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• Modularity of GW Invariants on Elliptic 4-folds 

· Elliptic Calabi-Yau manifolds with non-trivial sections:  

                            (d=3 for 4-folds) with                          (rk-1 mostly assumed in this talk)   

· Generating functions for appropriately collected GW invariants:  

                                                             
 

· Such generating functions are expected to exhibit modularity  
 —  3-folds:  a lot known,  Jacobi [Haghighat, Murthy, Vafa, Vandoren ’15], [Huang, Katz, Klemm ’15] 
 —  4-folds:  much less known,  not Jacobi in general [S.-J.L., Lerche, Weigand ’19] 
 

             Characterization of a behavior under modular/elliptic transformations?

Motivation 

Question 1: Gromov-Witten Theory

⇡ : Yd+1 ! Bd
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• Weak Gravity Conjecture(s)       

· Gravity is “weakest” [Arkani-Hamed, Motl, Nicolis, Vafa ’06] 

       a super-extremal particle with 
 

       a super-extremal tower 
 

       a super-extremal sublattice 

· Minimal ver.      Tower ver.      Sublattice ver. 

· Verified in F-theory/heterotic compactifications (in weak gauge-coupling regimes) for    

 — General 6d N=(1,0) EFTs [S.-J.L., Lerche, Weigand  ’18] 

 — Special (non-generic) 4d N=1 EFTs [S.-J.L., Lerche, Weigand  ’19] 
 

             Verification for general EFTs with 4 supercharges?

Motivation 

Question 2: Weak Gravity Conjectures

g2q2 � cM2µ

Application: WGC
Zell. = Z−1,m + ξ∂ξZ−2,m

1) If Z−2,m != 0:
Θ-function decomposition for Z−2,m:

spectrum contains states with

q2k = 4mnk for qk = 2mk

=⇒ q
2
k g2YM =

M2
n

M2
Pl

+ 4mg2YM

q
2
k g2YM >

M2
n

M2
Pl

2) If Zell. = Z−1,m

Θ-function decomposition for Z−1,m:

spectrum contains states with

q2k = 4m(nk−1)+!2 for qk = 2mk ± !

q
2
k g2YM >

M2
n

M2
Pl

StringMath20, July 30 2020 – p.31

(a =
p
µ/g)
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• Modularity of GW Invariants on Elliptic 4-folds 

· The generating functions,                     , once shifted as                      , take the form: 

  
 
            Jacobi forms of weight w (= -1, -2) and index m  

· Connection b/w GW theory on an elliptic CY 4-fold and those on 3-folds therein

• Weak Gravity Conjecture(s) 

· The conjectures hold for general 4d N=1 compactifications of F-theory with fluxes  

· There exist a tower of super-extremal particles, which form a (shifted) sublattice:  
 — minimal, tower, and sublattice versions hold

Main Results 

A Schematic Summary

Z = �qE0F
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Z = Z�1,m + ⇠@⇠Z�2,m
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to be determined by the topology

FY4
Cb;G4

(q, ⇠)
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• Modular Structure of GW invariants 

· GLSM lovers also love GW invariants…  

· An analytic formula can be found for                      if 4-folds admit a GLSM description

• Elliptic Genera in 4d N=1 Theories 

·                      are in fact elliptic genera of certain solitonic strings with N=(0,2) SUSY 

 — critical heterotic strings (perturbative or not) 
 — non-critical strings (such as “E-strings”) 

· One can gain direct access to the elliptic genera via a UV GLSM (if exists)

Why Care 

Where are GLSMs?

Z = �qE0F
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<latexit sha1_base64="/C+0jwAwh+uado8xIF+9LgXXnCg=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICWRgq9NoaAuK9gHNCFMppN26OThzEQsIT/gxl9x40IRt+7d+TdO2iy0euDC4Zx7ufceN2JUSMP40gpz8wuLS8Xl0srq2vqGvrnVFmHMMWnhkIW86yJBGA1IS1LJSDfiBPkuIx131Mj8zh3hgobBjRxHxPbRIKAexUgqydH3LB/JIUYMXjhJw0ks7kM3PYeXTi2FldtDaN3TA0cvG1VjAviXmDkpgxxNR/+0+iGOfRJIzJAQPdOIpJ0gLilmJC1ZsSARwiM0ID1FA+QTYSeTb1K4r5Q+9EKuKpBwov6cSJAvxNh3VWd2u5j1MvE/rxdL78ROaBDFkgR4usiLGZQhzKKBfcoJlmysCMKcqlshHiKOsFQBllQI5uzLf0n7qGrWqqfXtXL9LI+jCHbALqgAExyDOrgCTdACGDyAJ/ACXrVH7Vl7096nrQUtn9kGv6B9fAOqrJoB</latexit>



                Solitonic Strings in 4d F-theory  
                           1. Arena 
                                                Rudiments of F-theory 
 

                Part I. Gromov-Witten Theory on Elliptic 4-folds   

                           2. Elliptic Genera 
                                                Connection to the GW Theory and Modularity 

                           3. Example
                                                An Explicit Model with a U(1) Vector  
 

                Part II. Weak Gravity Conjectures in 4 Dimensions 
                           4. Tensionless String  
                                                Geometry of  Weak-Coupling Limits 

                           5. Super-Extremal Tower 
                                                Quasi-Jacobi Elliptic Genera  
 

                Conclusions 
 

Outline



Solitonic Strings in 4d F-theory  



1/5. Arena 



• D-dim’l  F—theory 

· IIB string theory on B d with varying axio-dilaton 

 — d = 2, 3 lead to eff. physics in D = 10 - 2d = 6, 4 dimensions 

· Dilaton profile via an elliptic CY manifold,                   

· Gauge fields from 7-branes on a divisor b

• Gravity and Gauge Dynamics 

· Planck scale and gauge coupling are given as 
 

· In this talk: mostly assume G=U(1) to be concrete

• Moduli Space 

· The Kahler class J can be deformed to change the couplings

F-theory 

Elliptic Fibration and Gauge Algebra

⇡ : Yd+1 ! Bd
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The setup

• 7-brane on C

volJ(C) ∼ t ∼ 1
g2
YM

→ ∞

• curve C0 with C0 · C $= 0

volJ(C0) ∼
1
2t → 0

Ringberg - 23/07/18 – p.20

B2

b7-brane

Bd
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M4
Pl ⇠ volJ(B2) := 1

1/g2 ⇠ volJ(b)

D-2
d 



• Sections and Shioda Map 

· Non-zero (rational) section S in add. to the zero section S0  

· Shioda map (see e.g. the reviews [Weigand ’18], [Cvetic, Lin ’18]) 

 
 
   w/ the def. properties: 

• U(1) Vectors 

· F/M-duality leads to a U(1) vector:   

· The gauge coupling is computed as  

  where                                         is the height-pairing 

· Fibral curve Cf (in addition to the full fiber CE) leads to charged matter

Geometric Origin of U(1)s 

Sections and Shioda Map

�(S) = S � S0 � ⇡⇤(D)
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For definiteness we now focus on gauge group G = U(1). Geometrically, in such situation
the fourfold Y4 then exhibits an extra rational section, S, in addition to the zero-section, S0.
Associated with S is the divisor class

� ⌘ �(S) 2 H1,1(Y4) , (2.10)

which is the image of the Shioda map. It has the defining properties that

� � ⇡⇤w6 = 0 , � � S0 � ⇡
⇤w4 = 0 8w6 2 H6(B3) , w4 2 H4(B3) . (2.11)

Here and in what follows we use the notation � for the intersection product on Y4, i.e.,

wa � wb � . . . � w8�a�b�... =

Z

Y4

wa ^ wb ^ . . . ^ w8�a�b�... . (2.12)

Given � we can expand the M-theory 3-form as C3 = A ^ � + . . ., where the 1-form field A
becomes the G = U(1) gauge potential in the dual M-theory.

In the language of Type IIB/F-theory, the abelian gauge group is associated with a linear
combination of 7-branes, each wrapping a 4-cycle on B3. The linear combination of four-cycles
associated with the U(1) in this way can be identified with the the so-called height-pairing

bU(1) ⌘ b = �⇡⇤(� � �) . (2.13)

As mentioned before, in addition to the gauge potential there will in general be a collection
of massless charged matter fields. In the Type IIB/F-theory picture, massless N = 1 chiral
multiplets with

U(1) charge Q = r (2.14)

arise from open strings stretched between the 7-branes. The open strings give rise to massless
states of charge r which are localized on certain (self-)intersecting curves of the 7-branes on
B3. We will call these “matter curves” and denote them by ⌃r. In the M-theory picture, the
charged matter fields are obtained by wrapping M2-branes on curves C f

r
which sit in the fiber

of Y4 over ⌃r. Their charges are determined by the intersection product with the Shioda map:

r = � � C f
r
. (2.15)

Apart from the geometry intrinsic to the fourfold Y4, the e↵ective theory also depends on
the background flux, which, via the duality to M-theory, is encoded in a flux G 2 H4(Y4,R)
in M-theory. It is quantized such that G + 1

2c2(Y4) 2 H4(Y4,Z). Importantly for us, the

primary vertical subspace H2,2
vert(Y4,R), as sketched in (2.2), receives additional structure if Y4

is elliptically fibered. In this case, H2,2
vert(Y4,R) is spanned by three di↵erent types of 4-forms

which can be characterised as follows:

H2,2
vert(Y4,R) = H2,2

(0) (Y4,R) [H2,2
(�1)(Y4,R) [H2,2

(�2)(Y4,R) (2.16)

with

H2,2
(0) (Y4,R) = h(S0 +

1

2
⇡⇤(K̄B3)) ^ ⇡⇤(wi)i

H2,2
(�1)(Y4,R) = h�(S) ^ ⇡⇤(wi)i

H2,2
(�2)(Y4,R) = h⇡⇤(wi) ^ ⇡⇤(wj)i .

