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d=2 Gauged Linear Sigma Models with (©,2) supersymmetry
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twisted partition functions for refined index, ¢.g.,
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e2—0 d

for would-be Hirzebruch genus / Elliptic genus
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which often translate to Jeffrey-Kirwan contour integrals
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generalization of geometric index theorems,
via path-integral by Alvarez-Gaume,
to gauged systems

Hori + Kim + P.Y. 2014
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how about theories with two real supercharges ?

d=3 N =1
d=2 N =(1,1)
d=1 N =2a

one complex supercharge
d=2 N =1(0,2)
d=1 N =2b



basic supermultiplets fall into two types

d=3 N =2
(Ai, 03 A5 D) (¢; V; F)
A=(\+ix)/V2
d=3 N =1
(Ai; ) (o;x; D) Re(¢; ¥; F) Im(¢; ; F)
vector scalar

multiplet multiplets



auxiliary fields, D and F, both belong to scalar multiplets

d=3 N =1
(Ass A) (X595 f)
vector scalar
multiplets multiplets

would-be D—term wall-crossings now occur along the superpotential side !



we are interested in toroidal twisted partition functions in the
small Euclidean time limit, a.k.a., the bulk index, which computes
the integral index when the dynamics is fully gapped

Euler Number compact NLSM

Movrse Theory

Alvarez-Gaume/Witten 1982 -1984



Euler, Morse, and Witten



nonlinear sigma model

o' = X'+ 0p" + 67 f!

L= /d92 g7k (®) D@’ D, ok
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nonlinear sigma model > differential-form-valued wavefunctions

o' = X'+ 0p" + 67 f!

i, XK =5, K 4

L= %/dQQ g7k (®) D*®’ D, dE
Q ~ (Y1 +ihe) Tk d

susy algebra > exterior
calculus on the target

QF ~ (1 —ivpe) g dl



nonlinear sigma model > WWitten index = Euler number

Alvarez-Gaume 1983

Z = lim Tr ((—1)]:€_B{Q’QT};UG> = :I:Z (—1)? dim H?
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susy algebra > exterior
calculus on the target

QF ~ (1 —ivpe) g dl



although, in reality, one really computes
the twisted partition function, or the so-called bulk part

QO = Tr ((l)fe_B{Q’QT}:CG)

I = Q| + 0Z,
B—0 \ for some boundary

/ condition, e.qg., ?
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with superpotential

o' = X'+ 0p" + 67 f!
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flat target with superpotential, as a middle step toward GLSM

o' = X'+ 0p" + 67 f!

1
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flat target with superpotential, as a middle step toward GLSM

Qu = Tr ((—1)Fe_ﬁ{Q’QT} e”G)

1
L = Z/deﬂ DX D, oK + /d6’2 W (®)
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absence of holomorphy

exact matching of B/F degrees of freedom, unlike (0,2)

no available R-symmetry chemical potential, unlike (2,2)

no determinant factors and no surviving chemical potential

usual “localization” scheme is ineffective



the twisted partition function, or the bulk index, is
entirely determined by the real superpotential

Qw = Tr ((—1)F6_5{Q’QT} e“G)

bosonic classical
zero modes action

| |

1 ~ 52
lim Qo — N —(OW)~< /2
613}3 W 27TN /d x det(0;0xkW)e

from fermionic
zero mode integrals

X:ﬁl/2$+...

