h1(V ∗ ⊗ V ) = 228, as we shall
demonstrate next.

First, we observe that h1(B∗ ⊗ A) = h1(B∗ ⊗ B) = 0, so that Eq. (2.28) can be applied. In addition,
h1(B∗ ⊗A) = h1(A∗ ⊗A) = h0(B∗ ⊗A) = 0 but we have the contributions

h0(OX(b1 − aα)) = (89, 92, 68, 18) . (5.17)

This is to be contrasted with the number of moduli that appear in the ambient space monad map. Let
us illustrate the reduction for the first term. Out of the original 105, 16 restrict to zero on X. This can
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In addition to the above, we also have to subtract the degrees of freedom that can be attributed to the
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Extension bundles

terminology for the manifold. For our calculations we will require moduli to descend from the ambient
space, so for favorable bundles we will be able to deal with the entire moduli space. For non-favorable
bundles our results will be restricted to the subset of MX(V ) which does descend from V.

We begin the more explicit discussion with extension bundles.

Simple extension bundles

The simplest type of extension bundle we will consider is an extension of two line bundle sums, defined
by the short exact sequence

0 → B → V → C → 0 , (2.9)

and with Chern character

rk(V ) = rB + rC (2.10)

chi1(V ) = chi1(B) + chi1(C) =
∑
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where the last equation assumes that ch1(V ) = 0. The moduli space of such extension bundles is

MX(V ) = Ext1(C,B) ∼= H1(C∗ ⊗B) . (2.13)

The zero in Ext1(C,B) corresponds to the trivial extension V = B⊕C and non-trivial extensions (with
non-Abelian structure groups) are possible if Ext1(C,B) is non-trivial.

For instanton calculations we need an explicit handle on this bundle moduli space. The most straight-
forward case is the one where MX(V ) happens to be equal to its ambient space counterpart MP(V) =
Ext1(C,B). Things are not always this simple, however. There are two effects which can lead to a
difference between the moduli spaces MX(V ) and MP (V).

A bundle can be non-favorable ifMX(V ) receives contributions from cohomologies other thanMP(V) ∼=
H1(C∗⊗B). In practice, we can only handle bundle moduli which descend from ambient space moduli, so
for such non-favorable bundles we are only be able to consider the sub-space of MX(V ) which descends.

On the other hand, considering the ambient moduli space MP (V) might also be over-counting, since
restriction to X can imply that certain quotients have to be formed to obtain the correct moduli space
MX(V ). This can be corrected for relatively easily by identifying and carrying out the relevant quotients
which arise in the Koszul sequence.

We will ensure supersymmetry of the extension bundle in a neighborhood of the trivial extension by
ensuring that the line bundle sum B ⊕ C is superymmetric. This amounts to checking that there is a
common solution to the slope zero condition

µX(L) =

∫

X
J2 ∧ c1(L)

!
= 0 (2.14)

(where J is the Kähler form of X) for all line bundles L ⊂ B ⊕ C.

7

Double extensions

On occasion, we will consider more complicated extension bundles V which are defined by two exact
sequences

0 → A → V ′ → B → 0 , 0 → V ′ → V → C → 0 , (2.15)

which lead to the Chern character

rk(V ) = rA + rB + rC (2.16)

chi1(V ) = chi1 ∗ (A) + chi1(B) + chi1(C) =
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As before, the last equation is valid provided ch1(V ) = 0.

There are two bundle moduli spaces involved, namely

MX(V ) = Ext1(C, V ′) ∼= H1(C∗ ⊗ V ′) , MX(V ′) = Ext1(B,A) ∼= H1(B∗ ⊗A) (2.19)

and choosing the zero in either moduli space leads to the trivial extension V = A ⊕ B ⊕ C. If the
extension Ext1(B,A) = 0 then V ′ = A ⊕ B and the double extension reduces to the single extension
0 → A ⊕ B → V → C → 0. Only if both extension groups in Eq. (2.19) are non-zero can we have a
non-trivial double extension where both V ′ and V are bundles with non-Abelian structure group.

The moduli space MX(V ) can be computed from the short exact sequence

0 → C∗ ⊗A → C∗ ⊗ V ′ → C∗ ⊗B → 0 , (2.20)

obtained by tensoring the first sequence (2.15) by C∗, and its associated long exact sequence in coho-
mology. Explicit expressions depend somewhat on the circumstances. For example, if H0(C∗ ⊗ B) =
H2(C∗ ⊗A) = 0 then

MX(V ) ∼= H1(C∗ ⊗ V ′) ∼= H1(C∗ ⊗A)⊕H1(C∗ ⊗B) . (2.21)

An explicit description of the moduli space in terms of the moduli space of the ambient space bundle
has the same issues as discussed for the single extension case. For non-favorable double extensions
bundles we can only include the part of the moduli space MX(V ) in our instanton calculation which
descends from MP (V). Over-counting which arises from quotients in the Koszul sequence can be taken
into account explicitly.

Just as in the case of a single extension, supersymmetry of bundles V obtained from a double extension
is ensured, in a neighborhood of the trivial extension, by ensuring a common solution to Eq. (2.14) for
all line bundles L ⊂ A⊕B ⊕ C.

Monad bundles

We will focus on two-term monads and define the monad vector bundle V by the short exact sequence

0 → V → A
f
−→ B → 0 ⇒ V = Ker(f) . (2.22)
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bundles we can only include the part of the moduli space MX(V ) in our instanton calculation which
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Just as in the case of a single extension, supersymmetry of bundles V obtained from a double extension
is ensured, in a neighborhood of the trivial extension, by ensuring a common solution to Eq. (2.14) for
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extension Ext1(B,A) = 0 then V ′ = A ⊕ B and the double extension reduces to the single extension
0 → A ⊕ B → V → C → 0. Only if both extension groups in Eq. (2.19) are non-zero can we have a
non-trivial double extension where both V ′ and V are bundles with non-Abelian structure group.

The moduli space MX(V ) can be computed from the short exact sequence

0 → C∗ ⊗A → C∗ ⊗ V ′ → C∗ ⊗B → 0 , (2.20)

obtained by tensoring the first sequence (2.15) by C∗, and its associated long exact sequence in coho-
mology. Explicit expressions depend somewhat on the circumstances. For example, if H0(C∗ ⊗ B) =
H2(C∗ ⊗A) = 0 then

MX(V ) ∼= H1(C∗ ⊗ V ′) ∼= H1(C∗ ⊗A)⊕H1(C∗ ⊗B) . (2.21)

An explicit description of the moduli space in terms of the moduli space of the ambient space bundle
has the same issues as discussed for the single extension case. For non-favorable double extensions
bundles we can only include the part of the moduli space MX(V ) in our instanton calculation which
descends from MP (V). Over-counting which arises from quotients in the Koszul sequence can be taken
into account explicitly.

Just as in the case of a single extension, supersymmetry of bundles V obtained from a double extension
is ensured, in a neighborhood of the trivial extension, by ensuring a common solution to Eq. (2.14) for
all line bundles L ⊂ A⊕B ⊕ C.

Monad bundles

We will focus on two-term monads and define the monad vector bundle V by the short exact sequence

0 → V → A
f
−→ B → 0 ⇒ V = Ker(f) . (2.22)
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‣ Geometry:                                         Bundle: 

‣ Compute bundle moduli (Note:                        does not descend from 
ambient space, but the Pfaffian happens to not depend on these): 

‣ Focus on first curve class (          ) and look at

Extension bundles - Example
The geometry

We choose CICY number 7860 in the list of Ref. [29]. Its configuration matrix reads

X ∼
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2 1 0 2
2 0 1 2
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∣
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!z1 = [z1,0 : z1,1]

!z2 = [z2,0 : z2,1]

!z3 = [z3,0 : z3,1 : z3,2]

!z4 = [z4,0 : z4,1 : z4,2] .