(2.17)

13

C3 = A ^ �(S) + · · ·

<latexit sha1_base64="x+xD/48pluYbhyeHRtRxXJzOCqU="></latexit>

1/g2 =

Z

Y4

� ^ ⇤� �! vol(b)

<latexit sha1_base64="bkV4S0tEBY3HcjNwPwBfH0gLzQg="></latexit>

b := �⇡⇤(� � �) 2 H
2(B3)

<latexit sha1_base64="8BGY/OHyn/0NYvlq/qE6tR6Ujng="></latexit>

(S0,�(S)) � Cf = (0, 1)

<latexit sha1_base64="DgEzrkeCcmMoOh5c5DH8gEcr2qA="></latexit>

(S0,�(S)) � CE = (1, 0)

<latexit sha1_base64="PQQp/F1l/2MoQ5aJ9UtIRZrKAdI="></latexit>

S0

<latexit sha1_base64="25ZGXDo8Toudc447ntorxN8z+Zs=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ0+MY8ZTwIvHSMwCyRB6Oj1Jk56F7h4hhHyCFw+KePWLvPk3dhZBRR8UPN6roqpekAquNMYf1srq2vrGZm4rv72zu7dfODhsqiSTlDVoIhLZDohigsesobkWrJ1KRqJAsFYwup75rXsmFU/iOz1OmR+RQcxDTok2Ur3ew71CEdueh8uOi7B9gXHJ9QzB56WK6yLHxnMUYYlar/De7Sc0i1isqSBKdRycan9CpOZUsGm+mymWEjoiA9YxNCYRU/5kfuoUnRqlj8JEmoo1mqvfJyYkUmocBaYzInqofnsz8S+vk+mw4k94nGaaxXSxKMwE0gma/Y36XDKqxdgQQiU3tyI6JJJQbdLJmxC+PkX/k2bJdsq2d1suVq+WceTgGE7gDBy4hCrcQA0aQGEAD/AEz5awHq0X63XRumItZ47gB6y3T0FPjco=</latexit>

 

7-brane



• Vertical Fluxes 

· Supersymmetric fluxes 

· Genus-0 GW invariants via mirror symmetry of 4-folds:  

• 4d F-theory on Y4  

· Lorenz inv. imposes the fluxes to lie in the transversal subspace                    : 

 
 

· The vertical flux space decompose in general as  

 
   

Fluxes 

Vertical and Transversal

G4 2 H
2,2(Y4)

<latexit sha1_base64="qQ9jrpf7HFKnXyvL7crhOPpGPpU=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJCfhYFVzYZQX7kDaGyXTSDp1MwsxEqKH4K25cKOLW/3Dn3zhts9DWAxcO59zLvff4MaNSWda3kVtaXlldy68XNja3tnfM3b2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzh1cRvPRAhacRv1Sgmboj6nAYUI6Ulzzy49hzYpRzW7tPKaWVcuvOcE88sWmVrCrhI7IwUQYa6Z351exFOQsIVZkjKjm3Fyk2RUBQzMi50E0lihIeoTzqachQS6abT68fwWCs9GERCF1dwqv6eSFEo5Sj0dWeI1EDOexPxP6+TqODcTSmPE0U4ni0KEgZVBCdRwB4VBCs20gRhQfWtEA+QQFjpwAo6BHv+5UXSrJRtp3xx4xSrl1kceXAIjkAJ2OAMVEEN1EEDYPAInsEreDOejBfj3fiYteaMbGYf/IHx+QNLq5Mv</latexit>

= H
2,2
hor(Y4)�H

2,2
vert(Y4)�H

2,2
rem(Y4)

<latexit sha1_base64="zDbJItkzt2Tze90CIjD/dGHXeAM=">AAACQXicdVBLSwMxGMzWV62vVY9egkWoIGW3FHyAUPDSYwX7kLYu2TRtQ5PNkmSFsuxf8+I/8ObdiwdFvHoxfQi21YHAMPPNl2T8kFGlHefZSi0tr6yupdczG5tb2zv27l5NiUhiUsWCCdnwkSKMBqSqqWakEUqCuM9I3R9cjfz6PZGKiuBGD0PS5qgX0C7FSBvJsxuXsHwXF04KiRe3JId9IROYu/WKx7AlQhapWdus0sn/tiT8J+3ZWSfvjAEXiTslWTBFxbOfWh2BI04CjRlSquk6oW7HSGqKGUkyrUiREOEB6pGmoQHiRLXjcQMJPDJKB3aFNCfQcKz+TsSIKzXkvpnkSPfVvDcS//Kake6etWMahJEmAZ5c1I0Y1AKO6oQdKgnWbGgIwpKat0LcRxJhbUrPmBLc+S8vkloh7xbz59fFbOliWkcaHIBDkAMuOAUlUAYVUAUYPIAX8AberUfr1fqwPiejKWua2QczsL6+AUJvrR8=</latexit>

IIA on X4 with IIA on Y4 with

H
2,2
(�1)(Y4,R)

<latexit sha1_base64="scPpl+W7wTFXBsvuOPxijDNRBnA=">AAACFnicbVBLSwMxGMz6rPW16tFLsAgttGW3FKq3gpceq9iHdNclm6ZtaPZBkhXKsr/Ci3/FiwdFvIo3/43pdg/aOhAYZr4vmYwbMiqkYXxra+sbm1vbuZ387t7+waF+dNwVQcQx6eCABbzvIkEY9UlHUslIP+QEeS4jPXd6Nfd7D4QLGvi3chYS20Njn44oRlJJjl6JrfSSmJNhAlv3ca1cS5y4WDFLCSzeOfUytDwkJ64Lb0qJoxeMqpECrhIzIwWQoe3oX9YwwJFHfIkZEmJgGqG0Y8QlxYwkeSsSJER4isZkoKiPPCLsOE2UwHOlDOEo4Or4Eqbq740YeULMPFdNziOKZW8u/ucNIjm6sGPqh5EkPl48NIoYlAGcdwSHlBMs2UwRhDlVWSGeII6wVE3mVQnm8pdXSbdWNevVy+t6odnI6siBU3AGisAEDdAELdAGHYDBI3gGr+BNe9JetHftYzG6pmU7J+APtM8f8oSdTQ==</latexit>

Transversal U(1) Fluxes

H
2,2
vert(Y4,R) = H

2,2
(0) (Y4,R)�H

2,2
(�1)(Y4,R)�H

2,2
(�2)(Y4,R)

<latexit sha1_base64="LaPfpAPIQRB1gOZxEQX/tVbDlxQ="></latexit>

G
Y
4 2 H

2,2
vert(Y4)
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G
X
4 2 H

2,2
hor(X4)
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H
1,1(Y4) ^H

1,1(Y4)
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H
4,0(Y4)
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from                via variation of Hodge structure

G4 � ⇡⇤D↵ � ⇡⇤D� = 0
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G4 � S0 � ⇡⇤D↵ = 0

<latexit sha1_base64="FWucfUsbBDO1da5xTmbcFiaN16I="></latexit>

8D↵ 2 H
1,1(B3)
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Spanh(S0 +
1

2
⇡⇤K̄B3) ^ ⇡⇤D↵i

<latexit sha1_base64="ewX4fXn0AdiEQ+QxD6RjhnkZxCQ="></latexit>

Spanh�(S) ^ ⇡⇤D↵i

<latexit sha1_base64="OgfWVkRqo0CyhwlWlgLVy67FOos="></latexit>

Spanh⇡⇤D↵ ^ ⇡⇤D�i
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[Greene, Morrison, Plesser ’94] 
[Braun, Watari ’14] 



• Branes on Curves  

· D7 brane on b :    gauge multiplet 

· D3 brane on Cb :  effective string 

• The String WS   
 

· 
 
 
 

· 3-7 modes present at            are charged under the 4d gauge group

Rudiments 

Solitonic Strings
The setup

• 7-brane on C

volJ(C) ∼ t ∼ 1
g2
YM

→ ∞

• curve C0 with C0 · C $= 0

volJ(C0) ∼
1
2t → 0

Ringberg - 23/07/18 – p.20

b 7-brane 3-brane

[Martucci ’14], [Haghighat, Murthy, Vafa, Vandoren ’15], [Lawrie, Schafer-Nameki, Weigand ‘16]  

Cb · b
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Cb
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N=(0,2) WS of a 4d string
Twisted reduction along Cb of N=4 SYM  

with varying coupling



• Fibered Base 3-fold 

· Will mostly consider base B3’s admitting a rational fibration: 
 

• D3 on Cb = C0 

· 4d critical heterotic string  

· Normal bundle 

· #(charged Fermi fields in the 3-7 sector) =   

• D3 on Cb = Ca   (a=1,2) 

· 4d non-critical “E-string” 

· Normal bundle  

· #(charged Fermi fields in the 3-7 sector) =  

Rudiments 

Solitonic Strings: Critical or Non-Critical

O �O
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8K̄B3 · C0 = 16

<latexit sha1_base64="ucD0pmx1nj2+p3wAGQ2jOUELvj8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSLVkEodiO4qWAf0IQwmUzaoZNMmJkIJXTlxl9x40IRt36DO//GaZuFth64cDjnXu69x08Ylcqyvo2FxaXlldXCWnF9Y3Nr29zZbUmeCkyamDMuOj6ShNGYNBVVjHQSQVDkM9L2B/Wx334gQlIe36thQtwI9WIaUoyUljzzoAodHwl462XX3ukIOjjgCtY9C15B+8wzS1bZmgDOEzsnJZCj4ZlfTsBxGpFYYYak7NpWotwMCUUxI6Oik0qSIDxAPdLVNEYRkW42eWMEj7QSwJALXbGCE/X3RIYiKYeRrzsjpPpy1huL/3ndVIVVN6NxkioS4+miMGVQcTjOBAZUEKzYUBOEBdW3QtxHAmGlkyvqEOzZl+dJ66RsV8oXd5VS7TKPowD2wSE4BjY4BzVwAxqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/yB8fkDEK2WTA==</latexit>

8K̄B3 · C0 = 8

<latexit sha1_base64="MqOpyHtQXMuPVYmGsg+70786Adg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUm0YBWEYjeCmwr2AU0Ik8mkHTqZhJmJUEI3bvwVNy4Uces/uPNvnLZZaOuBC4dz7uXee/yEUaks69soLC2vrK4V10sbm1vbO+buXlvGqcCkhWMWi66PJGGUk5aiipFuIgiKfEY6/rAx8TsPREga83s1SogboT6nIcVIackzD2vQ8ZGAt1527Z2NoYODWMGGZ8ErWPPMslWxpoCLxM5JGeRoeuaXE8Q4jQhXmCEpe7aVKDdDQlHMyLjkpJIkCA9Rn/Q05Sgi0s2mX4zhsVYCGMZCF1dwqv6eyFAk5SjydWeE1EDOexPxP6+XqrDmZpQnqSIczxaFKYMqhpNIYEAFwYqNNEFYUH0rxAMkEFY6uJIOwZ5/eZG0Tyt2tXJxVy3XL/M4iuAAHIETYINzUAc3oAlaAINH8AxewZvxZLwY78bHrLVg5DP74A+Mzx+b5JYT</latexit>

p : B3 ! B2 , C0 := p�1(pt)

<latexit sha1_base64="e9psN4UNdM482HemoDHY084YFbc="></latexit>

 

E8 X E8  or  SO(32)

E8



Part I.  
 