~

W(x)=W(® — x)



reduction to an ordinary Gaussian integral
with all the nontrivial content encoded in the integration ranges

Qw = Tr ((—1)Fe_ﬁ{Q’QT} e”G)

1
lim QW —

~ /dNCL' det (9,0 W) e~ (OW)*/2
B—0 N
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when the twisted partition function is integral, it is
the winding number of the map = — W btw two Euclidean spaces

OW : R — R"

1 ) .
lim Qy = dNz det (8,0, W) e~ (OW)"/2
5—>0 /27TN / ( JUK )




if integral, the Morse theory

Witten 1982



the superpotential is the Morse function

oW : R" — R"

1 2
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wall-crossing, or not



with N = 1, for a polynomial W

W =ag®" T + a1 ®" + - + api
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with N = 2 and a superpotential which is the real part of a holomorphic
polynomial of degree k + 1, the map » — W is —k -fold cover of C',

zZ =x1 + 129
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W (z) = Re(boz**! + -+ + bry1)
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with N = 2 and a generic real polynomial W of degreek + 1,

Tw = lim Qw = —k, =k +2, —k+4, ..., =k +2[(k+1)/2]
- wall-crossing



with odd N and a generic real polynomial W of odd degree & + 1,

IW: lim QW: lll’l’lQW:O
B—o0 B—0 .
no wall-crossing



for multiple free massive scalars

1
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why wall-crossing ?



the simplest wall-crossing

1
W = §m<132

Zw = lim Quw = lm Quw / dx m e~ (M) /2
w ﬁg’rc}o w B—0 \/27'('
/sgn(m)oo v2 /o
dY e~
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free massive case can be smoothened in the toy model of the form

m®2

W =
1+ V292

m /|l )
lim Qu eV /2 = Erf(m/|\)

B—0 \/271‘ /m/)q
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what do we do if the covering is not complete?

oW : R"™ — R"

includes the origin /NV.-times
with orientation taken into account




integral witten index must be computed with a scaled up
superpotential if the covering is not complete

(C-W) : R* — R"

includes the origin multiple times
with orientations taken into account




integral witten index must be computed with a scaled up
superpotential if the covering is not complete

(C-W) : R* — R"

includes the origin Zyy-times
with orientation taken into account

: 1 2
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what happens if there is an asymptotic flat direction!?
the above scaling cannot lift the asymptotics, nor is it desirable

oW : R"™ — R"

lim lim Qc.w  non-integral ?

C—oo 8—0

D> sgn(det(90W (z.))) ill-defined

OW (x.)=0



the origin moves inside/outside > wall-crossing!

oW : R"™ — R"




Wall-Crossing € Incomplete Winding of dwW

A

Non-Geometric
Euler Number

Landau-Ginsburg

M‘:tem 14982

Winding Number of dw
or Morse Theory with W




everything up to this point is applicable straightforwardly
to all dimensions up to d=3, since the computation proceeds
via toroidal compactification; also, these could have been inferved,
from classic literatures from 1980’s

but things change qualitatively if a gauge sector is introduced



holonomy saddles and gauged Euler index



index, or twisted partition functions in the imit ?

BAg+1

B—0

twisted partition function in d=d+7

Vs
(twisted) partition function in d=d ??



index, or twisted partition functions in the imit ?

BAg+1

G G
Qd-l—l Qd
B—0

not a big surprise, since Witten index is known
to be not preserved upon dimensional reductions

exactly what is the underlying mechanism, against the
naive topological invariance of twisted partition functions !



BAg+1

— Z CG:HQ§[
B—0 H

d+1

at some special holonomy values,

separated from origin at a finite distance,

a theory with smaller field content, with its
own twisted partition function, may reside
and contribute additively to the left hand side

—> holonomy saddles
Hwang, P.Y. 2017



note that localization of twisted partition functions
all secretly takes small radius limit
s —0
the holonomy saddles are relevant

for all types of twisted partition functions



prototype example, with four supercharges:
SU(N) Yang-Mill quantum mechanics vs SU(N) matrix model