(3.17)

We define the bundle V as the extension 0 → A → V → B → 0 of line bundle sums

A = OX(−2, 3,−1, 1) , B = OX(0, 0, 2,−2) ⊕OX(2,−3,−1, 1) . (3.18)

Consistency conditions

We can check that the bundle satisfies the usual consistency constraints, namely that c1(V ) = 0 and
that c2(TX)− c2(V ) is effective. Furthermore, we have checked that the trivial extension A⊕B allows
for a common slope zero locus for all line bundles.

In order to check that V is a non-trivial extension, we compute the dimensions of the cohomologies
following the techniques described in [27]. We find that

h•(OP (a1 − b1)) = (0, 0, 0, 40, 0, 0, 0) , h•(OX(a1 − b1)) = (0, 16, 0, 0) ,

h•(OP (a1 − b2)) = (0, 21, 0, 0, 0, 0, 0) , h•(OX(a1 − b2)) = (0, 21, 25, 0) .
(3.19)

Since h1(OX(a1 − b1)) and h1(OX(a1 − b2)) are non-zero, the bundle has non-trivial extensions.

Finding the curves

The CICY geometry for the first 1 is of type I, and the location of the two curves in transverse space
Q are given by the complete intersection

{yi} =







1 0 0 0 0 2
2 1 1 0 0 2
2 0 0 1 1 2






, (3.20)

with y = (!z2, !z3, !z4). It is easy to see this configuration describes two points: the first two equations fix
a point in the first 2, the next two equations fix a point in the second 2, and the last equation, being
quadratic in !z2, leads to two points in the 1. We denote these points by yi, and the corresponding curves
by γi, where i = 1, 2. Note that, since the coefficients in the defining polynomials (3.17) parametrize (in a
redundant way) the complex structure moduli space, these points depend on the complex structure. We
have also cross-checked our results by computing the Gromov-Witten invariants, following the methods
of Ref. [30].
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quadratic in !z2, leads to two points in the 1. We denote these points by yi, and the corresponding curves
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have also cross-checked our results by computing the Gromov-Witten invariants, following the methods
of Ref. [30].
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with y = (!z2, !z3, !z4). It is easy to see this configuration describes two points: the first two equations fix
a point in the first 2, the next two equations fix a point in the second 2, and the last equation, being
quadratic in !z2, leads to two points in the 1. We denote these points by yi, and the corresponding curves
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Parametrizing the bundle moduli space

To compute the Pfaffians we first need to explicitly parametrize the bundle moduli space. As calculated
in (3.19), the dimensions of the corresponding bundle extensions on X are 16 and 21, respectively. As
it turns out, the Pfaffians only depend on the moduli of the latter. This is helpful, since the former
do not descend from H1 of the ambient space, since h1(OP(a1 − b1)) = 0 in (3.19). Let us denote the
projection from P onto Q by πQ,

πQ : P → Q ,
1 × 1 × 2 × 2 $→ 1 × 2 × 2 .

(3.21)

The relevant extension space is then

H1(OP (a1 − b2)) = H1(OP(4, 6, 0, 0)) = H1(OCi(−4)) ⊗H1(OQ(6, 0, 0)) , (3.22)

where we have used the Künneth and Bott formulas. Due to Serre duality, we have

H1(OCi(−4)) & H0(OCi(2))
∗ , (3.23)

and this space is three-dimensional. Since we will need it later, we first introduce a basis {t0, t1} for
H0(Oγi(1))

∗ and the dual basis {r0, r1} for H1(Oγi(−3)). A natural basis for the left-hand side of (3.23)
is then {r20 , r0r1, r

2
1}, dual to the degree 2 polynomials of the right-hand side {t20, t0t1, t

2
1}. An arbitrary

element v ∈ H1(OP(−4, 6, 0, 0)) can then be written as

v = r20f
(1)
6,0,0("z2, "z3, "z4) + r0r1f

(2)
6,0,0("z2, "z3, "z4) + r21f

(3)
6,0,0("z2, "z3, "z4) . (3.24)

That is, the three polynomials f (i) are homogeneous polynomials of degree 6 in [z2,0 : z2,1],

f
(1)
6,0,0("z2, "z3, "z4) =

6
∑

i=0

β
(1)
i zi2,0z

6−i
2,1 , f

(2)
6,0,0("z2, "z3, "z4) =

6
∑

i=0

β
(2)
i zi2,0z

6−i
2,1 ,

f
(3)
6,0,0("z2, "z3, "z4) =

6
∑

i=0

β
(3)
i zi2,0z

6−i
2,1 .

(3.25)

The 3× 7 = 21 coefficients β(r)i precisely parametrize the 21-dimensional extension space.

Computing the Pfaffians

Now that we have a parametrization of bundle moduli space we can move on to computing the Pfaffians.
We start from the extension (3.18) and tensor it with OP(−1, 0, 0, 0) to obtain

0 → OP (−3, 3,−1, 1) → V ⊗OP (−1, 0, 0, 0) → OP(−1, 0, 2,−2) ⊕OP (1,−3,−1, 1) . (3.26)

Now we take the direct image with the projection πQ, which leads to the long exact sequence

0 → πQ∗O(−3, 3,−1, 1) → πQ∗(V ⊗OP(−1, 0, 0, 0)) → πQ∗(OP(−1, 0, 2,−2)⊕OP(1,−3,−1, 1))
→ R1πQ∗O(−3, 3,−1, 1) → R1πQ∗(V ⊗OP(−1, 0, 0, 0)) → R1πQ∗(OP(−1, 0, 2,−2)⊕OP(1,−3,−1, 1))
→ 0 .

(3.27)
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‣ Using Kunneth, Bott and Serre duality:  

‣ Choose basis                   of                 and expand                                  :  
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LES, use Bott: 
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The 3× 7 = 21 coefficients β(r)i precisely parametrize the 21-dimensional extension space.

Computing the Pfaffians

Now that we have a parametrization of bundle moduli space we can move on to computing the Pfaffians.
We start from the extension (3.18) and tensor it with OP(−1, 0, 0, 0) to obtain
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Parametrizing the bundle moduli space

To compute the Pfaffians we first need to explicitly parametrize the bundle moduli space. As calculated
in (3.19), the dimensions of the corresponding bundle extensions on X are 16 and 21, respectively. As
it turns out, the Pfaffians only depend on the moduli of the latter. This is helpful, since the former
do not descend from H1 of the ambient space, since h1(OP(a1 − b1)) = 0 in (3.19). Let us denote the
projection from P onto Q by πQ,

πQ : P → Q ,
1 × 1 × 2 × 2 $→ 1 × 2 × 2 .

(3.21)

The relevant extension space is then

H1(OP (a1 − b2)) = H1(OP(4, 6, 0, 0)) = H1(OCi(−4)) ⊗H1(OQ(6, 0, 0)) , (3.22)

where we have used the Künneth and Bott formulas. Due to Serre duality, we have

H1(OCi(−4)) & H0(OCi(2))
∗ , (3.23)

and this space is three-dimensional. Since we will need it later, we first introduce a basis {t0, t1} for
H0(Oγi(1))

∗ and the dual basis {r0, r1} for H1(Oγi(−3)). A natural basis for the left-hand side of (3.23)
is then {r20 , r0r1, r
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The 3× 7 = 21 coefficients β(r)i precisely parametrize the 21-dimensional extension space.

Computing the Pfaffians

Now that we have a parametrization of bundle moduli space we can move on to computing the Pfaffians.
We start from the extension (3.18) and tensor it with OP(−1, 0, 0, 0) to obtain

0 → OP (−3, 3,−1, 1) → V ⊗OP (−1, 0, 0, 0) → OP(−1, 0, 2,−2) ⊕OP (1,−3,−1, 1) . (3.26)

Now we take the direct image with the projection πQ, which leads to the long exact sequence

0 → πQ∗O(−3, 3,−1, 1) → πQ∗(V ⊗OP(−1, 0, 0, 0)) → πQ∗(OP(−1, 0, 2,−2)⊕OP(1,−3,−1, 1))
→ R1πQ∗O(−3, 3,−1, 1) → R1πQ∗(V ⊗OP(−1, 0, 0, 0)) → R1πQ∗(OP(−1, 0, 2,−2)⊕OP(1,−3,−1, 1))
→ 0 .