Gromov-Witten Theory on Elliptic 4-folds



2/5. Elliptic Genera 



• Elliptic Genus 

·                                            ,  where                and  

· Refined by U(1) flavor fugacity: especially crucial in 4d as   

· Information on the left-movers of the N=(0,2) worldsheet CFT  

· For the heterotic case:  level-matched to give particle excitations

• In the Current Context  

· Expansion coefficients are (related to) the GW invariants 

· Well-defined behavior under modular/elliptic transformations

Elliptic Genera 

U(1)-Refined

Z(⌧, z) ⌘ TrRR

⇥
(�1)FF qHL q̄HR⇠J

⇤

<latexit sha1_base64="mTSU6217efU/iMSnY2nxJAwzE10="></latexit>

q = e2⇡i⌧

<latexit sha1_base64="BKLHr/1wFEnJc1ipcmkQNPdBhmw=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KUQvUgFLx4rGA/oKlls920SzebuLtRSuxP8eJBEa/+Em/+G7dtDtr6YODx3gwz8/yYM6Ud59vKra1vbG7ltws7u3v7B3bxsKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3w189sPVCoWiVs9iWkvxEPBAkawNlLfLt5f0ru04sUMMeRpnEz7dskpO3OgVeJmpAQZGn37yxtEJAmp0IRjpbquE+teiqVmhNNpwUsUjTEZ4yHtGipwSFUvnZ8+RadGGaAgkqaERnP190SKQ6UmoW86Q6xHatmbif953UQH572UiTjRVJDFoiDhSEdolgMaMEmJ5hNDMJHM3IrICEtMtEmrYEJwl19eJa1K2a2WL26qpXotiyMPx3ACZ+BCDepwDQ1oAoFHeIZXeLOerBfr3fpYtOasbOYI/sD6/AFvX5N1</latexit>

⇠ = e2⇡iz

<latexit sha1_base64="VHFvkxM0Mfl/1PziHq9Vj3UkoIE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJSqB6EghePFewHNLVstpN26WYTdjdqjf0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnh9zprTjfFsrq2vrG5u5rfz2zu7evl04aKookRQaNOKRbPtEAWcCGpppDu1YAgl9Di1/dDn1W3cgFYvEjR7H0A3JQLCAUaKN1LML3gO7wHCblr2YYYYfJz276JScGfAycTNSRBnqPfvL60c0CUFoyolSHdeJdTclUjPKYZL3EgUxoSMygI6hgoSguuns9Ak+MUofB5E0JTSeqb8nUhIqNQ590xkSPVSL3lT8z+skOjjrpkzEiQZB54uChGMd4WkOuM8kUM3HhhAqmbkV0yGRhGqTVt6E4C6+vEya5ZJbKZ1fV4q1ahZHDh2hY3SKXFRFNXSF6qiBKLpHz+gVvVlP1ov1bn3MW1esbOYQ/YH1+QMNaJM1</latexit>

Z(⌧, z = 0) = 0

<latexit sha1_base64="uwItTCJDajggdc+dN46OJp5Hrts=">AAACA3icbVDLSgNBEJz1GeNr1ZteBoMQQcKuBKKHQMCLxwjmgdkl9E4myZDZBzOzQlwCXvwVLx4U8epPePNvnE32oIkFDUVVN91dXsSZVJb1bSwtr6yurec28ptb2zu75t5+U4axILRBQh6KtgeSchbQhmKK03YkKPgepy1vdJX6rXsqJAuDWzWOqOvDIGB9RkBpqWseOj6oIQGO74qOgvgMP1StU1zFFu6aBatkTYEXiZ2RAspQ75pfTi8ksU8DRThI2bGtSLkJCMUIp5O8E0saARnBgHY0DcCn0k2mP0zwiVZ6uB8KXYHCU/X3RAK+lGPf053pxXLeS8X/vE6s+hduwoIoVjQgs0X9mGMV4jQQ3GOCEsXHmgARTN+KyRAEEKVjy+sQ7PmXF0nzvGSXS5c35UKtksWRQ0foGBWRjSqohq5RHTUQQY/oGb2iN+PJeDHejY9Z65KRzRygPzA+fwBQDJVX</latexit>



• F/M Duality 

 
 
 
 
                                                                       
 
 

• GW Invariants on Elliptic 3-folds 

·                                         ,  computable via mirror symmetry for 3-folds 
 

·                         

Connection to GW Theory 

6d Strings

        6d F-theory on 
· String wrapped on the     with  
  winding 1 and momentum n 

· Elliptic genus of 6d string

S1

S1

           5d M-theory 
· M2 wrapped on Cb + n CE 

· BPS invariants for the 5d particles

[Klemm, Mayr, Vafa  ’96]

· Expansion coefficients N(n,r) 
 

· 

· Genus-0 GW invariants:        for Cn,r 
             for Cn,r = Cb + n CE + r Cf 

· Kahler parameters for (CE, Cf)

ZCb(⌧ , z) = �qE0
X

N(n, r)qn⇠r

<latexit sha1_base64="qWOWFf7asWwcTxtbwsYdX4a9aqU="></latexit>

(⌧ , z)

<latexit sha1_base64="PCC/AJDO3gS8YbRkU2xcz18FOe0="></latexit>

,    with

FCb(q, ⇠) =
X

n,r

h · iY3

Cn,r
qn⇠r

<latexit sha1_base64="ztUnuh2CskfvYZXL3COJ7fH7eVo="></latexit>

[Klemm, Mayr, Vafa  ’96],  
[Haghighat, Iqbal, Kozcaz, Lockhart, Vafa ’13],  
[Haghighat, Klemm, Lockhart, Vafa ’14] … ZCb(q, ⇠) = �qE0FCb(q, ⇠)

<latexit sha1_base64="DiAIu4fjI9rBl/j6tYxDpbG4bLI="></latexit>

E0 = �1

2
Cb · K̄B2

<latexit sha1_base64="GRjchCcj5FyX/t5cok9Bmpdkdqo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g6UgiCUphepCKBZBcFPBPqAJYTKZtEMnD2YmQgn5CDf+ihsXirh14c6/cdpmoa0HLhzOuZd773FjRoU0jG+tsLK6tr5R3Cxtbe/s7un7B10RJRyTDo5YxPsuEoTRkHQklYz0Y05Q4DLSc8etqd97IFzQKLyXk5jYARqG1KcYSSU5+um1Y8BLeGb5HGGzBltOavEAuhm0sBdJaLmIw1snvXJqmaOXjaoxA1wmZk7KIEfb0b8sL8JJQEKJGRJiYBqxtFPEJcWMZCUrESRGeIyGZKBoiAIi7HT2VAYrSvGgH3FVoYQz9fdEigIhJoG6tBIgORKL3lT8zxsk0j+3UxrGiSQhni/yEwZlBKcJQY9ygiWbKIIwp+pWiEdIxSNVjiUVgrn48jLp1qpmvXpxVy83G3kcRXAEjsEJMEEDNMENaIMOwOARPINX8KY9aS/au/Yxby1o+cwh+APt8weivpwW</latexit>

h · iY3

Cn,r

<latexit sha1_base64="LA/aelF/ssQJoncW2VplKsp+5qg="></latexit>

Y3

<latexit sha1_base64="bO7hQzUL5wxv//ajx3E4vniqQ/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0i0oN4KXjxWtB/ShrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8MJXCoOd9OYWV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWOrmd+65FrIxJ1j+OUBzEdKBEJRtFKdw+981654rneHOQv8XNSgRz1Xvmz209YFnOFTFJjOr6XYjChGgWTfFrqZoanlI3ogHcsVTTmJpjMT52SE6v0SZRoWwrJXP05MaGxMeM4tJ0xxaFZ9mbif14nw+gymAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C+//Jc0z1y/6l7dVis1N4+jCEdwDKfgwwXU4Abq0AAGA3iCF3h1pPPsvDnvi9aCk88cwi84H9/dS417</latexit>

Y3

<latexit sha1_base64="bO7hQzUL5wxv//ajx3E4vniqQ/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0i0oN4KXjxWtB/ShrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8MJXCoOd9OYWV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWOrmd+65FrIxJ1j+OUBzEdKBEJRtFKdw+981654rneHOQv8XNSgRz1Xvmz209YFnOFTFJjOr6XYjChGgWTfFrqZoanlI3ogHcsVTTmJpjMT52SE6v0SZRoWwrJXP05MaGxMeM4tJ0xxaFZ9mbif14nw+gymAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C+//Jc0z1y/6l7dVis1N4+jCEdwDKfgwwXU4Abq0AAGA3iCF3h1pPPsvDnvi9aCk88cwi84H9/dS417</latexit>

