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Integral over right-moving fermionic WS d.o.f.
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Votivation

» Contributions depend on
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Votivation

» Work at arbitrary but fixed CS = Focus on computing the Pfaffians
» Pfaff =0 < Oy , hasazero-mode < h°(PH,V_1) #0

» hV(PY, V_1) = 0 generically, but conomology can jump at codim 1 locus

» Pfafl Is proportional to poly that describes the jump locus
[Buchbinder, Donagi, Ovrut, hep-th/0205190]

» [o compute Pfaff(kr, ay) :

—

1. Find the coordinates z,

2. Parameterize bundle moduh space /
Toy

3. Compute the Pfaffians: ZPfaff (K1, 0q) = z:®pr;d1 ,,,,, 11 (s Z7 (K1))

1=1 1=1

of all representatives ; of[y] = [P']




Votivation

» Beasley-Witten cancellation: [Beasley, Witten hep-th/0304115]

e (Consistent compactification (stable vector bundle, BI+HYM solved)
 (Gauge bundle pulls back from the ambient space
* Right-moving WS SUSY

* |nstanton moduli space compact

» ) Pfaffy, (kr,00) = ) Nipria,an (@0 7 (k1)) = 0
1=1 1=1

» Cancellation has to hold at any point in moduli space

 fproa,,. a1 (aas 27 (k1)) are linear independent = no BW cancellation
° _)*
<

I Pryay,.ai (e 27 (K1) are linear dependent = thousands of terms can cancel by
choosing n, = O(20) complex constants A; (highly non-trivial if there is not a reason
why the monomials align this way)




Votivation

» Checked for quintic (h'' =1, n, = 2875) in (half-) linear sigma model
[Beasley, Witten hep-th/0304115]

» Compactness of instanton moduli space very hard to check

» Simple criterion for GLSMs  [Bertolini, Plesser 1410.4541]

Z P A, Bg S =,
U(1) o —qj a, —bf Qs Q=
U(1)r 0 0 —1 1 1 —1
U(1l)r 0 1 0 1 1 0
, Geometry | Geometry | Monad | Monad
Interpretation , , Spectator | Spectator
coordinates | constraints | A-terms | B-terms

» Zero-modes of s and b can make instanton moduli space non-compact
 For v =) _wrir check hO(O,(—by-w; —1)) =0, h%(0,(Q% - w; —1)) =0



Outline

» Curves in Complete Intersection Calabi-Yaus

» Compute the Ptaffian

e Monad bundles

e Extension bundles

» Comparing GLSM and alg. geom. conditions

* Vanishing instanton sum and Hilbert functions

* Ptfafflans and GLSM quantities



Curves in Complete Intersection CYs




C | CY [Candelas, Dale, Lutken, Schimmrigk 88;

Green and Hubsch 88]

Z19 Z34 256789 | 1 P 3
n, = 16
ny=40
Uls || 0 0 1 2 1 -2 | n=112

[Hosono, Klemm, Theisen, Yau hep-th/9308122]

» Focus on CICYs with ambient space P! factors
» Two possiblilities
« Charges of two P; are 1, rest zero (type I)

 Charges of one P is 2, rest zero (type II)



CICY

Z19 Z34 256789
—> [ P! U, [ 1 0 0 n, = 16
P U(1)2 0 1 0 n, =40
P4 Ul || 0 0 1 n, =112

\ \

21p22(23,4; Z5,..., 9) T ZzQ22(23,4; Z5,..., 9) =0 217“01(23,4; Z5,..., 9) =+ 22801(2’3,4; 25,..., 9) =0



CICY

Z19 Z34 Z56.789
P U(1): I 0 0 n,= 16
—| P ULz | 0 1 0 1, = 40
P4 Us | 0 0 1 n, =112

232, p12(21.2, 25....9) + 2324 q12(21.2, 25....0) + Zi r12(21,2, #5,...0) =0



CICY

Z19 Z34 2567809
1 0 0 n, = 16
0 1 0 n, = 40
0 0 1 n, =112
I .v
p=q=r=0
—_—)




CICY

‘P11 0 ... 0 ‘P2 o0 ... 0

typel: X & o A X , type 11 : X & o X
_ Qlq1 g2 q3 ... dK _ Qlq1 G2 ... Ik

Qlq1 @1 92 G2 q3 ... (K Qlq1 ¢1 @1 G2 ... (x

— P — —_—
. _ = —— —_— _— — I —
— ==

> For aH (7 890) CICYS aH single vvrappmg genus zero GW invariants can
H be obtained from counting solutions to the equations above.

»
» Get the - position of the curve as a functlon of CS K1

— - —EE— S —— —_— — = -
Am “\-:'—-@«.g’,y — e — e = _ ) _

» Why? Maybe because of simplicity of the construction?