(3.27)

16

�

<latexit sha1_base64="w6h9Bf4+M1acskkgMSQ1DM2KxtA=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLKF3MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCAzlTNKmZZbTTqIpiIjTdjS+nfntJ6oNU/LBThIaChhKFjMC1kmt3hCEgH654lf9OfAqCXJSQTka/fJXb6BIKqi0hIMx3cBPbJiBtoxwOi31UkMTIGMY0q6jEgQ1YTa/dorPnDLAsdKupMVz9fdEBsKYiYhcpwA7MsveTPzP66Y2vgozJpPUUkkWi+KUY6vw7HU8YJoSyyeOANHM3YrJCDQQ6wIquRCC5ZdXSeuiGtSq1/e1Sv0mj6OITtApOkcBukR1dIcaqIkIekTP6BW9ecp78d69j0VrwctnjtEfeJ8/isuPIQ==</latexit>

Parametrizing the bundle moduli space

To compute the Pfaffians we first need to explicitly parametrize the bundle moduli space. As calculated
in (3.19), the dimensions of the corresponding bundle extensions on X are 16 and 21, respectively. As
it turns out, the Pfaffians only depend on the moduli of the latter. This is helpful, since the former
do not descend from H1 of the ambient space, since h1(OP(a1 − b1)) = 0 in (3.19). Let us denote the
projection from P onto Q by πQ,

πQ : P → Q ,
1 × 1 × 2 × 2 $→ 1 × 2 × 2 .

(3.21)

The relevant extension space is then

H1(OP (a1 − b2)) = H1(OP(4, 6, 0, 0)) = H1(OCi(−4)) ⊗H1(OQ(6, 0, 0)) , (3.22)

where we have used the Künneth and Bott formulas. Due to Serre duality, we have

H1(OCi(−4)) & H0(OCi(2))
∗ , (3.23)

and this space is three-dimensional. Since we will need it later, we first introduce a basis {t0, t1} for
H0(Oγi(1))

∗ and the dual basis {r0, r1} for H1(Oγi(−3)). A natural basis for the left-hand side of (3.23)
is then {r20 , r0r1, r

2
1}, dual to the degree 2 polynomials of the right-hand side {t20, t0t1, t

2
1}. An arbitrary

element v ∈ H1(OP(−4, 6, 0, 0)) can then be written as

v = r20f
(1)
6,0,0("z2, "z3, "z4) + r0r1f

(2)
6,0,0("z2, "z3, "z4) + r21f

(3)
6,0,0("z2, "z3, "z4) . (3.24)

That is, the three polynomials f (i) are homogeneous polynomials of degree 6 in [z2,0 : z2,1],

f
(1)
6,0,0("z2, "z3, "z4) =

6
∑

i=0

β
(1)
i zi2,0z

6−i
2,1 , f

(2)
6,0,0("z2, "z3, "z4) =

6
∑

i=0

β
(2)
i zi2,0z

6−i
2,1 ,

f
(3)
6,0,0("z2, "z3, "z4) =

6
∑

i=0

β
(3)
i zi2,0z

6−i
2,1 .

(3.25)

The 3× 7 = 21 coefficients β(r)i precisely parametrize the 21-dimensional extension space.

Computing the Pfaffians

Now that we have a parametrization of bundle moduli space we can move on to computing the Pfaffians.
We start from the extension (3.18) and tensor it with OP(−1, 0, 0, 0) to obtain

0 → OP (−3, 3,−1, 1) → V ⊗OP (−1, 0, 0, 0) → OP(−1, 0, 2,−2) ⊕OP (1,−3,−1, 1) . (3.26)

Now we take the direct image with the projection πQ, which leads to the long exact sequence
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The 3× 7 = 21 coefficients β(r)i precisely parametrize the 21-dimensional extension space.
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Now that we have a parametrization of bundle moduli space we can move on to computing the Pfaffians.
We start from the extension (3.18) and tensor it with OP(−1, 0, 0, 0) to obtain

0 → OP (−3, 3,−1, 1) → V ⊗OP (−1, 0, 0, 0) → OP(−1, 0, 2,−2) ⊕OP (1,−3,−1, 1) . (3.26)

Now we take the direct image with the projection πQ, which leads to the long exact sequence
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it turns out, the Pfaffians only depend on the moduli of the latter. This is helpful, since the former
do not descend from H1 of the ambient space, since h1(OP(a1 − b1)) = 0 in (3.19). Let us denote the
projection from P onto Q by πQ,

πQ : P → Q ,
1 × 1 × 2 × 2 $→ 1 × 2 × 2 .

(3.21)

The relevant extension space is then

H1(OP (a1 − b2)) = H1(OP(4, 6, 0, 0)) = H1(OCi(−4)) ⊗H1(OQ(6, 0, 0)) , (3.22)

where we have used the Künneth and Bott formulas. Due to Serre duality, we have

H1(OCi(−4)) & H0(OCi(2))
∗ , (3.23)

and this space is three-dimensional. Since we will need it later, we first introduce a basis {t0, t1} for
H0(Oγi(1))

∗ and the dual basis {r0, r1} for H1(Oγi(−3)). A natural basis for the left-hand side of (3.23)
is then {r20 , r0r1, r

2
1}, dual to the degree 2 polynomials of the right-hand side {t20, t0t1, t

2
1}. An arbitrary

element v ∈ H1(OP(−4, 6, 0, 0)) can then be written as

v = r20f
(1)
6,0,0("z2, "z3, "z4) + r0r1f

(2)
6,0,0("z2, "z3, "z4) + r21f

(3)
6,0,0("z2, "z3, "z4) . (3.24)

That is, the three polynomials f (i) are homogeneous polynomials of degree 6 in [z2,0 : z2,1],

f
(1)
6,0,0("z2, "z3, "z4) =

6
∑

i=0

β
(1)
i zi2,0z

6−i
2,1 , f

(2)
6,0,0("z2, "z3, "z4) =

6
∑

i=0

β
(2)
i zi2,0z

6−i
2,1 ,

f
(3)
6,0,0("z2, "z3, "z4) =

6
∑

i=0

β
(3)
i zi2,0z

6−i
2,1 .

(3.25)

The 3× 7 = 21 coefficients β(r)i precisely parametrize the 21-dimensional extension space.

Computing the Pfaffians

Now that we have a parametrization of bundle moduli space we can move on to computing the Pfaffians.
We start from the extension (3.18) and tensor it with OP(−1, 0, 0, 0) to obtain

0 → OP (−3, 3,−1, 1) → V ⊗OP (−1, 0, 0, 0) → OP(−1, 0, 2,−2) ⊕OP (1,−3,−1, 1) . (3.26)

Now we take the direct image with the projection πQ, which leads to the long exact sequence

0 → πQ∗O(−3, 3,−1, 1) → πQ∗(V ⊗OP(−1, 0, 0, 0)) → πQ∗(OP(−1, 0, 2,−2)⊕OP(1,−3,−1, 1))
→ R1πQ∗O(−3, 3,−1, 1) → R1πQ∗(V ⊗OP(−1, 0, 0, 0)) → R1πQ∗(OP(−1, 0, 2,−2)⊕OP(1,−3,−1, 1))
→ 0 .

(3.27)
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The 3× 7 = 21 coefficients β(r)i precisely parametrize the 21-dimensional extension space.