Y3

<latexit sha1_base64="bO7hQzUL5wxv//ajx3E4vniqQ/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0i0oN4KXjxWtB/ShrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8MJXCoOd9OYWV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWOrmd+65FrIxJ1j+OUBzEdKBEJRtFKdw+981654rneHOQv8XNSgRz1Xvmz209YFnOFTFJjOr6XYjChGgWTfFrqZoanlI3ogHcsVTTmJpjMT52SE6v0SZRoWwrJXP05MaGxMeM4tJ0xxaFZ9mbif14nw+gymAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C+//Jc0z1y/6l7dVis1N4+jCEdwDKfgwwXU4Abq0AAGA3iCF3h1pPPsvDnvi9aCk88cwi84H9/dS417</latexit>

Y3

<latexit sha1_base64="bO7hQzUL5wxv//ajx3E4vniqQ/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0i0oN4KXjxWtB/ShrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8MJXCoOd9OYWV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWOrmd+65FrIxJ1j+OUBzEdKBEJRtFKdw+981654rneHOQv8XNSgRz1Xvmz209YFnOFTFJjOr6XYjChGgWTfFrqZoanlI3ogHcsVTTmJpjMT52SE6v0SZRoWwrJXP05MaGxMeM4tJ0xxaFZ9mbif14nw+gymAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C+//Jc0z1y/6l7dVis1N4+jCEdwDKfgwwXU4Abq0AAGA3iCF3h1pPPsvDnvi9aCk88cwi84H9/dS417</latexit>



• Proposal (analogy with 3-fold cases) 

For the string associated w/ a primitive base curve Cb, the N(n,r) is the genus-0 GW 

invariant for the curve Cn,r = Cb + n CE + r Cf   w.r.t. the flux                      :  

   

• GW Invariants on Elliptic 4-folds with Fluxes 

·                                             ,  computable via mirror symmetry for 4-folds 
 

·                                              , with  

• Remarks 

·                          count stable maps with n pts fixed, whose images lie in  

· Stable-map moduli space has                                        

· Natural 4-fold invariants: 

Connection to GW Theory 

4d Strings

G 2 H
2,2(Y4)

<latexit sha1_base64="2fWSx4XXdMQ4mmoOznVqrmfffrQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoICUpheqt4MEeK9gPaWPZbLft0s0m7G7EEvpXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMPD/iTGnH+bbW1jc2t7YzO9ndvf2DQ/so11RhLAltkJCHsu1jRTkTtKGZ5rQdSYoDn9OWP76e+a1HKhULxZ2eRNQL8FCwASNYG6ln525QlwlUe0hKF6Vp4b5XPu/ZeafozIFWiZuSPKSo9+yvbj8kcUCFJhwr1XGdSHsJlpoRTqfZbqxohMkYD2nHUIEDqrxkfvsUnRmljwahNCU0mqu/JxIcKDUJfNMZYD1Sy95M/M/rxHpw6SVMRLGmgiwWDWKOdIhmQaA+k5RoPjEEE8nMrYiMsMREm7iyJgR3+eVV0iwV3XLx6racr1bSODJwAqdQABcqUIUa1KEBBJ7gGV7hzZpaL9a79bFoXbPSmWP4A+vzBxbtkoU=</latexit>

N(n, r) = hGiY4

0,Cn,r
(=: hGiY4

Cn,r
)

<latexit sha1_base64="w+2A8vJSDnm+8aPML2/TzmaJsjw="></latexit>

FCb;G(q, ⇠) =
X

n,r

hGiY4

Cn,r
qn⇠r

<latexit sha1_base64="PEcrYFyxqDfFyhV7UgYUI1excx4="></latexit>

[Greene, Morrison, Plesser ’94], [Mayr ’97],  
[Klemm, Yau ’98], [Haghighat, Movasati, Yau ’15],  
[Cota, Klemm, Schimannek ’17] ZCb;G(q, ⇠) = �qE0FCb;G(q, ⇠)

<latexit sha1_base64="sakwXffN6NyJI0lAE793aC9FfG0="></latexit>

E0 = �1

2
Cb · K̄B3

<latexit sha1_base64="lku+MD1PmhmYVkMofGBXCPdNC1s=">AAACFHicbVDLSsNAFJ34rPUVdelmsBQEsSS1UF0IxSIIbirYBzQhTCaTdujkwcxEKCEf4cZfceNCEbcu3Pk3TtsstPXAhcM593LvPW7MqJCG8a0tLa+srq0XNoqbW9s7u/refkdECcekjSMW8Z6LBGE0JG1JJSO9mBMUuIx03VFz4ncfCBc0Cu/lOCZ2gAYh9SlGUkmOfnLtGPASnlo+R9iswqaTWjyAbgYt7EUSWi7i8NZJr5yzzNFLRsWYAi4SMyclkKPl6F+WF+EkIKHEDAnRN41Y2inikmJGsqKVCBIjPEID0lc0RAERdjp9KoNlpXjQj7iqUMKp+nsiRYEQ40BdWg6QHIp5byL+5/UT6Z/bKQ3jRJIQzxb5CYMygpOEoEc5wZKNFUGYU3UrxEOk4pEqx6IKwZx/eZF0qhWzVrm4q5Ua9TyOAjgER+AYmKAOGuAGtEAbYPAInsEreNOetBftXfuYtS5p+cwB+APt8wekQ5wX</latexit>

hA1, · · · , AniYd+1

g,C

<latexit sha1_base64="RtHB5chkB+ljgiLKwAXTae7TAgk=">AAACF3icbVDLSsNAFJ34tr6qLt0MFkGwlEQKVRCpuHGpYB/S1DCZTNqhk0mYuRFKyF+48VfcuFDEre78G6ePha8DFw7n3Mu99/iJ4Bps+9OamZ2bX1hcWi6srK6tbxQ3t5o6ThVlDRqLWLV9opngkjWAg2DtRDES+YK1/MH5yG/dMaV5LK9hmLBuRHqSh5wSMJJXrLiChXBy5jll7NIgBl3GZ550Fe/14dTLemV8nt9mN14WHDh57hVLdsUeA/8lzpSU0BSXXvHDDWKaRkwCFUTrjmMn0M2IAk4FywtuqllC6ID0WMdQSSKmu9n4rxzvGSXAYaxMScBj9ftERiKth5FvOiMCff3bG4n/eZ0UwqNuxmWSApN0sihMBYYYj0LCAVeMghgaQqji5lZM+0QRCibKggnB+f3yX9I8rDjVyvFVtVSvTeNYQjtoF+0jB9VQHV2gS9RAFN2jR/SMXqwH68l6td4mrTPWdGYb/YD1/gXPIJ52</latexit>

Ai 2 H⇤(Yd+1)

<latexit sha1_base64="f0aeCN4ma/MjundJ8ejA/47ynsk=">AAAB/XicbVDJSgNBEK2JW4xbXG5eGoMQFcKMBKK3iJccI5hFkmHo6enEJj09Q3ePEIfgr3jxoIhX/8Obf2NnOWjig4LHe1VU1fNjzpS27W8rs7S8srqWXc9tbG5t7+R395oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8gfXY7/1QKVikbjVw5i6Ie4L1mMEayN5+YMrj6EuE6jmnRbvvDQ4c0YnXr5gl+wJ0CJxZqQAM9S9/Fc3iEgSUqEJx0p1HDvWboqlZoTTUa6bKBpjMsB92jFU4JAqN51cP0LHRglQL5KmhEYT9fdEikOlhqFvOkOs79W8Nxb/8zqJ7l24KRNxoqkg00W9hCMdoXEUKGCSEs2HhmAimbkVkXssMdEmsJwJwZl/eZE0z0tOuXR5Uy5UK7M4snAIR1AEBypQhRrUoQEEHuEZXuHNerJerHfrY9qasWYz+/AH1ucPz6KTgg==</latexit>

dimvMg,n(Yd+1, C) = (d� 2)(1� g) + n = 2

<latexit sha1_base64="SIP5wSq1EyLu2WFs/fw/1GnZu4Y="></latexit>

hGiY4

C =
⇥
Mg,n(Y4, C)

⇤vir
ev⇤G , G 2 H

4(Y4)

<latexit sha1_base64="tTx8YEZZwzH1nbn4FslZyX+Ijdk="></latexit>

for Calabi-Yau for d=3, g=0 and n=1

Y4

<latexit sha1_base64="49Oqjjrweo6f8vMRvbRRv//hxcg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoN4KXjxWtB/ShrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7h971V654rneHGSV+DmpQI56r/zV7Scsi7lCJqkxHd9LMZhQjYJJPi11M8NTykZ0wDuWKhpzE0zmp07JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+TYXQVTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8JdfXiXNC9evutd31UrNzeMowgmcwjn4cAk1uIU6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w/ez418</latexit>

Y4

<latexit sha1_base64="49Oqjjrweo6f8vMRvbRRv//hxcg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoN4KXjxWtB/ShrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7h971V654rneHGSV+DmpQI56r/zV7Scsi7lCJqkxHd9LMZhQjYJJPi11M8NTykZ0wDuWKhpzE0zmp07JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+TYXQVTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8JdfXiXNC9evutd31UrNzeMowgmcwjn4cAk1uIU6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w/ez418</latexit>

Y4

<latexit sha1_base64="49Oqjjrweo6f8vMRvbRRv//hxcg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoN4KXjxWtB/ShrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7h971V654rneHGSV+DmpQI56r/zV7Scsi7lCJqkxHd9LMZhQjYJJPi11M8NTykZ0wDuWKhpzE0zmp07JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+TYXQVTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8JdfXiXNC9evutd31UrNzeMowgmcwjn4cAk1uIU6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w/ez418</latexit>



• Jacobi [almost]  

· The elliptic genus        of a 6d string is a (mero. weak) Jacobi form [mod E2’s]   

 — Modular/elliptic transform: 
 
 
 — Ring of Jacobi forms:  
 

· Expected weight and index are   

 —                         (true e.g. of pert. het. string in D=6 dim) [Schellekens, Warner ’86] … 
 

 —                 ,  where b is the U(1) height-pairing and Cb is the base curve [S.-J.L., Lerche, Weigand ’18]

• Appearance of  E2’s 

· Quasi-modularity if Cb splits:  e.g., C0 = C1  +  C2  [Alim, Scheidegger ’12], [Klemm, Manschot, Wotschke ’12] … 

· Modular vs. holomorphic anomalies:   