Compute the Pfaffian




Vionad bundles

rk A rk B

’O%ONfg%ALB%OW/ A:@ﬁ(a ahll b = @ﬁb?7°'°7h11

>TakeNf:O 0

SV — A B—=0w/f=/f(z,a,) a rkAxrkB matrix

» Bundle moduli+ H'(X,V @ V*). To compute, twist the dual SES with V:

0B Vi A eV SV eV 50

e Get LE

=S In cohomo

seguence or Koszu

ogy (compute ambient space cohomology and restrict to CY via spectral
resolution)

» Expressinterms of H*(B* ® B), H*(C* ® C), H*(C* ® B) and extract [ = f(aq)

» Pfaff <> H°(V_,) =ker| flpr : HY(A® O(=1)|p1) = H(B® O(—1)|p1) |



Monad pbundles - Example

—>

Z1o Z3a Zser9 |1 Po P3| Ay Ay As Ay | B || S | E
U, | 1 0 0 1 -1 01 0 0 0 |-1]-]1
Ul | 0 1 0 20 00 1 0 1 ]=2]0]0
Ul | 0 0 1 2 1 20 0 1 2 [3|=2]|2

» 0>V - A i B —0 with f= (f(0,2,3) , f(1,1,3) 7 f(1,2,2) , f(1,1,1))
» Number of bundle moduli: h*( X,V ® V*) = 228

» Restrict and twist by spin bundle:0 — V_i|p — O(=1) ® O(0) @ O(-1) & O(0) — O(1)

n},=16
n, = 40
n},=112



Monad pbundles - Example

Z12 Z34 Zserso |1 P P3 || Ay Ay A3 Ay | B || S | E
ULl £ 0 0 |1 1 0L 0 0 0]-1/(-1]1]n=t6
Ul | 0 1 0 2 0 0 o 1 0 1 [-2]0|0/|n=40
U(1)3 0 0 1 -2 -1 -2 0o 1 2 |-3|-2]|2 n, =112

>O%V%A%B%O with  f = /f(113 /2)7f(1,1,1))

» Number of bundle moduli: A (X, V ® V*) = 228
» Restrict and twist by spin bundle:0 — V_q|p — 0(//)'@ O(0) & O}//l;@ O(0) — O(1)



Monad pbundles - Example

Z12 Z34 Zserse | P1 Po P3| A1 Ay A3 Ay | B || S | =
U, | 1 0 0 1 1 01 0 0 0 a1 [1]n=16
Ul | 0 1 0 2 0 0 o 1 0 1 [-2]0|0/|n=40
U(1)3 0 0 1 2 -1 -2 0 1 2 [|-3]|-2]2 n, =112

>O%V%A%B%O with  f = /f(113 /2)7f(1,1,1))

» Number of bundle moduli: A (X, V ® V*) = 228
» Restrict and twist by spin bundle:0 — V_q|p — 0(//)'@ O(0) & O}//l;@ O(0) — O(1)

» Parameterize O%% ~ {w;,wy} and O(1) ~ {z3,24} = write map
p1,3(21,2,z5,...,9) Q1,1(Z1,2,Z5,...,9) <3
W1 W
Wi w) (7”‘1,3(21,2,25,...,9) 81,1(21,2725,...,9)> (Z4>

0



Monad pbundles - Example

5 — p1,3(21,2,Z5,...,9) C_Z1,1(Z1,27Z5,...,9) with
T1,3(Z1,2,Z5,...,9) 81,1(21,2,2’5,...,9)

70 10 |
p1,3(21,2,25,....9) = Zozi mY 3(21.2,25....9) q1,1(21,25%5,....9) = Z@f@ m1,1(21,2, %,...,9)
i=1 1=1

70 10
1 3(21 25 <5,..., 9) =Za2’mﬁ 3(21 25 <5,..., 9) 81,3(21 24 <5,..., 9) :Z&Qﬂm?il(zl 25 <5,..., 9)
1=1 1=1

T ———— om— —_— = — — — —
P — —— S— —_— — e —— — e —— — 7

‘ This map degenerates where det(6) =0 — 1’400 terms bilinear in «

40 J
} BW: » A;det(6(Z)) =0 — 1/400 x 40 coefficient matrix. This has rank 39! H
| 1=1 |

—

r— . — e
e —— pm— J— — —_— —_— - — —_ - S ——1
e — e ——— e p— S N ————— S ————— — e — T = — — — — _ ~ _ .