Computing the Pfaffians

Now that we have a parametrization of bundle moduli space we can move on to computing the Pfaffians.
We start from the extension (3.18) and tensor it with OP(−1, 0, 0, 0) to obtain
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0 → πQ∗O(−3, 3,−1, 1) → πQ∗(V ⊗OP(−1, 0, 0, 0)) → πQ∗(OP(−1, 0, 2,−2)⊕OP(1,−3,−1, 1))
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At each point in Q and for any line bundle L, πQL and R1πQL are generated by the zeroth and first
cohomology group of the fiber (i.e., the first ambient space 1 factor). Since

H0(O 1(−3)) = 0 , H0(O 1(−1)) = 0 ,

H1(O 1(−1)) = 0 , H1(O 1(1)) = 0 ,
(3.28)

and, by Bott’s formula,

R1πQ∗O(−3, 3,−1, 1) = H1(O 1(−3))⊗OQ(3,−1, 1) , (3.29)

the long exact sequence becomes

0 −−→ πQ∗(V ⊗OP(−1, 0, 0, 0)) −−→ H0(O 1(1)) ⊗OB(−3,−1, 1))
f
−−→ H1(O 1(−3))⊗OQ(3,−1, 1)) −−→ R1πQ∗(V ⊗OP (−1, 0, 0, 0))

−−→ 0 .

(3.30)

Since h0(O 1(1)) = 2 = h1(O 1(−3)), the map f can be represented by a 2 × 2 matrix. We can
now restrict the exact sequence (3.30) to the curves γi, i = 1, 2, by considering it at the two points
(#z i

2∗, #z
i
3∗, #z

i
4∗) ⊂ Q, i = 1, 2. We see that the first term in the sequence becomes

πQ∗(V ⊗OP(−1, 0, 0, 0)) = H0(Vi) . (3.31)

As discussed in Section 1, this is precisely the space of zero modes of the Dirac operator. Consequently,
this will be non-trivial if f has a non-trivial kernel,

Pfaff(∂Vi) = 0 ⇔ det(f) = 0 . (3.32)

The map f is simply given by multiplication by v ∈ H1(OP (−4, 6, 0, 0)); see for example (3.24). It is
constructed by acting on v with the basis elements {t0, t1} introduced above (3.24),

v(t0) = r0f
(1)
6,0,0(#z2, #z3, #z4) + r1f

(1)
6,0,0(#z2, #z3, #z4) ,

v(t1) = r0f
(2)
6,0,0(#z2, #z3, #z4) + r1f

(3)
6,0,0(#z2, #z3, #z4) .

(3.33)

Hence,

f =

(

f
(1)
6,0,0(#z2, #z3, #z4) f

(2)
6,0,0(#z2, #z3, #z4)

f
(2)
6,0,0(#z2, #z3, #z4) f

(3)
6,0,0(#z2, #z3, #z4)

)

,

δ = det(f) = f
(1)
6,0,0(#z2, #z3, #z4)f

(3)
6,0,0(#z2, #z3, #z4)− [f (2)

6,0,0(#z2, #z3, #z4)]
2 .

(3.34)

Thus, the Pfaffian for the curve γi is proportional to δi, that is, δ evaluated at yi.

Checking Beasley-Witten cancellation

We find that a necessary condition for the vanishing of the superpotential contribution is thus

λ1

(

f
(1)
6,0,0(y1)f

(3)
6,0,0(y1)− [f (2)

6,0,0(y1)]
2
)

+ λ2

(

f
(1)
6,0,0(y2)f

(3)
6,0,0(y2)− [f (2)

6,0,0(y2)]
2
)

= 0 (3.35)

for some λ1,λ2 ∈ . Note that (3.35) is quadratic in the 21 bundle moduli or, more precisely, it contains
terms of the form αiγj and βiβj . We find that for no values of λ1,λ2 can eq. (3.35) hold ,which means
that the instanton contribution

λ1

(

f
(1)
6,0,0(y1)f

(3)
6,0,0(y1)− [f (2)

6,0,0(y1)]
2
)

+ λ2

(

f
(1)
6,0,0(y2)f

(3)
6,0,0(y2)− [f (2)

6,0,0(y2)]
2
)

(3.36)

is non-vanishing.
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The 3× 7 = 21 coefficients β(r)i precisely parametrize the 21-dimensional extension space.

Computing the Pfaffians

Now that we have a parametrization of bundle moduli space we can move on to computing the Pfaffians.
We start from the extension (3.18) and tensor it with OP(−1, 0, 0, 0) to obtain

0 → OP (−3, 3,−1, 1) → V ⊗OP (−1, 0, 0, 0) → OP(−1, 0, 2,−2) ⊕OP (1,−3,−1, 1) . (3.26)

Now we take the direct image with the projection πQ, which leads to the long exact sequence

0 → πQ∗O(−3, 3,−1, 1) → πQ∗(V ⊗OP(−1, 0, 0, 0)) → πQ∗(OP(−1, 0, 2,−2)⊕OP(1,−3,−1, 1))
→ R1πQ∗O(−3, 3,−1, 1) → R1πQ∗(V ⊗OP(−1, 0, 0, 0)) → R1πQ∗(OP(−1, 0, 2,−2)⊕OP(1,−3,−1, 1))
→ 0 .

(3.27)
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Comparing GLSM and alg. geom. conditions
Vanishing instanton sum and Hilbert series



‣ What causes BW cancelation in algebraic geometry? 
• If I took just 40 arbitrary points, the                    matrix would have rank 40 

• The entries of the coefficient matrix are polynomials in      , which themselves are 
complicated functions of the CS coefficients in the defining equations of the CY 

• The solutions that determine the position of the      s as a function of     are 
correlated to move on some subvariety that preserves the cancelation 

• Moreover, the number of monomials in these polynomials is linked to the number of 
vector bundle moduli 

‣ It should be possible to formulate a criterion purely based on (X,V)

Vanishing instanton sum and Hilbert functions

10400⇥ 40
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‣ Think of the complete intersection that specifies the       points where 
the       lives as a zero-dimensional algebraic variety w/ associated 
projective ideal  

‣ By going to a patch, we can alternatively think of an associated affine 
ideal  

‣ This induces maps between the associated (projective and affine) 
coordinate rings:                           w/   

‣ Note: S and A depend on the polynomials       but not on the precise loci 
of the 

Vanishing instanton sum and Hilbert functions
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J = hP1, . . . , PK+2, z1,0 � 1, . . . , zm,0 � 1i

<latexit sha1_base64="F4iJhlJLDGUzqscJmt9y4OX5MZU="></latexit>

[z]
r�! S

s�! A

<latexit sha1_base64="iEySETbYsBqUAJH455cnPp7bi0E=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgupCRSUHfVblxWtA9IQplMJ+3QyYOZiVpD+htu/RG3dSXuRP/GSZuFbT0wcDjnXu6c40aMCmkYP9rS8srq2npho7i5tb2zq+/tN0UYc0waOGQhb7tIEEYD0pBUMtKOOEG+y0jLHdQyv/VAuKBhcC+HEXF81AuoRzGSSuropu0j2XddP6ml1rNjP3Ha60vEefiY8HR0N5pRRDq66uglo2xMABeJmZMSyFHv6F92N8SxTwKJGRLCMo1IOgnikmJG0qIdCxIhPEA9YikaIJ8IJ5lES+GxUrrQC7l6gYQT9e9Ggnwhhr6rJrMgYt7LxFMV7z/fiqV34SQ0iGJJAjw95sUMyhBmXcEu5QRLNlQEYU7VfyHuI46wVI0WVRHmfOxF0jwrm5Xy5W2lVL3OKymAQ3AEToAJzkEV3IA6aAAMXsAbGIN37VUbax/a53R0Sct3DsAMtO9f8dWk1w==</latexit>