QSU(N) _ NXZSU(N) — ZSU(N)/ZN
B—0

Hwang, P.Y. 2017



d=1
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SU(N)
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Hwang, P.Y. 2017



more generally

BA

+ Z c |det G)‘/|WG’ ZH(Z’)

holonomy saddles € no decoupled U(I) factor in the low-energy effective theory

Hwang, P.Y. 2017



Hwang, P.Y. 2017
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holonomy saddles appear because
the periodic gauge holonomy variables must be integrated over
and thus are relevant for all space-time dimensions;

they explain many of subtleties in relating partition functions
of susy gauge theories in two adjacent dimensions,
such as how dualities are not straightforwardly
preserved under dimensional reduction



holonomy saddles also explains
why d=1 GLSM wall-crosses while d=2 GLSM does not

d=2 GLSM elliptic genera

Benini + Eager + Hori + Tachikawa 2013
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d=1 GLSM refined index
Hori + Kim + PY. 2014



holonomy saddles appears because
the periodic gauge holonomy variables must be integrated over
and thus are relevant reqardless of space-time dimensions;

holonomy saddles also allow us to relate
Witten indices of gauge theories across dimensions



the bulk part of Witten indices
can be related across dimensions systematically

St x 71 T4

0G4 (82)

= Y can Qf (2)
L—0 U EH \

purely algebraic factors

BAg+1



in particular, for d=1 susy gauge theories

1d
lim Q=) ZzZ°-



in particular, for d=1 susy gauge theories

o=z -3 3 2

O. IeN.

SN

holonomy saddles light cha%rged scalar multiplets
at the given holonomy saddle



with a single gauge multiplet and multiple scalars

)}3%{2 ZZO*_ZZZ@*

O, IEN.

SN

holonomy saddles light cha%rged scalar multiplets
at the given holonomy saddle

K#I
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all contributions reduce to ordinary Gaussian integrals, and
the relevant details are all stored into the integration domain

v = |qrl||zr|u
W =W (P; X3) s=0pW

21 = XwW
WJE@X.‘?/QW ! !

yr = X5V g2 + (Wi)?

K#£I

1
O. _ 3 |S| 2 1%
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prototype : multiple massive charged scalars

v = |qrl||zr|u

W =W(P; X7)

= X'w

= %Zm;X% . !
’ yk = X"/ qru? + (Wk)?
! K£T
o, _ 3 S| 2 _v
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which shows how holonomy saddles work

)}3%{2 ZZO*_ZZZ@*

O, IEN.

K#I
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prototype :single neutral + multiple charged scalars

=P. (ZJ:QJXE—é)

K;él
O, _
2 PRI 2+|S\/2 /ds /d|8| /d|21\ d(yz/2) sgn(Wr) e~
a KeN,

( —1/lgr|  q§ >0

0 qrér <0



WCP < single neutral + multiple positively charged scalars

—Nf E>0
jim €2 = ZZ@* S DD e
b= O, IEN. I 0 Er <0
K#T
Z?* - 2+\3\/2 ]dg /d|8| /d|ZI| N yK/Q) sgn(Wy)e™
Ke
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what happens if you elevate the WCP prototype to d=3 ?

=P. (ZJ:QJXE—é)

K;él
O, _
2 PRI 2+|S\/2 /ds /d|8| /d|21\ d(yz/2) sgn(Wr) e~
a KeN,
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holonomy saddles proliferate with increasing dimensions !

3d 3d —>595 £>0
lim O34 — O. _ o, _ 37 _
Jim €2 > 2 > >z =) Pz

o. ©. IEN. J 0 <0

£OON / \XQ



the resulting vacuum degeneracy can be also understood
as being due to discrete holonomies along spatial circles

3d 3d _ZJ Q?I f > 0
1‘ 3d — Z@* — ZG* — 3Z _
lim Q¥ =3 2% =3 > 27 =) lulzs

e. 0. IcN. J 0 §<0

/ \ / \ discrete Z,, holonomies

along the two spatial circles,
from the Hamiltonian side



for d=2 and for d=3 without Chern-Simons,
the index computation is uplifted straightwardly

the only difference is that the holonomy saddles
proliferate further, since there are more circles,
hence more of dual holonomy circles



for d<3, asymptotic flat directions can open up along
vector multiplets, but these do not cause wall-crossing

wall-crossing occurs only if an asymptotic flat direction
opens up along the scalar multiplet



Chern-Simons theories and dualities



how do we deal with Chern-Simons term

in this inherently 0-dimensional computation!?