Modularity 

6d Strings

ZCb

<latexit sha1_base64="LTefpaJDBoDncm7YVGZI7bWrpdA=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKWh3hW5cVrAP7AxDJs20oUlmSDJCGbvwV9y4UMStv+HOvzHTzkJbDwQO59zLPTlhwqjSjvNtldbWNza3ytuVnd29/QP78Kir4lRi0sExi2U/RIowKkhHU81IP5EE8ZCRXjhp5X7vgUhFY3GnpwnxORoJGlGMtJEC+8TjSI8xYvA+yFpB5kkOw9kssKtOzZkDrhK3IFVQoB3YX94wxiknQmOGlBq4TqL9DElNMSOzipcqkiA8QSMyMFQgTpSfzfPP4LlRhjCKpXlCw7n6eyNDXKkpD81knlYte7n4nzdIdXTtZ1QkqSYCLw5FKYM6hnkZcEglwZpNDUFYUpMV4jGSCGtTWcWU4C5/eZV0L2tuvda4rVebjaKOMjgFZ+ACuOAKNMENaIMOwOARPINX8GY9WS/Wu/WxGC1Zxc4x+APr8we5DpXo</latexit>

'w,m

✓
a⌧ + b

c⌧ + d
,

z

c⌧ + d

◆
= (c⌧ + d)we2⇡i

mc
c⌧+d

z2

2 'w,m(⌧, z)

<latexit sha1_base64="GqhnYbMuyBpV8oJJZvg4PXA/2mU="></latexit>

'w,m(⌧, z + �⌧ + µ) = e�2⇡im(�2

2 ⌧+�z)'w,m(⌧, z)

<latexit sha1_base64="0vOGU5bosVcDuhKX8NBmRNYTEr8="></latexit>

J⇤,⇤ = �Jw,m = C[E4, E6,�0,1,��2,1,��1,2]

<latexit sha1_base64="SHoGLFAp2tjEY8QaF7IvBB10k7o="></latexit>

w = �D � 2

2
= �2

<latexit sha1_base64="VW5qoFSgncfonv10MdMcCrrSqOM="></latexit>

m =
1

2
b · Cb

<latexit sha1_base64="SQonRmIVjHGuEXxbTiUo/7hYBLY="></latexit>

E2 vs. Ê2 := E2 �
3

⇡Im(⌧)

<latexit sha1_base64="WbO/FA6OvSWqMc3jQ5z2XUC2FGw="></latexit>

Y3

<latexit sha1_base64="bO7hQzUL5wxv//ajx3E4vniqQ/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0i0oN4KXjxWtB/ShrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8MJXCoOd9OYWV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWOrmd+65FrIxJ1j+OUBzEdKBEJRtFKdw+981654rneHOQv8XNSgRz1Xvmz209YFnOFTFJjOr6XYjChGgWTfFrqZoanlI3ogHcsVTTmJpjMT52SE6v0SZRoWwrJXP05MaGxMeM4tJ0xxaFZ9mbif14nw+gymAiVZsgVWyyKMkkwIbO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C+//Jc0z1y/6l7dVis1N4+jCEdwDKfgwwXU4Abq0AAGA3iCF3h1pPPsvDnvi9aCk88cwi84H9/dS417</latexit>



• Jacobi [almost] ?   

· The elliptic genus           of a 4d string is not Jacobi [even mod E2’s] 

· Expected would-be weight and index are   

 —                         
 

 —                 ,  where b is the height-pairing and Cb is the base curve 

• Appearance of a “Derivative Sector” 

· Prop.    
 

Modularity 

4d Strings

ZCb;G

<latexit sha1_base64="sIPIcx+gbGipAuHC0pq47DLXtos=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRQhU3hS50WcE+sAlhMp20QyeTMDMRSghu/BU3LhRx61e482+ctFlo64ELh3Pu5d57/JhRqSzr2yitrK6tb5Q3K1vbO7t75v5BV0aJwKSDIxaJvo8kYZSTjqKKkX4sCAp9Rnr+pJX7vQciJI34nZrGxA3RiNOAYqS05JlHTojUGCMG77205aWOCKGfXcHrzDOrVs2aAS4TuyBVUKDtmV/OMMJJSLjCDEk5sK1YuSkSimJGsoqTSBIjPEEjMtCUo5BIN529kMFTrQxhEAldXMGZ+nsiRaGU09DXnfnBctHLxf+8QaKCCzelPE4U4Xi+KEgYVBHM84BDKghWbKoJwoLqWyEeI4Gw0qlVdAj24svLpHtes+u1y9t6tdko4iiDY3ACzoANGqAJbkAbdAAGj+AZvII348l4Md6Nj3lryShmDsEfGJ8/NoKWpg==</latexit>

m =
1

2
b · Cb

<latexit sha1_base64="SQonRmIVjHGuEXxbTiUo/7hYBLY="></latexit>

w = �D � 2

2
= �1

<latexit sha1_base64="6jbuKYEZeHAATx8DSSjX4/L9t+A="></latexit>

ZCb;G(q, ⇠) = Z�1,m(q, ⇠) + ⇠@⇠Z�2,m(q, ⇠)

<latexit sha1_base64="tHesYVaIh5FDriFMKHivI/gjBmM="></latexit>

[S.-J.L., Lerche, Lockhart, Weigand ’20]

Z�1,m(q, ⇠) =
�QM

w,m(q, ⇠)

⌘(q)12Cb·K̄B3

<latexit sha1_base64="wpLELm8ut64qWEXKmJrlPfe+K0U="></latexit>

Z�2,m(q, ⇠) =
�QM

w�1,m(q, ⇠)

⌘(q)12Cb·K̄B3

<latexit sha1_base64="twVIaptPybkLVbGd/B2AqK8kSfA="></latexit>

w = �1 + 6Cb · K̄B3

<latexit sha1_base64="pGWfY3rWT5idcZ/CaxqedA2Rkvw="></latexit>

m =
1

2
b · Cb

<latexit sha1_base64="fseKf3hBwA/EA1ruEYgrbjCkl8g="></latexit>

Y4

<latexit sha1_base64="49Oqjjrweo6f8vMRvbRRv//hxcg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoN4KXjxWtB/ShrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7h971V654rneHGSV+DmpQI56r/zV7Scsi7lCJqkxHd9LMZhQjYJJPi11M8NTykZ0wDuWKhpzE0zmp07JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+TYXQVTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8JdfXiXNC9evutd31UrNzeMowgmcwjn4cAk1uIU6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w/ez418</latexit>

Y4

<latexit sha1_base64="49Oqjjrweo6f8vMRvbRRv//hxcg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoN4KXjxWtB/ShrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7h971V654rneHGSV+DmpQI56r/zV7Scsi7lCJqkxHd9LMZhQjYJJPi11M8NTykZ0wDuWKhpzE0zmp07JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+TYXQVTIRKM+SKLRZFmSSYkNnfpC80ZyjHllCmhb2VsCHVlKFNp2RD8JdfXiXNC9evutd31UrNzeMowgmcwjn4cAk1uIU6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w/ez418</latexit>



Derivative Sector 

4d Heterotic String

G↵
U(1) = � ^ ⇡⇤D↵

<latexit sha1_base64="4mIaYCPPXIT6TICcnp2tbXGLIrA=">AAACFnicbVDJSgNBEO1xjXGLevTSGAQVDDMScAEhoKDHCEaFzDjUdCpJk56F7h4lDPkKL/6KFw+KeBVv/o2dOAe3BwWP96qoqhckgitt2x/W2PjE5NR0YaY4Oze/sFhaWr5QcSoZNlgsYnkVgELBI2xorgVeJRIhDAReBr2joX95g1LxODrX/QS9EDoRb3MG2kh+afvEzxobzubg2gWRdIEeUlfxTgjUvcVWB6mb8Out49z1S2W7Yo9A/xInJ2WSo+6X3t1WzNIQI80EKNV07ER7GUjNmcBB0U0VJsB60MGmoRGEqLxs9NaArhulRduxNBVpOlK/T2QQKtUPA9MZgu6q395Q/M9rprq952U8SlKNEfta1E4F1TEdZkRbXCLTom8IMMnNrZR1QQLTJsmiCcH5/fJfcrFTcaqV/bNquXaQx1Egq2SNbBCH7JIaOSV10iCM3JEH8kSerXvr0XqxXr9ax6x8ZoX8gPX2CeRUnfk=</latexit>

D↵ 2 {S�, E, p⇤�i}

<latexit sha1_base64="FlKhNpMM4CNLeqo3oBnqre6KUtY=">AAACD3icbVDLSgNBEJz1GeNr1aOXwaCIaNiVgI9TQAWPEY0RsknonUySITOzy8ysEJb8gRd/xYsHRbx69ebfOHkcNFrQUFR1090Vxpxp43lfztT0zOzcfGYhu7i0vLLqrq3f6ihRhJZJxCN1F4KmnElaNsxwehcrCiLktBJ2zwZ+5Z4qzSJ5Y3oxrQloS9ZiBIyVGu7OeT0AHncAB0ziIL1uHOzji30c1/dw0AYhoM5w0G+4OS/vDYH/En9McmiMUsP9DJoRSQSVhnDQuup7samloAwjnPazQaJpDKQLbVq1VIKgupYO/+njbas0cStStqTBQ/XnRApC654IbacA09GT3kD8z6smpnVcS5mME0MlGS1qJRybCA/CwU2mKDG8ZwkQxeytmHRAATE2wqwNwZ98+S+5Pcz7hfzJVSFXPB3HkUGbaAvtIh8doSK6RCVURgQ9oCf0gl6dR+fZeXPeR61TznhmA/2C8/ENffaabA==</latexit>

↵ = 1, · · · , h1,1(B3)