S = [z]/I , A = [z]/J

<latexit sha1_base64="flR4ldLdCzZwKp8Bl3i23mDZ1p0=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSIolJpIQV0I1W7UVUX7gCSUyXTaDp1JwsxEqKH9Bbf+iNu6EreuBP/GSZuFth4YOJxzL3Pu8UJKhDTNby2zsLi0vJJdza2tb2xu6ds7dRFEHOEaCmjAmx4UmBIf1ySRFDdDjiHzKG54/UriNx4xFyTwH+QgxC6DXZ90CIJSSS396P7CYVD2PI/FlaH95B7fOIXCaHQ5K9+29LxZNCcw5omVkjxIUW3pX047QBHDvkQUCmFbZijdGHJJEMXDnBMJHELUh11sK+pDhoUbT04aGgdKaRudgKvnS2Oi/t6IIRNiwDw1meQUs14iFlT6/3w7kp0zNyZ+GEnso+lnnYgaMjCSjow24RhJOlAEIk5UXgP1IIdIqiZzqghr9ux5Uj8pWqXi+V0pX75KK8mCPbAPDoEFTkEZXIMqqAEEnsErGIM37UUba+/ax3Q0o6U7u+APtM8fKrWevQ==</latexit>

Pi

<latexit sha1_base64="uqjc6TvhwcUPFchzM1OS6W0lxpM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgHoLevEY0TwgWcLsZDYZMo9lZlYISz7BazyJV79I8G+cJHvQxIKGoqqb7q4o4cxY3//21tY3Nre2CzvF3b39g8PS0XHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY3uZ37rhWrDlHy244SGAg8kixnB1klP9R7rlcp+xZ8DrZIgJ2XIUe+Vvrp9RVJBpSUcG9MJ/MSGGdaWEU4nxW5qaILJCA9ox1GJBTVhNj91gs6d0kex0q6kRXP190SGhTFjEblOge3QLHsz8TKKxH9+J7XxTZgxmaSWSrJYFqccWYVmv6M+05RYPnYEE83cvYgMscbEuoSKLohg+e1V0ryqBNXK7WO1XLvLIynAKZzBBQRwDTV4gDo0gMAAXmEKb17iTb1372PRuublMyfwB97nD8SajzE=</latexit>

1

<latexit sha1_base64="RW6iYBcnDK+BKvLd8+e84csbKzI=">AAAB+HicbVDLSgMxFL3js9ZX1aWbYBFcSJmRgrorunFZwT6gHUsmzbShSWZMMkId+h1u60rc+jGCf2OmnYW2HggczrmXe3KCmDNtXPfbWVldW9/YLGwVt3d29/ZLB4dNHSWK0AaJeKTaAdaUM0kbhhlO27GiWASctoLRbea3nqnSLJIPZhxTX+CBZCEj2FjJ7wpshkEg0vrk0euVym7FnQEtEy8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10FnqCTq3SR2Gk7JMGzdTfGykWWo9FYCezkHrRy8RzG/0/v5OY8MpPmYwTQyWZHwsTjkyEshZQnylKDB9bgoliNi8iQ6wwMbaroi3CW/z2MmleVLxq5fq+Wq7d5JUU4BhO4Aw8uIQa3EEdGkDgCV5hCm/OizN13p2P+eiKk+8cwR84nz9lwZOL</latexit>

l

<latexit sha1_base64="EzI/d8ypGvzfxeSQkaHuuhpB6Do=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmqJfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1arXzVqlfpPHUYQTOIVz8OAS6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1+mM/A==</latexit>



‣ The coordinate rings         and                      are multi-graded with standard 
Hilbert functions/series:                                                             w/  

‣ For 0-dimensional varieties:                                        (compute from syzygies) 

‣                 is not graded, but can define a filtration by sub-algebras         of 
degree                                                                           (compute from Grobner) 

‣ Since                , we have                         , but still

Vanishing instanton sum and Hilbert functions

hS(k) = dim(Sk) , HS(t) =
X

k

hS(k)t
k

<latexit sha1_base64="FKSRMQ8SdqO8MLVNoKU4rFWA47Q=">AAACGXicbVDLSgMxFM34rPVVdekmWIQWSpmRgroQim66rNQ+oK1DJk3bMMnMkNwRSmk/wq0/4rauxK0g+Demj4W2HggczjmXm3u8SHANtv1tra1vbG5tJ3aSu3v7B4epo+OaDmNFWZWGIlQNj2gmeMCqwEGwRqQYkZ5gdc+/m/r1J6Y0D4MHGESsLUkv4F1OCRjJTeX6biXjZ29aHS4zFdfPtnK58bhkRDCijqXrzxMYHn03lbbz9gx4lTgLkkYLlN3UV6sT0liyAKggWjcdO4L2kCjgVLBRshVrFhHqkx5rGhoQyXR7OLtqhM+N0sHdUJkXAJ6pvyeGRGo9kJ5JSgJ9vexNxZznyf/8Zgzdq/aQB1EMLKDzZd1YYAjxtCbc4YpREANDCFXc/BfTPlGEgikzaYpwls9eJbWLvFPIX98X0sXbRSUJdIrOUAY56BIVUQmVURVR9Ixe0QS9WS/WxHq3PubRNWsxc4L+wPr8AdOPnlU=</latexit>

S = [z]/I

<latexit sha1_base64="/lb4HhQIxPvFKOm5aNgqxxT7fW0=">AAAB/3icbVDLSgMxFM34rPU11qWbYBFcSJ2RgroQit3orqJ9wHQomTTThiaZIcmIdejCH3FbV+LWHxH8GzNtF9p6IHA4517uyQliRpV2nG9raXlldW09t5Hf3Nre2bX3Cg0VJRKTOo5YJFsBUoRRQeqaakZasSSIB4w0g0E185uPRCoaiQc9jInPUU/QkGKkjdSxC/dXbY50Pwh4Wh15z/7pbccuOiVnArhI3BkpghlqHfur3Y1wwonQmCGlPNeJtZ8iqSlmZJRvJ4rECA9Qj3iGCsSJ8tNJ9hE8MkoXhpE0T2g4UX9vpIgrNeSBmcxyqnkvE09M+v98L9HhhZ9SESeaCDw9FiYM6ghmZcAulQRrNjQEYUlNXoj7SCKsTWV5U4Q7/+1F0jgrueXS5V25WLmeVZIDB+AQHAMXnIMKuAE1UAcYPIFXMAZv1os1tt6tj+nokjXb2Qd/YH3+ACt2lYw=</latexit>

tk = tk1
1 · · · tkm

m

<latexit sha1_base64="4TCU+btez0JFvmSIA05Fd7m40lU=">AAACCnicbVDLSsNAFJ34rPVVdelmtAguSkmkoC6EohuXFewDmjRMJtN26EwSZm6EErp246+4caGIW7/AnX/j9LHQ1gMXDufcy733BIngGmz721paXlldW89t5De3tnd2C3v7DR2nirI6jUWsWgHRTPCI1YGDYK1EMSIDwZrB4GbsNx+Y0jyO7mGYME+SXsS7nBIwkl84gs7gCnynkw18Z+SWXBrGoN0SBl+ONTnyC0W7bE+AF4kzI0U0Q80vfLlhTFPJIqCCaN127AS8jCjgVLBR3k01SwgdkB5rGxoRybSXTV4Z4ROjhLgbK1MR4In6eyIjUuuhDEynJNDX895Y/M9rp9C98DIeJSmwiE4XdVOBIcbjXHDIFaMghoYQqri5FdM+UYSCSS9vQnDmX14kjbOyUylf3lWK1etZHDl0iI7RKXLQOaqiW1RDdUTRI3pGr+jNerJerHfrY9q6ZM1mDtAfWJ8/qPGaRg==</latexit>

hS(k) ! n� for k � 1

<latexit sha1_base64="kasfzbs4HSwG05TtSsS7NmUiiJY=">AAACEHicbVBNSwMxFMzW7/pV9eglWMR6KbtSUG9FLx4VrS10y5JN021okl2St2JZ2n/gxb/ixYMiXj1689+Y1h60dSAwzLzHy0yYCG7Adb+c3Nz8wuLS8kp+dW19Y7OwtX1r4lRTVqOxiHUjJIYJrlgNOAjWSDQjMhSsHvbOR379jmnDY3UD/YS1JIkU73BKwEpB4aAbXJd6hz7EWAV+RKQk2Ad2D9lw2In1cDjAPT+KvKBQdMvuGHiWeBNSRBNcBoVPvx3TVDIFVBBjmp6bQCsjGjgVbJD3U8MSQnskYk1LFZHMtLJxoAHet0ob2/v2KcBj9fdGRqQxfRnaSUmga6a9kfif10yhc9LKuEpSYIr+HOqkAtv4o3Zwm2tGQfQtIVRz+1dMu0QTCrbDvC3Bm448S26Pyl6lfHpVKVbPJnUso120h0rIQ8eoii7QJaohih7QE3pBr86j8+y8Oe8/ozlnsrOD/sD5+AaYJZz8</latexit>