—

——— _ S



Extension bundles

» Simplest example — Single extension: 0 = B —-V — C —= 0
» Moduli space: Mx (V) =Ext'(C,B) =2 H(C* ® B)

» Next step — Double extension: ¢ s 4 sV =B =0, 0=V =V =C =0
» Moduli space: Mx (V') = Ext!(B, A) =2 HY(B* ® A)
Mx (V) =Ext'(C, V)= H' (C* @ V')

» Compute by twisting first sequence by C*, look at LES in cohomology,
compute ambient space cohomologies, use Koszul resolution to restrict to CY



-xtension bunadles - Example

» Geometry: Bundle:
»_Pl 1 1 O-<4’68) 51::21,0121,1: O%A%V%B%O
PL10 0 2 Zo = 220 : 22.1] . B B
A~ IP2 1 0 2 53 — :2370 . 23,1 - 2372: A - OX( 27 3’ 1’ 1)
P20 1 2 A=luoianiu] B =0x(0,0,2,—-2) ® Ox(2,—3,—1,1)

» Compute bundle moduli (Note: h'(Ox (a1 — b)) does not descend from

ambient space, but the Pfaffian happens to not depend on these):

h‘(@p(&l — bl)) — (0,0,0,40,0,0,0), h'(OX(al — bl)) — (O, 16,0,0),
h*(Op(ay — bo)) = (0,21,0,0,0,0,0),  h*(Ox (a1 — b)) = (0,21,25,0).

» Focus on first curve class (n, = 2) and look at

TQ
\IP1><IP1><IP2><IP2J — P! x P? x P?

A Q




-xtension bunadles - Example

» Using Kunneth, Bott and Serre duality:
H'(O4 (a1 — b)) = H' (04 (4,6,0,0)) = H' (O (—4)) @ H' (O, (6,0,0))

Y

H°(04 (2))*
» Choose basis {r¢.70r1,71} of H°(0, (2))* and expand v € H (O 4(—4,6,0,0)):

v =r2f 00(2‘2, %3, Z1) + ror £ 0 0(22, %, 21) + rify 0. ) o(2, 73, Z1)
» Take extension, tensor with O (—1,0,0,0), take direct image with m¢Q , look at
LES, use Bott: H°(V_;) — H°(O,(1) ® Og(—3,—1,1)) QHl(OW(— 3) @ O0p(3,—1,1))

1 — 2 - - — (1) 7 (1) — (2) 7 (2) i _6—
f éo)o(z2>23724) éo)o(Zz,Zg,Zzl) faool% ZB 2otars Joool Zﬁ o7
B TONE 3) /> -
6,0 0(22» 23, 24) 6,0,0(227 23, 24) f50.0(Z, 2 Z@< 240257

» Now Pfaff <+ H°(V_1) = det(f) = 0 is the jumping locus



Comparing GLSM and alg. geom. conditions

Vanishing instanton sum and Hilbert series



Vanishing instanton sum and Hilbert functions

» What causes BW cancelation in algebraic geometry?
e |f | took just 40 arbitrary points, the 1°400 x 40 matrix would have rank 40

 The entries of the coefficient matrix are polynomials in Z; , which themselves are
complicated functions of the CS coefticients in the defining equations of the CY

* The solutions that determine the position of the Pls as a function of k are
correlated to move on some subvariety that preserves the cancelation

 Moreover, the number of monomials in these polynomials is linked to the number of
vector bundle moduli

» It should be possible to formulate a criterion purely based on (X, V)



Vanishing instanton sum and Hilbert functions

» Think of the complete intersection that specifies the n~ points where

the P! lives as a zero-dimensional algebraic variety w/ associated
projective ideal I = (P4, ..., Pg.io)

» By going to a patch, we can alternatively think of an associated affine
ideal J = <P1,...,PK_|_2, 21,0 — 1,...,Zm’() — 1>

» This Induces maps between the associated (projective and affine)
coordinate rings:Clz] = S — A w/ S=Clz]/I, A=Clz]/J

» Note: S'and A depend on the polynomials F; but not on the precise loci
of the PP’




Vanishing instanton sum and Hilbert functions

» The coordinate rings C[z] and S = C|z|/I are mu\ti -graded with standard
Hilbert functions/series: hg(k) = dim(Sy), Hg(t Zhs B)th w/ th = t’fl S

(AL’

» For O-dimensional varieties: hg(k) = n, for k> 1 (compute from syzygies)

» A = Clz|/J is not graded, but can define a filtration by sub-algebras A<, of
degree <k : ha(k) = dim(A<y), ZhA k)t* (compute from Grobner)

» Since A<, = 1(Sk), we have hg(k) > hA(k), but still hg(k) = n, for k> 1

— — P—
= —amt —— . — P —= I
e - -

—— — es— I . —  — S— — - J— — -_— S E— — F——— —#—,i
R = - B e g P— - —— = a— — e . R— —— - i — »

' Next, we will see that hA(k) = n.,, = Pfaffians lin. indep. = No BW cancelation 1