<latexit sha1_base64="uWX+mGvJrK4bOFOWxHn27C6kaJ0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQoZRECz5AKLpxWcE+oIlhMpk0QycPZiZCCd258VfcuFDErb/gzr9x2mahrQcuHM65l3vvcRNGhTSMb62wsLi0vFJcLa2tb2xu6ds7bRGnHJMWjlnMuy4ShNGItCSVjHQTTlDoMtJxB9djv/NAuKBxdCeHCbFD1I+oTzGSSnL0fQuxJECXZhVa2IulqMLgPjOr5qhy5ZwcOXrZqBkTwHli5qQMcjQd/cvyYpyGJJKYISF6ppFIO0NcUszIqGSlgiQID1Cf9BSNUEiEnU3+GMFDpXjQj7mqSMKJ+nsiQ6EQw9BVnSGSgZj1xuJ/Xi+V/pmd0ShJJYnwdJGfMihjOA4FepQTLNlQEYQ5VbdCHCCOsFTRlVQI5uzL86R9XDPrtfPberlxkcdRBHvgAFSACU5BA9yAJmgBDB7BM3gFb9qT9qK9ax/T1oKWz+yCP9A+fwCN5pct</latexit>

B2

<latexit sha1_base64="DclTPzjA5F6j4rUaYl9EOEs1UHE=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9klJOiN6MUjJgImsCHd0oWGtru2XRKy4Xd48aAxXv0x3vw3dmEPCk7SZDLzXt50gpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSjwHWlDNJ24YZTh9jRbEIOO0Gk9vM706p0iySD2YWU1/gkWQhI9hYye8LbMahwhN0M6gNyhW36i6A1omXkwrkaA3KX/1hRBJBpSEca93z3Nj4KVaGEU7npX6iaYzJBI9oz1KJBdV+ugg9RxdWGaIwUvZJgxbq740UC61nIrCTWUi96mXif14vMeGVnzIZJ4ZKsjwUJhyZCGUNoCFTlBg+swQTxWxWRMZYYWJsTyVbgrf65XXSqVW9evX6vl5pNvI6inAG53AJHjSgCXfQgjYQeIJneIU3Z+q8OO/Ox3K04OQ7p/AHzucPCQCRmg==</latexit>

H
1,1(B2) = Span

⌦
�
i
↵
i=1,··· ,h1,1(B2)

<latexit sha1_base64="b3xBQLxzXwu6j5edeifk7v5gQNE="></latexit>

• Fibered Base 3-fold 

· A rational fibration p, with the fibers degenerating along a single curve in 

· Fibers degenerate along a single curve in 

 
 
 
 
 

· Blowup divisor     and exceptional section      

• Flux Basis  

·                               ,  
    where the divisor basis can be taken, e.g., as 

S�

<latexit sha1_base64="ESCE4/uuVpSma2lF3fR+BMuDBWY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArgegt4MVjJOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfy0UwS9CM6lDzkjBorNRr9q36x5JbdBcg68TJSggz1fvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLU2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGNP+UySQ1KtlwUpoKYmMz/JgOukBkxsYQyxe2thI2ooszYdAo2BG/15XXSui57lfLtQ6VUq2Zx5OEMzuESPKhCDe6hDk1gMIRneIU3RzgvzrvzsWzNOdnMKfyB8/kDzcSNeA==</latexit>

E

<latexit sha1_base64="1IP70VWShdsD40KoygSi1OLuLpo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKIHoLiOAxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38799hMqzWP5YCYJ+hEdSh5yRo2VGnf9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCa3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9irlm0alVKtmceThDM7hEjyoQg3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A5l+jMo=</latexit>

 



• Special Fluxes 

· For                           :  
  

    

· For                          with                                          (dubbed as Quasi-Modular fluxes) :  

                      is a Jacobi form of              and 

• General Fluxes 

·   
· Used                is a Jacobi form of             and  

 — 1) Physically clear if the hyper surface Y3 is Calabi-Yau 
 — 2) Observed                                               for                                

· Manifestation of the quasi-Jacobi nature (cf.) [Oberdieck, Pixton ’17]

Study                for curve classes Cn,r = C0 + n CE + r Cf  hG↵iY4

Cn,r

<latexit sha1_base64="qNRscTVe1X4dfKDzExotgi7ZnXU="></latexit>

G↵ = � ^ ⇡⇤D↵

<latexit sha1_base64="slmJNUQEjZJNgb0QceJ+ngyxtMg=">AAACEHicbVDJSgNBEO2JW4xb1KOXxiCKhzAjARcQAgp6jGAWyCShplNJmvQsdPcoIeQTvPgrXjwo4tWjN//GziJo4oOCx3tVVNXzIsGVtu0vKzE3v7C4lFxOrayurW+kN7dKKowlwyILRSgrHigUPMCi5lpgJZIIview7HUvhn75DqXiYXCrexHWfGgHvMUZaCM10vtXdRdE1AF6Tl3F2z5Q9x6bbaRuxOuHlz9uI52xs/YIdJY4E5IhExQa6U+3GbLYx0AzAUpVHTvStT5IzZnAQcqNFUbAutDGqqEB+Khq/dFDA7pnlCZthdJUoOlI/T3RB1+pnu+ZTh90R017Q/E/rxrr1kmtz4Mo1hiw8aJWLKgO6TAd2uQSmRY9Q4BJbm6lrAMSmDYZpkwIzvTLs6R0lHVy2dObXCZ/NokjSXbILjkgDjkmeXJNCqRIGHkgT+SFvFqP1rP1Zr2PWxPWZGab/IH18Q2as5uv</latexit>

D↵ 2 {S�, E, p⇤�i}

<latexit sha1_base64="FlKhNpMM4CNLeqo3oBnqre6KUtY=">AAACD3icbVDLSgNBEJz1GeNr1aOXwaCIaNiVgI9TQAWPEY0RsknonUySITOzy8ysEJb8gRd/xYsHRbx69ebfOHkcNFrQUFR1090Vxpxp43lfztT0zOzcfGYhu7i0vLLqrq3f6ihRhJZJxCN1F4KmnElaNsxwehcrCiLktBJ2zwZ+5Z4qzSJ5Y3oxrQloS9ZiBIyVGu7OeT0AHncAB0ziIL1uHOzji30c1/dw0AYhoM5w0G+4OS/vDYH/En9McmiMUsP9DJoRSQSVhnDQuup7samloAwjnPazQaJpDKQLbVq1VIKgupYO/+njbas0cStStqTBQ/XnRApC654IbacA09GT3kD8z6smpnVcS5mME0MlGS1qJRybCA/CwU2mKDG8ZwkQxeytmHRAATE2wqwNwZ98+S+5Pcz7hfzJVSFXPB3HkUGbaAvtIh8doSK6RCVURgQ9oCf0gl6dR+fZeXPeR61TznhmA/2C8/ENffaabA==</latexit>

where                            , 

G↵=i = � ^ ⇡⇤p⇤�i

<latexit sha1_base64="76n/4xYqUvMacXxP+eibububat0=">AAACGXicbVDLSgNBEJz1GeMr6tHLYBDEQ9iVgA8QBA96jGBUyCahd9LZDM7sDjOzSljyG178FS8eFPGoJ//GSczBV0FDUdVNd1ekBDfW9z+8icmp6ZnZwlxxfmFxabm0snph0kwzrLNUpPoqAoOCJ1i33Aq8UhpBRgIvo+vjoX95g9rwNDm3fYVNCXHCu5yBdVK75J+08hCE6sEhH9BDGhoeS6DhLXZipKHirW2qXIUxSAktTtulsl/xR6B/STAmZTJGrV16CzspyyQmlgkwphH4yjZz0JYzgYNimBlUwK4hxoajCUg0zXz02YBuOqVDu6l2lVg6Ur9P5CCN6cvIdUqwPfPbG4r/eY3MdveaOU9UZjFhX4u6maA2pcOYaIdrZFb0HQGmubuVsh5oYNaFWXQhBL9f/ksudipBtbJ/Vi0fHYzjKJB1skG2SEB2yRE5JTVSJ4zckQfyRJ69e+/Re/Fev1onvPHMGvkB7/0T9qSfAQ==</latexit>

⌦
Gi

↵Y4

Cn,r
= h�iY

i
3 :=⇡⇤p⇤�i

Cn,r
= (� · Cn,r) h · i

Y i
3

Cn,r
= r h · iY

i
3

Cn,r

<latexit sha1_base64="dIf11QC9gxPnWnwAMzCNGguTmOQ="></latexit>

ZY4

C0; ciGi(q, ⇠) = ⇠@⇠ZY3:=⇡⇤p⇤(ci�
i)

C0
(q, ⇠)

<latexit sha1_base64="Gg1C+Nsjsz0nW3JJ312chIe0o70="></latexit>

D · b · p⇤� = 0 8� 2 H
1,1(B2)

<latexit sha1_base64="gFBVV/Y/URXHZ3BG//d81+UI30o="></latexit>

GQM = � ^ ⇡⇤D

<latexit sha1_base64="UL8wVyMTzA0My9zCb04RhOyzkhM=">AAACCHicbVDLSgNBEJyNrxhfqx49OBgE8RB2JRA9CAEFvQgJmAdkY5iddJIhM7vLzKwSlhy9+CtePCji1U/w5t84eRw0saChqOqmu8uPOFPacb6t1MLi0vJKejWztr6xuWVv71RVGEsKFRryUNZ9ooCzACqaaQ71SAIRPoea378Y+bV7kIqFwa0eRNAUpBuwDqNEG6ll71+1Ek8KXL4ZnnuKdQXxHqDdBexF7O74ErfsrJNzxsDzxJ2SLJqi1LK/vHZIYwGBppwo1XCdSDcTIjWjHIYZL1YQEdonXWgYGhABqpmMHxniQ6O0cSeUpgKNx+rviYQIpQbCN52C6J6a9Ubif14j1p3TZsKCKNYQ0MmiTsyxDvEoFdxmEqjmA0MIlczcimmPSEK1yS5jQnBnX54n1ZOcm8+dlfPZYmEaRxrtoQN0hFxUQEV0jUqogih6RM/oFb1ZT9aL9W59TFpT1nRmF/2B9fkDNteYzA==</latexit>

ZY4
C0;GQM

(q, ⇠)