A = [z]/J

<latexit sha1_base64="AMnHfBpx80P0qrVmafQfgruWJIs=">AAACDHicbVDLSgMxFM3UV62vsS7dBIvgqs5IQV0I1W7EVQX7gHYomTTThiaZIcmIdegv+Alu9QPciVv/wbU/YqadhbYeCBzOuZd7cvyIUaUd58vKLS2vrK7l1wsbm1vbO/ZusanCWGLSwCELZdtHijAqSENTzUg7kgRxn5GWP6qlfuueSEVDcafHEfE4GggaUIy0kXp28fKiy5Ee+j5PapPOo3d807NLTtmZAi4SNyMlkKHes7+7/RDHnAiNGVKq4zqR9hIkNcWMTArdWJEI4REakI6hAnGivGSafQIPjdKHQSjNExpO1d8bCeJKjblvJtOcat5LxX8986O50zo48xIqolgTgWeXg5hBHcK0GdinkmDNxoYgLKkJD/EQSYS16a9gWnHnO1gkzZOyWymf31ZK1ausnzzYBwfgCLjgFFTBNaiDBsDgATyDF/BqPVlv1rv1MRvNWdnOHvgD6/MHtRmbFA==</latexit>

Ak

<latexit sha1_base64="jG8UzB9/yN970DoeI4A3Xgj+eko=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6iXjxGMA9MljA76SRDZmfXmVkhLLn5CV71A7yJV3/Esz/iJNmDJhY0FFXdVFNBLLg2rvvl5JaWV1bX8uuFjc2t7Z3i7l5dR4liWGORiFQzoBoFl1gz3AhsxgppGAhsBMPrid94RKV5JO/MKEY/pH3Je5xRY6X7y07aFvhAhuNOseSW3SnIIvEyUoIM1U7xu92NWBKiNExQrVueGxs/pcpwJnBcaCcaY8qGtI8tSyUNUfvp9OMxObJKl/QiZUcaMlV/X6Q01HoUBnYzpGag572J+K8XBOFctOmd+ymXcWJQsllyLxHERGTSB+lyhcyIkSWUKW6fJ2xAFWXGtlawrXjzHSyS+knZOy1f3J6WKldZP3k4gEM4Bg/OoAI3UIUaMJDwDC/w6jw5b8678zFbzTnZzT78gfP5A2efl7k=</latexit>

 k : hA(k) = dim(Ak), HA(t) =
X

k

hA(k)t
k

<latexit sha1_base64="pYc9L9xGXDzzRGlwv49343DOERc="></latexit>

Ak = l(Sk)

<latexit sha1_base64="fodmogSaHQv8xE6zo+VdOd36SMM=">AAACDHicbVDLSgMxFM3UV62vsS7dBItQN2VGCupCqLpxWdE+oB2GTJppQ5PMmGTEMvQX/AS3+gHuxK3/4NofMW1noa0HLhzOuZdzOUHMqNKO82XllpZXVtfy64WNza3tHXu32FRRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5N/NYDkYpG4k6PYuJx1Bc0pBhpI/l28cJPu4zcw+EYnrPyrT888u2SU3GmgIvEzUgJZKj79ne3F+GEE6ExQ0p1XCfWXoqkppiRcaGbKBIjPER90jFUIE6Ul05/H8NDo/RgGEkzQsOp+vsiRVypEQ/MJkd6oOa9ifivFwR8LlqHp15KRZxoIvAsOUwY1BGcNAN7VBKs2cgQhCU1z0M8QBJhbformFbc+Q4WSfO44lYrZzfVUu0y6ycP9sEBKAMXnIAauAZ10AAYPIJn8AJerSfrzXq3PmarOSu72QN/YH3+ALCymnE=</latexit>

hS(k) � hA(k)

<latexit sha1_base64="hXwxYTwdhuDcl4OD6Gq0HtQvG3E=">AAACDXicbVDLSsNAFJ3UV62vaJduBotQNyWRgrqrunFZ0T6gDWEynbRDZyZxZiKE0G/wE9zqB7gTt36Da3/EaZuFth64cO4593IvJ4gZVdpxvqzCyura+kZxs7S1vbO7Z+8ftFWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJxtdTv/NIpKKRuNdpTDyOhoKGFCNtJN8uj/y76vikPyQPcORnlxPT+HbFqTkzwGXi5qQCcjR9+7s/iHDCidCYIaV6rhNrL0NSU8zIpNRPFIkRHqMh6RkqECfKy2bPT+CxUQYwjKQpoeFM/b2RIa5UygMzyZEeqUVvKv7rBQFfOK3Dcy+jIk40EXh+OUwY1BGcRgMHVBKsWWoIwpKa5yEeIYmwNgGWTCruYgbLpH1ac+u1i9t6pXGV51MEh+AIVIELzkAD3IAmaAEMUvAMXsCr9WS9We/Wx3y0YOU7ZfAH1ucPXQuazg==</latexit>

hS(k) ! n� for k � 1

<latexit sha1_base64="huopGhff1u8q22Lr10pA47KNwZo=">AAACIXicbVDLSgMxFM3Ud31VXboJFrFuyowU1F3RjUtFawudMmTSdBqaZIbkjliG9g/8Cj/BrX6AO3EnLv0R09qFth4IHM65l3NzwkRwA6774eTm5hcWl5ZX8qtr6xubha3tWxOnmrIajUWsGyExTHDFasBBsEaiGZGhYPWwdz7y63dMGx6rG+gnrCVJpHiHUwJWCgoH3eC61Dv0IcYq8CMiJcE+sHvIhsNOrIfDQc+PIuwFhaJbdsfAs8SbkCKa4DIofPntmKaSKaCCGNP03ARaGdHAqWCDvJ8alhDaIxFrWqqIZKaVjT80wPtWaWObb58CPFZ/b2REGtOXoZ2UBLpm2huJ/3phKKeioXPSyrhKUmCK/iR3UoFtH6O6cJtrRkH0LSFUc3s8pl2iCQVbat624k13MEtuj8pepXx6VSlWzyb9LKNdtIdKyEPHqIou0CWqIYoe0BN6Ri/Oo/PqvDnvP6M5Z7Kzg/7A+fwGfdykCg==</latexit>

hA(k) = n� )

<latexit sha1_base64="Xsv05quKpHsmlfFfI9qp/OXl0OI=">AAACBXicbVC7SgNBFJ2NrxhfUUstFoMQm7ArAbUQojaWUcwDsmG5O5kkQ2Zml5lZJSxJYeOv2FgoYus/2Pk3Th6FJh64cDjnXu69J4gYVdpxvq3UwuLS8kp6NbO2vrG5ld3eqaowlphUcMhCWQ9AEUYFqWiqGalHkgAPGKkFvauRX7snUtFQ3Ol+RJocOoK2KQZtJD+73/Uv8r2jc+F7HeAcht4t7XQ1SBk+DP1szik4Y9jzxJ2SHJqi7Ge/vFaIY06ExgyUarhOpJsJSE0xI4OMFysSAe5BhzQMFcCJaibjLwb2oVFadjuUpoS2x+rviQS4Un0emE4OuqtmvZH4n9eIdfu0mVARxZoIPFnUjpmtQ3sUid2ikmDN+oYAltTcauMuSMDaBJcxIbizL8+T6nHBLRbOboq50uU0jjTaQwcoj1x0gkroGpVRBWH0iJ7RK3qznqwX6936mLSmrOnMLvoD6/MHSkSYfQ==</latexit>