K
— | tr(ANdA <+ --.
4W/r( L)

supersymmetric Landau problem
on the spatial holonomy torus !

LA e apad
y r(uitly — Uty + -+ )



which leads to a polynomial with degree = rank

é%ﬂ3dzﬂo+nl-ﬂl+---+mr-ﬂr

3d
— 3 ?)d - 9*
QO:%{}I}JQ;&:O— E , E : Z;
©. IeN.

the obvious uplift of d=1 index to d=3,
with the proliferation of the holonomy saddles

_ZIQ% §>0
QBNCP:
0 Er <0



for SO(2) Chern-Simons theories

éiE})Q?’d:QOnLn-Ql

= (27T)1|3/2 /d|S|S/Hd(93/2) e~ (s s+, v3)/2

again, all the integral reduces to ordinary
Gaussian ones, and all the relevant details
are stored into the integration domain W =W (P; X7)

SEapW

ys = X7/ qra® + (Wy)2



for SO(2) Chern-Simons theories

éig})Q?’d:QOan-Ql

he (27r)1|8/2 fd8|8/Hd(y§</2) e~ (Dos "+ V)2

the holonomy variables decoupled
from the integrand and contribute

via an overall volume factor, which W =W (P; X3)
is essential in relating the integer K

to the magnetic “flux” of the Landau s =0pW
problem

ys = X7\ qu? 4+ (Wy)?
hence, no holonomy saddles for this piece



for SO(2) Chern-Simons theories

éig})Q?’d:QOan-Ql

e (27r)1|8/2 /d|S|S/Hd(y3/2) e (s 5420, v3)/

the holonomy variables decoupled
from the integrand and contribute

via an overall volume factor, which W =W (P; X3)
is essential in relating the integer K

to the magnetic “flux” of the Landau s =0pW
problem

ys = X7\ qu? 4+ (Wy)?
hence, no holonomy saddles for this piece



for SO(2) Chern-Simons theories

éiE})QBd:QO—I—ﬁ:-Ql
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T 0d
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for SO(2) Chern-Simons theories

éii%Q?’d:QO—kn-Ql

A

winding number of
charge-neutral sector



wall-crossing occurs at the level of the individual
Gaussian integrals that construct

QOa Qla QZ&

and thus occurs in all dimensions including d=3



a WCP-like prototype

1
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which, with twice the supersymmetries, reduces to

W:(E'(ZQJX%—S)—%REQ) P =2
J

m — —K

a— 0
k=521 47 <0

1
:—|’€|—§ZQ?I
J

no wall-crossing but vacuum locations depend on sign of ¢



reproduces Intriligator-Seiberg counting
for d=3 N=2 Chern-Simons-Matter,
and shows systematically
how wall-crossing turns off there



some d=3 N=1 dual pairs

SO(2)
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_m 2_1 4
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|
]

_m 2_1 4
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Wess-Zumino

1
W =P(|X|*+m)— §P3

SO(2)

M=

7% = —1
1
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some d=3 N=1 dual pairs

Wess-Zumino
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w="21Q
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Wall-Crossing € Incomplete Winding of dwW

“Gauged”
Euler Number

GLSM

/

Winding Numbers of dw
+ Holonomy Saddles
(for d=3 CS, + d=1 SUSY Landau Problems)