<latexit sha1_base64="A8CUPpGxsfwwiJ2HElzBm9rCuo0="></latexit>

m =
1

2
b · Cb

<latexit sha1_base64="fseKf3hBwA/EA1ruEYgrbjCkl8g="></latexit>

w = �1

<latexit sha1_base64="AF83JkZ5Sj2HjYqD7LbrQHzNlMI=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARXNghU+u0XQgFNy4r2FZoh5JJM21o5kKSUcrQp3Djq7hxoYhbcefbmF4W2nog8PH/5yQnvxdzJhVC30ZmZXVtfSO7mdva3tndM/cPmjJKBKENEvFI3HlYUs5C2lBMcXoXC4oDj9OWN7ya+K17KiSLwls1iqkb4H7IfEaw0lLXLKSd6SVt0ffcFFnVKirZzhmyLhAqOlUN6LxYcZzxw2XBHnfNvBamBZfBnkMezKveNb86vYgkAQ0V4VjKto1i5aZYKEY4Hec6iaQxJkPcp22NIQ6odNPpRmN4opUe9COhT6jgVP09keJAylHg6c4Aq4Fc9Cbif147UX7FTVkYJ4qGZPaQn3CoIjjJCPaYoETxkQZMBNO7QjLAAhOlk8zpEOzFLy9Ds2jZJat6U8rXyvM4suAIHINTYIMyqIFrUAcNQMAjeAav4M14Ml6Md+Nj1pox5jOH4E8Znz9Eg5r8</latexit>

[S.-J.L., Lerche, Weigand ’19]

ZCb;G(q, ⇠) = Z�1,m(q, ⇠) + ⇠@⇠Z�2,m(q, ⇠)

<latexit sha1_base64="tHesYVaIh5FDriFMKHivI/gjBmM="></latexit>

ZY3
C0

(q, ⇠)

<latexit sha1_base64="SlM40gRwtV7ZU1gT4RfBpb+RN4k=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREC9VdoRuXFexDmxgm02k7dPJwZiKWkKUbf8WNC0Xc+gnu/BsnbRbaeuDC4Zx7ufceN2RUSMP41nILi0vLK/nVwtr6xuaWvr3TEkHEMWnigAW84yJBGPVJU1LJSCfkBHkuI213VE/99j3hggb+lRyHxPbQwKd9ipFUkqPvWx6SQ4wYvHHiumMkt/G1c5rA0t0xtB7okaMXjbIxAZwnZkaKIEPD0b+sXoAjj/gSMyRE1zRCaceIS4oZSQpWJEiI8AgNSFdRH3lE2PHkkQQeKqUH+wFX5Us4UX9PxMgTYuy5qjM9W8x6qfif141k/8yOqR9Gkvh4uqgfMSgDmKYCe5QTLNlYEYQ5VbdCPEQcYamyK6gQzNmX50nrpGxWyueXlWKtmsWRB3vgAJSACaqgBi5AAzQBBo/gGbyCN+1Je9HetY9pa07LZnbBH2ifP5sRmGc=</latexit>

w = �2

<latexit sha1_base64="kLillPSzKGhuT9N9ICSOX7bYzZ0=">AAACFnicbZDLSgMxFIYz9VbrrerSzWARXNghU2vbWQgFNy4r2FaYDiWTZtrQzIUko5RhnsKNr+LGhSJuxZ1vY9rOQlsPBD7+/5zk5HcjRoWE8FvLrayurW/kNwtb2zu7e8X9g44IY45JG4cs5HcuEoTRgLQllYzcRZwg32Wk646vpn73nnBBw+BWTiLi+GgYUI9iJJXUL5aT3uwSmw9dJ4GGZcGqWTuDxgWElZqlAJ5XGrVa+nBZrqT9YkkJs9KXwcygBLJq9YtfvUGIY58EEjMkhG3CSDoJ4pJiRtJCLxYkQniMhsRWGCCfCCeZbZTqJ0oZ6F7I1QmkPlN/TyTIF2Liu6rTR3IkFr2p+J9nx9JrOAkNoliSAM8f8mKmy1CfZqQPKCdYsokChDlVu+p4hDjCUiVZUCGYi19ehk7FMKuGdVMtNetZHHlwBI7BKTBBHTTBNWiBNsDgETyDV/CmPWkv2rv2MW/NadnMIfhT2ucPRgia/Q==</latexit>

m =
1

2
b · Cb

<latexit sha1_base64="fseKf3hBwA/EA1ruEYgrbjCkl8g="></latexit>

Z�2,m(q, ⇠) = ZC0;G(�2)
(q, ⇠)

<latexit sha1_base64="nUVTA1JetNa37vvEhD6YL7q6X9M="></latexit>

G(�2) = ⇡⇤D ^ ⇡⇤b

<latexit sha1_base64="6pZpMtKA9pwr6MLKhVwXFgwawtU=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahCpaZUvABQkFBlxXsAzq1ZNLbNjTzIMkoZejSjb/ixoUibv0Ed/6NaTsLbT1w4eSce8m9xw05k8qyvo3U3PzC4lJ6ObOyura+YW5uVWUQCQoVGvBA1F0igTMfKoopDvVQAPFcDjW3fzHya/cgJAv8WzUIoemRrs86jBKlpZa5e9WKc0eFgyE+x07I7g4vsfMA7S5MXm7LzFp5aww8S+yEZFGCcsv8ctoBjTzwFeVEyoZthaoZE6EY5TDMOJGEkNA+6UJDU594IJvx+JAh3tdKG3cCoctXeKz+noiJJ+XAc3WnR1RPTnsj8T+vEanOSTNmfhgp8Onko07EsQrwKBXcZgKo4gNNCBVM74ppjwhClc4uo0Owp0+eJdVC3i7mT2+K2dJZEkca7aA9lEM2OkYldI3KqIIoekTP6BW9GU/Gi/FufExaU0Yys43+wPj8AQ27l3g=</latexit>

(cf.) [Oberdieck, Pixton ’17]

Divisor equation

Derivative Sector 

Geometric Origin

 

�i

<latexit sha1_base64="aaZJ7IqXspJ4XxtC1nOh7Kfu4ug=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiVG8FLx4r2A9oY5lsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rToiaciZp0zDDaSdRFEXIaTsc38z89hNVmsXy3kwSGggcShYxgsZKnd4QhcAH1i9XvKo3h7tK/JxUIEejX/7qDWKSCioN4ah11/cSE2SoDCOcTku9VNMEyRiHtGupREF1kM3vnbpnVhm4UaxsSePO1d8TGQqtJyK0nQLNSC97M/E/r5ua6CrImExSQyVZLIpS7prYnT3vDpiixPCJJUgUs7e6ZIQKibERlWwI/vLLq6R1UfUvq9d3l5V6LY+jCCdwCufgQw3qcAsNaAIBDs/wCm/Oo/PivDsfi9aCk88cwx84nz8EMI/x</latexit>

[S.-J.L., Lerche, Lockhart, Weigand ’20]



• Definition 

· An almost holo. function:   
                                   
 

· If             transforms as a Jacobi form, then               is called quasi-Jacobi  

• Examples  

·          is a quasi-Jacobi form: 

     
 

·                      is a quasi-Jacobi form:  

 
  
             4d N=(0,2) elliptic genera are a (mero.) quasi-Jacobi form! 

Quasi-Jacobi Forms 

Definition and Examples

�(⌧, z) =
X

i,j�0

'i,j(⌧, z)

✓
1

Im⌧

◆i ✓ Imz

Im⌧

◆j

<latexit sha1_base64="FXmzO/KzG82/JN59qNZO06wgZT4="></latexit>

�(⌧, z)

<latexit sha1_base64="yVgoHJQ3I0m0JqItzxcPbyo3Ljk=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAiSNiVQPQW8OIxgnlAsobZyWwyZPbBTK8Sl/yHFw+KePVfvPk3TpI9aGJBQ1HVTXeXF0uh0ba/rZXVtfWNzdxWfntnd2+/cHDY1FGiGG+wSEaq7VHNpQh5AwVK3o4Vp4EnecsbXU/91gNXWkThHY5j7gZ0EApfMIpGuu/Wh6LURZqck6cz0isU7bI9A1kmTkaKkKHeK3x1+xFLAh4ik1TrjmPH6KZUoWCST/LdRPOYshEd8I6hIQ24dtPZ1RNyapQ+8SNlKkQyU39PpDTQehx4pjOgONSL3lT8z+sk6F+6qQjjBHnI5ov8RBKMyDQC0heKM5RjQyhTwtxK2JAqytAElTchOIsvL5PmRdmplK9uK8VaNYsjB8dwAiVwoAo1uIE6NICBgmd4hTfr0Xqx3q2PeeuKlc0cwR9Ynz/JKJFh</latexit>

'0,0(⌧, z)

<latexit sha1_base64="qKhK2+vWMQLl+56/xj0CeYJQX6U=">AAAB/3icbVDLSgNBEOyNrxhfq4IXL4NBiBDCrgSit4AXjxHMA7LLMjuZJENmH8zMBuKag7/ixYMiXv0Nb/6Nk2QPmljQUFR1093lx5xJZVnfRm5tfWNzK79d2Nnd2z8wD49aMkoEoU0S8Uh0fCwpZyFtKqY47cSC4sDntO2PbmZ+e0yFZFF4ryYxdQM8CFmfEay05JknzhiLeMi81Cpb05KjcFJGDxeeWbQq1hxoldgZKUKGhmd+Ob2IJAENFeFYyq5txcpNsVCMcDotOImkMSYjPKBdTUMcUOmm8/un6FwrPdSPhK5Qobn6eyLFgZSTwNedAVZDuezNxP+8bqL6V27KwjhRNCSLRf2EIxWhWRioxwQlik80wUQwfSsiQywwUTqygg7BXn55lbQuK3a1cn1XLdZrWRx5OIUzKIENNajDLTSgCQQe4Rle4c14Ml6Md+Nj0Zozsplj+APj8wdvKJUO</latexit>

E2(⌧)