)

<latexit sha1_base64="e2J1whrIPLOjObHAckTJO4DLxg0=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXisYj+gXUo2zbah2WRNspWytH/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcP6lomitAakVyqZoA15UzQmmGG02asKI4CThvB4GbqN4ZUaSbFgxnF1I9wT7CQEWys5E/a96zXN1gp+TTpFEtu2Z0BLRMvIyXIUO0Uv9pdSZKICkM41rrlubHxU6wMI5yOC+1E0xiTAe7RlqUCR1T76ezoMTqxSheFUtkSBs3U3xMpjrQeRYHtjLDp60VvKv7ntRITXvopE3FiqCDzRWHCkZFomgDqMkWJ4SNLMFHM3opIHytMjM2pYEPwFl9eJvWzsndevro7L1WuszjycATHcAoeXEAFbqEKNSDwCM/wCm/O0Hlx3p2PeWvOyWYO4Q+czx9naJKJ</latexit>

Next, we will see that                           Pfaffians lin. indep.       No BW cancelation

[z]

<latexit sha1_base64="lS3eDG33AY6qb/l+9QxR6HTTcpI=">AAAB+XicbVDLSgMxFL3js9ZX1aWbYBFcSJmRgrorduOygn1AO5ZMmmlDk8yQZIQ69D/c1pW49V8E/8ZMOwttPRA4nHMv9+QEMWfauO63s7a+sbm1Xdgp7u7tHxyWjo5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQfjeua3n6nSLJKPZhJTX+ChZCEj2FjpqSewGQWBSOvT7ovfL5XdijsHWiVeTsqQo9EvffUGEUkElYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUslFlT76Tz1FJ1bZYDCSNknDZqrvzdSLLSeiMBOZin1speJlzb7f343MeGNnzIZJ4ZKsjgWJhyZCGU1oAFTlBg+sQQTxWxeREZYYWJsWUVbhLf87VXSuqp41crtQ7Vcu8srKcApnMEFeHANNbiHBjSBgIJXmMGbkzoz5935WIyuOfnOCfyB8/kDdZ2UKw==</latexit>



‣ Consider a polynomial                 with class   
‣ Define a linear map  

•  acts by mult. in A                                               lin. maps on A can be   
                                                                                              simultaneously diagonalized 

• Result in AG: 

‣ We now choose for f a basis of polynomials                     that appear in the 
Pfaffian (whose coefficients are the bundle moduli) and consider the               
coefficient matrix  
• All these  can be diagonalized simultaneously, and the eigenvalues of  are the entries 

• Hence

μ( f )

fI μ( fI)

Vanishing instanton sum and Hilbert functions
f 2 [z]

<latexit sha1_base64="wSd11adbNdaft5M1HMH63bJWJ4o=">AAACDXicbVDLSsNAFL2pr1pf0S7dDBbBVUlEUHfFblxWsA9oQ5lMJ+3QySTMTIQY+g1+glv9AHfi1m9w7Y84abPQ1gMDh3Pu5Z45fsyZ0o7zZZXW1jc2t8rblZ3dvf0D+/Coo6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/2sz97gOVikXiXqcx9UI8FixgBGsjDe1qMGACDUKsJ74fZs1Z/9Eb2jWn7syBVolbkBoUaA3t78EoIklIhSYcK9V3nVh7GZaaEU5nlUGiaIzJFI9p31CBQ6q8bB5+hk6NMkJBJM0TGs3V3xsZDpVKQ99M5inVspeL/3rmP0undXDlZUzEiaaCLC4HCUc6Qnk1aMQkJZqnhmAimQmPyARLTLQpsGJacZc7WCWd87p7Ub++u6g1bop+ynAMJ3AGLlxCA26hBW0gkMIzvMCr9WS9We/Wx2K0ZBU7VfgD6/MHFcmb4A==</latexit>

[f ] = l � r(f) 2 A

<latexit sha1_base64="PHKHgqvKsdNJMvBtWgBNm/cejuM=">AAACD3icbVDLSsNAFL3xWesrKq7cDBahbkoiBXUhVN24rGAf0IQymU7aoZNJmJkIJfQj/AS3+gHuxK2f4Nofcdpmoa0HLhzOuZdzOUHCmdKO82UtLa+srq0XNoqbW9s7u/beflPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfB24rceqVQsFg96lFA/wn3BQkawNlLXPuyE/hX3CJMEyXJ4ijwm0HXXLjkVZwq0SNyclCBHvWt/e72YpBEVmnCsVMd1Eu1nWGpGOB0XvVTRBJMh7tOOoQJHVPnZ9P0xOjFKD4WxNCM0mqq/LzIcKTWKArMZYT1Q895E/NcLgmguWocXfsZEkmoqyCw5TDnSMZqUg3pMUqL5yBBMJDPPIzLAEhNtKiyaVtz5DhZJ86ziViuX99VS7SbvpwBHcAxlcOEcanAHdWgAgQye4QVerSfrzXq3PmarS1Z+cwB/YH3+AHEXm1g=</latexit>
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Comparing GLSM and alg. geom. conditions
Pfaffians and GLSMs



‣ Consider (two-term) SU(3) monad bundles 
• Restrict to cases where the monad bundle charges      and      are non-negative 

(better chance for vector bundle to be stable) 

• In this case                                           and only spectators can (potentially) 
decompactify the instanton moduli space 

• Consider cases with a single line bundle for B 

• Focus (wlog) on instanton contributions in cohomology class of first ambient space 
factor

Pfaffians and GLSMs

4.3 Relation to the geometric models

In the next section, we will be interested in geometric heterotic models of the kind studied previously
that admit a GLSM description. Let us discuss a special case of Eq. (4.14), where the instanton wraps
a single genus zero curve once so that (w1, w2, . . . , wm) = (1, 0, . . . , 0). Moreover, we consider semi-
positive monads which satisfy biβ ≥ 0 since they have a better chance of giving rise to poly-stable
vector bundles. This, implies that the first condition in (4.14) is not satisfied and we will never find
decompactifying zero modes from the monad fields pβ. However, the zero modes of the spectator s can
still lead to a non-compact instanton moduli space. Since we focus on a single ambient space 1, the
second equation in (4.14) becomes

Q1
S ≥ 1 . (4.15)

Using Eq. (4.1) and the fact that
∑

k q
2
k = 2 (which is just the Calabi–Yau condition) we can equivalently

write this as
∑

β

b1β ≥ 3 . (4.16)

It would be very interesting to find a reason why monads of the type we consider with
∑

β b
1
β < 3 always

have a compact instanton moduli space.

A second very interesting question is the interplay of anomalies with the compactness criterion. The
compactness criterion is formulated in terms of monad fields Bβ on the 1, while the geometric cal-
culations mainly depend on the transverse space Q. However, the anomaly conditions mixes data for
P1 with that for Q, so the bundle charges in the 1 direction implicitly depend on all other charges as
well. It would be interesting to use the anomalies to establish this connection explicitly. While we do
not do this in full generality, we illustrate how the anomalies constrain the bundle charges for a simple
class of monads in Section 4.4.

When the GLSM anomalies are not cancelled the model is not consistent and we cannot invoke the
Bertolini-Plesser criterion to check compactness of the moduli space. Indeed, if we check compactness
naively for such anomalous GLSMs, we find cases with an (apparently) compact moduli space but
Pfaffians computed from geometric methods which are linearly independent. For such cases we would
expect that, upon constructing an equivalent but anomaly-free description, the fields B′

β of the new
model will lead to zero modes (they will either have zero modes themselves or their charges will change
the spectator superfields such that S develops zero modes) that decompactify the instanton moduli
space.