	“Gauged” Euler Index, Wall-Crossing,�and Holonomy Saddles 
	슬라이드 번호 2
	 wall-crossing of d=1 Gauged Linear Sigma Models �with 2 (or less) complex supercharges
	d=2 Gauged Linear Sigma Models with (2,2) supersymmetry
	d=2 Gauged Linear Sigma Models with (0,2) supersymmetry
	twisted partition functions for refined index, e.g.,
	which often translate to Jeffrey-Kirwan contour integrals 
	슬라이드 번호 8
	슬라이드 번호 9
	basic supermultiplets fall into two types
	auxiliary fields, D and F, both belong to scalar multiplets
	we are interested in toroidal twisted partition functions in the small Euclidean time limit, a.k.a., the bulk index, which computes the integral index when the dynamics is fully gapped
	슬라이드 번호 13
	nonlinear sigma model
	nonlinear sigma model  differential-form-valued wavefunctions
	nonlinear sigma model     Witten index  =  Euler number
	although, in reality, one really computes �the twisted partition function, or the so-called bulk part
	with superpotential
	flat target with superpotential, as a middle step toward GLSM
	flat target with superpotential, as a middle step toward GLSM
	슬라이드 번호 21
	the twisted partition function, or the bulk index, is �entirely determined by the real superpotential
	reduction to an ordinary Gaussian integral �with all the nontrivial content encoded in the integration ranges
	when the twisted partition function is integral, it is�the winding number of the map               btw two Euclidean spaces
	슬라이드 번호 25
	the superpotential is the Morse function
	슬라이드 번호 27
	with          ,  for a polynomial
	with            and a superpotential which is the real part of a holomorphic�polynomial of degree         ,  the map                is       -fold cover of     ,
	with           and a generic real polynomial      of degree         ,
	with odd     and a generic real polynomial     of odd degree         ,
	for multiple free massive scalars
	슬라이드 번호 33
	the simplest wall-crossing
	free massive case can be smoothened in the toy model of the form
	what do we do if the covering is not complete? 
	integral witten index must be computed with a scaled up superpotential if the covering is not complete
	integral witten index must be computed with a scaled up superpotential if the covering is not complete
	what happens if there is an asymptotic flat direction?�the above scaling cannot lift the asymptotics, nor is it desirable
	the origin moves inside/outside  wall-crossing!
	슬라이드 번호 41
	슬라이드 번호 42
	슬라이드 번호 43
	index, or twisted partition functions in the small radius limit ?
	index, or twisted partition functions in the small radius limit ?
	슬라이드 번호 46
	슬라이드 번호 47
	prototype example, with four supercharges:�SU(N) Yang-Mill quantum mechanics vs SU(N) matrix model 
	SU(N)
	more generally
	슬라이드 번호 51
	슬라이드 번호 52
	슬라이드 번호 53
	holonomy saddles also explains�why d=1 GLSM wall-crosses while d=2 GLSM does not
	슬라이드 번호 55
	the bulk part of Witten indices�can be related across dimensions systematically
	in particular, for d=1 susy gauge theories
	in particular, for d=1 susy gauge theories
	with a single gauge multiplet and multiple scalars
	all contributions reduce to ordinary Gaussian integrals, and �the relevant details are all stored into the integration domain
	prototype : multiple massive charged scalars
	which shows how holonomy saddles work
	prototype : single neutral + multiple charged scalars
	WCP  single neutral + multiple positively charged scalars
	what happens if you elevate the WCP prototype to d=3 ?
	holonomy saddles proliferate with increasing dimensions !
	the resulting vacuum degeneracy can be also understood �as being due to discrete holonomies along spatial circles
	슬라이드 번호 68
	슬라이드 번호 69
	슬라이드 번호 70
	슬라이드 번호 71
	which leads to a polynomial with degree = rank
	for SO(2) Chern-Simons theories
	for SO(2) Chern-Simons theories
	for SO(2) Chern-Simons theories
	for SO(2) Chern-Simons theories
	for SO(2) Chern-Simons theories
	슬라이드 번호 78
	a WCP-like prototype
	which, with twice the supersymmetries, reduces to 
	슬라이드 번호 81
	some d=3 N=1 dual pairs
	some d=3 N=1 dual pairs
	슬라이드 번호 84