= - e ———————— p— [— S o e —_— — o —— — — - S
—= — e —— —  —— — ——— - — e — e — e = ————— _

- — — — — —
———— — ——

e




Vanishing instanton sum and Hilbert functions

» Consider a polynomial f € C[z] with class [f]=1lor(f) € A

» Define a linear map i : Cly] — End(A), w(f)(a) = f](a)

~ ~

e u(f)actsbymult.in 4 = u(f) x u(f) =pu(f)u(f) = lin.mapson A can be
simultaneously diagonalized

* Resultin AG:{f(27), f(23), ..., [f(z,, )} = {Eigenvalues of u(f)}

» We now choose for fa basis of polynomials (fr)r=1....~n that appear in the

Pfaffian (whose coefficients are the bundle moduli) and consider the N X n
coefficient matrix My; = f7(z*)

« Allthese f, can be diagonalized simultaneously, and the eigenvalues of u(f,) are the entries
(Mra,..., Mpy )

« Hencerk(M) = dim(u(Clylg)) = dim(l o r(Clylg)) = dim(A<g) = ha(k)



Comparing GLSM and alg. geom. conditions

Pfaffians and GLSMs



Ptafflans and GLSMs

» Consider (two-term) SU(3) monad bundles

* Restrict to cases where the monad bunale charges afﬁx ano bg are non-negative
(better chance for vector bundle to be stable)

* |n this case hO(OW(—bg -w; — 1)) = 0 and only spectators can (potentially)
decompactify the instanton moduli space

 (Consider cases with a single line bundle for B

* Focus (wlog) on instanton contributions in cohomology class of first ambient space
factor

A

4
0—>V — @Ox(aa,da) — Ox(b,b) — 0

a=1




Ptafflans and GLSMs

0=V = D Ox(aa,a) — Ox(b,b) = 0

a=1

» Part of the (linear) GLSM anomalies impose ¢ (V) =0 :
4 4

San=b, > aa=b

» The (pure quadratic) GLSM anomaly A; 1 = 0 imposes

For type I: Zaaaa’zo = a1 € Li>o, a2 = a3z = ag =0

a<al

For type II: ) Gt =1 = a3 =az =1, ag=a4 =0

a<a’

» The (linear) GLMS anomalies that impose the CY condition ¢;(T'X) = 0 restrict the sum of the
charges of the fields defining the geometry to 2

» For type I:  spectators will destabilize the vacuum for a1 > 2
—or type II: spectators will not destabilize the vacuum




Ptafflans and GLSMs

» Combined with (mixed quadratic) GLSM anomalies A;; =0 we get

For type I: qi -+ C]é — al(bi — CL?LL)

For type II: 2qi — 2" — ai — ag

» More constraints from A; ; =0 (but | could not use them to infer more
model-independent statements)

—— p— —

E— P — _— ———
— = =— = e
== = == R — = — =

J — e == — S ————— — _ - —— : — = o — —— = — — — e ‘_‘{*
|
QA“

| We observe that the RHS of these anomaly conditions are precisely the degree of the Pfaffian 1

' polynomials (continues to hold for more complicated monads, e.g. where rk(B)=2 ) |
L P _ _ _ _
| - ———— = — - _

R e e | comm—— —

——— _ ——



Vanishing of Pfaffians

» From Hilbert series: ha(K) = n~for large enough k¥ = eventually Pfaffians are lin. indep.
and cannot cancel a la BW

» On the other hand, we looked at all CICYs with h' = 3 and scanned over 2-term SU(3)
monads w/ rk(B)=1,2. There are over 100 consistent models on more than 30 CICY's

» We find that in ALL cases, even when the spectators have zero modes that can
decompactifiy the instanton moduli space, the Ptaftians are lin. dep. Possible explanations:

1.The examples are so simple that this has to happen.

2.1f we computed the complex coefficients 4, (e.g. via a residue theorem), we would find their numerical
values such that the lin. dep. terms do not cancel

3. There is some other reason (beyond BW) why the Ptaffians cancel on these spaces

» If 1. is the case, there should be a reason why the terms conspire such that an N X n,
matrix with N > n. does not have full rank




Conclusions

» From an algebraic point of view, Pfafflans can be computed (up to a complex
constant) for all ambient space | I curve classes for all CICYs

» For constructions that have a GLSM description, can match onto Bertolini-
Plesser

» Can formulate a necessary condition for non-vanishing of the Pfaffian
contributions in terms of affine Hilbert functions

» The degree of the Ptaffians appear in the GLSM anomaly conditions

» Checking more than hundred examples, we found that the Pfaffians are linearly
dependent, irrespective of whether the instanton moduli space is compact

Thank you very much for your attention!