4.4 Example for simple monad bundles

Let us illustrate how the requirement of vanishing GLSM anomalies constrains the possible bundle
charges in some simple cases. First, we consider an SU(3) monad bundle with just one B term,

0 → V →
4
⊕

α=1

OX(aα, âα) → OX(b, b̂) → 0 , (4.17)

where aα and b denote the degrees in the P1 direction and âα and b̂ are the multi-degrees in the
transverse space Q. We focus on semi-positive monads where aα, âα (and consequently b and b̂ as well)
are non-negative.
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‣ Part of the (linear) GLSM anomalies impose                 : 
 

‣ The (pure quadratic) GLSM anomaly                  imposes 

     

‣ The (linear) GLMS anomalies that impose the CY condition                     restrict the sum of the 
charges of the fields defining the geometry to 2 

‣ For type I:     spectators will destabilize the vacuum for      
For type II:  spectators will not destabilize the vacuum
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A vanishing first Chern class of V requires

4
∑

α=1

aα = b ,

4
∑

α=1

âα = b̂ . (4.18)

The quadratic anomaly of the first U(1), that is, A11 in (4.7), then imposes

type I:
∑

α<α′

aαaα′ = 0 , type II:
∑

α<α′

aαaα′ = 1 , (4.19)

where we have also used Eq. (4.18). Since we only consider monads with aα ≥ 0, we find that at least
two aα have to be zero, and we take, without loss of generality, a3 = a4 = 0. Now, the type I cases
require that in addition we choose (say) a2 = 0 in which case the quadratic anomaly A11 vanishes
identically for any a1. In particular, if a1 ≤ 2, the Beasley-Witten vanishing conditions will be satisfied
from Eq. (4.16) (since b = a1), while a1 > 2 will lead to a non-compact instanton moduli space on this

1. For the type II cases, the solutions are a3 = a4 = 0 and a1 = a2 = 1. Hence, these always lead to
compact instanton moduli spaces.

While the problem of solving the quadratic Diophantine equations corresponding to the mixed anomalies
is too general to make further precise statements, it is instructive to look at the mixed quadratic
anomalies A1i with i > 1. Here we have to distinguish the type I and type II cases.

Type I case

The mixed quadratic anomalies A1i for type I read

qi1 + qi2 = a1(b
i − ai1) . (4.20)

Let us observe that the vector b̂−â1 = (bi−ai1) on the RHS gives precisely the multi-degree of the monad
map f in the ith ambient space factor coordinates. In the next section, we will see that only the first
column of the monad map will contribute to the Pfaffian. Hence, this will determine the multi-degrees
of the Pfaffian in the coordinates of the projective ambient space.

Similarly, the two terms qi1 and qi2 are the degrees of the defining equation in the ith ambient space factor.
These multiply the 1 coordinates and, hence, enter in the Gromov-Witten invariants, see Eq. (2.5).
This means that the degree of the Pfaffian is fixed entirely in terms of the twisting of the 1 over Q.

While it is hard to make a definite statement, we observe that the following relation

a1 ≤ qi1 + qi2 ≤ 4 (4.21)

gives a necessary condition for vanishing of the A1i anomaly. Here, the final bound comes from the fact
that the highest 1 twisting that occurs in the CICY list is 4. Since for type I we have a1 = b, we
conclude, using eq. (4.16), that the window of possible SU(3) monads with a single B field that have a
non-compact instanton moduli space is very narrow.

Type II case

For type II, the mixed anomalies A1i become

2qi1 = 2bi − ai1 − ai2 . (4.22)
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‣ Combined with (mixed quadratic) GLSM anomalies              we get 

‣ More constraints from               (but I could not use them to infer more 
model-independent statements)

Pfaffians and GLSMs

A vanishing first Chern class of V requires

4
∑

α=1

aα = b ,

4
∑

α=1

âα = b̂ . (4.18)

The quadratic anomaly of the first U(1), that is, A11 in (4.7), then imposes

type I:
∑

α<α′

aαaα′ = 0 , type II:
∑

α<α′

aαaα′ = 1 , (4.19)

where we have also used Eq. (4.18). Since we only consider monads with aα ≥ 0, we find that at least
two aα have to be zero, and we take, without loss of generality, a3 = a4 = 0. Now, the type I cases
require that in addition we choose (say) a2 = 0 in which case the quadratic anomaly A11 vanishes
identically for any a1. In particular, if a1 ≤ 2, the Beasley-Witten vanishing conditions will be satisfied
from Eq. (4.16) (since b = a1), while a1 > 2 will lead to a non-compact instanton moduli space on this

1. For the type II cases, the solutions are a3 = a4 = 0 and a1 = a2 = 1. Hence, these always lead to
compact instanton moduli spaces.

While the problem of solving the quadratic Diophantine equations corresponding to the mixed anomalies
is too general to make further precise statements, it is instructive to look at the mixed quadratic
anomalies A1i with i > 1. Here we have to distinguish the type I and type II cases.

Type I case

The mixed quadratic anomalies A1i for type I read

qi1 + qi2 = a1(b
i − ai1) . (4.20)

Let us observe that the vector b̂−â1 = (bi−ai1) on the RHS gives precisely the multi-degree of the monad
map f in the ith ambient space factor coordinates. In the next section, we will see that only the first
column of the monad map will contribute to the Pfaffian. Hence, this will determine the multi-degrees
of the Pfaffian in the coordinates of the projective ambient space.

Similarly, the two terms qi1 and qi2 are the degrees of the defining equation in the ith ambient space factor.
These multiply the 1 coordinates and, hence, enter in the Gromov-Witten invariants, see Eq. (2.5).
This means that the degree of the Pfaffian is fixed entirely in terms of the twisting of the 1 over Q.

While it is hard to make a definite statement, we observe that the following relation

a1 ≤ qi1 + qi2 ≤ 4 (4.21)

gives a necessary condition for vanishing of the A1i anomaly. Here, the final bound comes from the fact
that the highest 1 twisting that occurs in the CICY list is 4. Since for type I we have a1 = b, we
conclude, using eq. (4.16), that the window of possible SU(3) monads with a single B field that have a
non-compact instanton moduli space is very narrow.

Type II case

For type II, the mixed anomalies A1i become

2qi1 = 2bi − ai1 − ai2 . (4.22)
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For type I:

For type II:

We observe that the RHS of these anomaly conditions are precisely the degree of the Pfaffian  
polynomials (continues to hold for more complicated monads, e.g. where rk(B)=2 )

Ai,j = 0
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‣ From Hilbert series:                        for large enough k    eventually Pfaffians are lin. indep. 
and cannot cancel a la BW 

‣ On the other hand, we looked at all CICYs with                and scanned over 2-term SU(3) 
monads w/ rk(B)=1,2. There are over 100 consistent models on more than 30 CICYs 

‣ We find that in ALL cases, even when the spectators have zero modes that can 
decompactifiy the instanton moduli space, the Pfaffians are lin. dep. Possible explanations: 
1.The examples are so simple that this has to happen.  

2.If we computed the complex coefficients  (e.g. via a residue theorem), we would find their numerical 
values such that the lin. dep. terms do not cancel 

3.There is some other reason (beyond BW) why the Pfaffians cancel on these spaces 

‣ If 1. is the case, there should be a reason why the terms conspire such that an  
matrix with                does not have full rank 

⇒

λi

Vanishing of Pfaffians
hA(K) = n�
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h1,1 = 3
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‣ From an algebraic point of view, Pfaffians can be computed (up to a complex 
constant) for all ambient space  curve classes for all CICYs 

‣ For constructions that have a GLSM description, can match onto Bertolini-
Plesser  

‣ Can formulate a necessary condition for non-vanishing of the Pfaffian 
contributions in terms of affine Hilbert functions 

‣ The degree of the Pfaffians appear in the GLSM anomaly conditions 
‣ Checking more than hundred examples, we found that the Pfaffians are linearly 

dependent, irrespective of whether the instanton moduli space is compact

ℙ1

Conclusions

Thank you very much for your attention!