<latexit sha1_base64="BIVQlqTTlrJkaDeXHm1LQdtqGpo=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BItQL2W3FKq3gggeK9gPaZeSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhALbsB1v53cxubW9k5+t7C3f3B4VDw+aZso0ZS1aCQi3Q2IYYIr1gIOgnVjzYgMBOsEk5u533li2vBIPcA0Zr4kI8VDTglY6fF2UC33gSSXg2LJrbgL4HXiZaSEMjQHxa/+MKKJZAqoIMb0PDcGPyUaOBVsVugnhsWETsiI9SxVRDLjp4uDZ/jCKkMcRtqWArxQf0+kRBozlYHtlATGZtWbi/95vQTCKz/lKk6AKbpcFCYCQ4Tn3+Mh14yCmFpCqOb2VkzHRBMKNqOCDcFbfXmdtKsVr1a5vq+VGvUsjjw6Q+eojDxURw10h5qohSiS6Bm9ojdHOy/Ou/OxbM052cwp+gPn8weh+Y+i</latexit>

Ê2(⌧) := E2(⌧)�
3

⇡Im⌧

<latexit sha1_base64="iPycT7uXbO9VNc/7m0ktUNEyIVE=">AAACHnicbZDLSsNAFIYn3q23qks3g0WoC0tSK1VBEETQXQWrhSaEyXRih84kYeZEKCFP4sZXceNCEcGVvo3TC+LtwMDH/5/DmfMHieAabPvDmpicmp6ZnZsvLCwuLa8UV9eudJwqypo0FrFqBUQzwSPWBA6CtRLFiAwEuw56JwP/+pYpzePoEvoJ8yS5iXjIKQEj+cU9t0sAn/rVsgsk3T48+sIdN1SEZrt55iYcZ66S+FzmeODlfrFkV+xh4b/gjKGExtXwi29uJ6apZBFQQbRuO3YCXkYUcCpYXnBTzRJCe+SGtQ1GRDLtZcPzcrxllA4OY2VeBHiofp/IiNS6LwPTKQl09W9vIP7ntVMI972MR0kKLKKjRWEqMMR4kBXucMUoiL4BQhU3f8W0S0wqYBItmBCc3yf/hatqxalVDi5qpeP6OI45tIE2URk5qI6O0RlqoCai6A49oCf0bN1bj9aL9TpqnbDGM+voR1nvn5WeoPQ=</latexit>

⇠@⇠'w,m(⌧, z)

<latexit sha1_base64="Ch40i1dVDiGAHnqVotaZSaYxCqY="></latexit>

(⇠@⇠ + 4⇡im
Imz

Im⌧
)'w,m(⌧, z) = 'w+1,m(⌧, z)

<latexit sha1_base64="Rgz1lVUNQGH4ae+Y0S/xm5faTyc="></latexit>



3/5. Example 

[S.-J.L., Lerche, Lockhart, Weigand ’20]



The 3-Base and the Elliptic Fibration 

Bl1 P112[4] Fibration on dP2 X P 12

• Base,  B3 = dP2 X P 

 

• Rational  Fibration 

· dP2 viewed as Bl1 F1 , where F1 is a fibration of P   (=: C0) over P 

·                      with 

• Cohomology Basis 

·                                        with  

·                                   with 

   where                        is the exceptional section and                      is the blowup divisor

1

1 1
f h

l

l

p : B3 ! B2

<latexit sha1_base64="vVct/ksMcPZtnTsjP5Ie7AjcyJU=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpBbWrohuXFewDmhAm00k7dPJgZiLUUPwVNy4Ucet/uPNvnLZZaOuBgTPn3Mu99/gJZ1JZ1rdRWFldW98obpa2tnd298z9g7aMU0Foi8Q8Fl0fS8pZRFuKKU67iaA49Dnt+KObqd95oEKyOLpX44S6IR5ELGAEKy155lFSR9feOXJUjJxA4JH+VT2zbFWsGdAysXNShhxNz/xy+jFJQxopwrGUPdtKlJthoRjhdFJyUkkTTEZ4QHuaRjik0s1m20/QqVb6KIiFfpFCM/V3R4ZDKcehrytDrIZy0ZuK/3m9VAWXbsaiJFU0IvNBQcqRPnUaBeozQYniY00wEUzvisgQC0yUDqykQ7AXT14m7WrFrlWu7mrlRj2PowjHcAJnYMMFNOAWmtACAo/wDK/wZjwZL8a78TEvLRh5zyH8gfH5A9Hik4c=</latexit>

B2 = P 1
h ⇥ P 1

`

<latexit sha1_base64="maNlD0HRvgcsfDBJa7cjKMc26rk=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBR8gFN24rGAf0NQwmU7aoTOTMDMRSsg/uPFX3LhQxK0bd/6N0zYLbT1w4XDOvdx7TxAzqrTjfFuFpeWV1bXiemljc2t7x97da6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4nfvuBSEUjcafHMelxNBA0pBhpI/n2CfRCiUbwyq/CS9i4d/3UkxwOM+hpyonKJcJY5ttlp+JMAReJm5MyyNHw7S+vH+GEE6ExQ0p1XSfWvRRJTTEjWclLFIkRHqEB6RoqkNnXS6c/ZfDIKH0YRtKU0HCq/p5IEVdqzAPTyZEeqnlvIv7ndRMdnvVSKuJEE4Fni8KEQR3BSUCwTyXBmo0NQVhScyvEQyQR1ibGkgnBnX95kbSqFbdWOb+tlesXeRxFcAAOwTFwwSmogxvQAE2AwSN4Bq/gzXqyXqx362PWWrDymX3wB9bnDwUDnGk=</latexit>

H
1,1(B2) = Span

⌦
�
1
, �

2
↵

<latexit sha1_base64="SHV/wHWAJih3+QEbmQx8Eeaj2zk="></latexit>

�1 = P 1
h , �2 = P 1

`

<latexit sha1_base64="COcQvcY3OTfuwhu9zgUxQDmmIHs=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUpSCj5AKLhxWcE+oEnDZDpth84kYWYilJB+hht/xY0LRVzqyr9x2kbQ1gMXDufcy733+BGjUlnWl5FbWV1b38hvFra2d3b3zP2DpgxjgUkDhywUbR9JwmhAGooqRtqRIIj7jLT80fXUb90TIWkY3KlxRFyOBgHtU4yUljzTcgaIc9S1r2C9a3uJIzgcptAplSYTmHmVH48wlnpm0SpbM8BlYmekCDLUPfPD6YU45iRQmCEpO7YVKTdBQlHMSFpwYkkihEdoQDqaBogT6Sazz1J4opUe7IdCV6DgTP09kSAu5Zj7upMjNZSL3lT8z+vEqn/uJjSIYkUCPF/UjxlUIZzGBHtUEKzYWBOEBdW3QjxEAmGlwyzoEOzFl5dJs1K2q+WL22qxdpnFkQdH4BicAhucgRq4AXXQABg8gCfwAl6NR+PZeDPe5605I5s5BH9gfH4Dr3Se3g==</latexit>

H
1,1(B3) = Span hD↵i

<latexit sha1_base64="To6AjZOQwIFbOE+0Hofo4Rc7khQ=">AAACGHicbVDLSgNBEJz1bXxFPXoZDIKCxF0VfKAS1INHRaNCNobeyWwyZHZ2mekVwpLP8OKvePGgiNfc/BsnMQdfBQ1FVTfdXUEihUHX/XCGhkdGx8YnJnNT0zOzc/n5hWsTp5rxMotlrG8DMFwKxcsoUPLbRHOIAslvgtZJz7+559qIWF1hO+HVCBpKhIIBWqmW3zi7y7x1r7N6XNtao4c083VELxNQHepLHuLB6Z0PMmmCr0WjiUe1fMEtun3Qv8QbkAIZ4LyW7/r1mKURV8gkGFPx3ASrGWgUTPJOzk8NT4C1oMErliqIuKlm/cc6dMUqdRrG2pZC2le/T2QQGdOOAtsZATbNb68n/udVUgx3q5lQSYpcsa9FYSopxrSXEq0LzRnKtiXAtLC3UtYEDQxtljkbgvf75b/kerPobRf3LrYLpf1BHBNkiSyTVeKRHVIiZ+SclAkjD+SJvJBX59F5dt6c96/WIWcws0h+wOl+AqOFnlc=</latexit>

D1 = p⇤�2 , D2 = S� , D3 = p⇤�1 , D4 = p⇤�2 + S� � E

<latexit sha1_base64="oNkuvLnYCIfh356RoCKA9m8Qcu8="></latexit>

S� ' P 1
h ⇥ P 1

`

<latexit sha1_base64="SAOI1u2xEkhIzBVKJL+mUTUbEz4=">AAACEXicbZC7TsMwFIadcivlFmBksaiQulAlqFJhq8TCWAS9SE2IHNdprdpOsB2kKuorsPAqLAwgxMrGxtvgthmg5Zcs/frOOTo+f5gwqrTjfFuFldW19Y3iZmlre2d3z94/aKs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTji6n9c4DkYrG4laPE+JzNBA0ohhpgwK7chOcQk9RTu5h884NMk9yOJxATxukckQYmwR22ak6M8Fl4+amDHI1A/vL68c45URozJBSPddJtJ8hqSlmZFLyUkUShEdoQHrGCmT2+dnsogk8MaQPo1iaJzSc0d8TGeJKjXloOjnSQ7VYm8L/ar1UR+d+RkWSaiLwfFGUMqhjOI0H9qkkWLOxMQhLav4K8RBJhLUJsWRCcBdPXjbts6pbq15c18qNeh5HERyBY1ABLqiDBrgCTdACGDyCZ/AK3qwn68V6tz7mrQUrnzkEf2R9/gDDHZxc</latexit>

E ' C2 ⇥ P 1
`

<latexit sha1_base64="MW18kAYKMoMChpblAMMVtp4QFy8=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFgEVyUphequUASXFewFmhgm05N26OTizEQooSs3voobF4q49Rnc+TZO2yy09YeBj/+cw5nz+wlnUlnWt7Gyura+sVnYKm7v7O7tmweHbRmngkKLxjwWXZ9I4CyClmKKQzcRQEKfQ8cfNab1zgMIyeLoVo0TcEMyiFjAKFHa8syTK0eyEO5xw6tgR2mUuHlne5kDnE88s2SVrZnwMtg5lFCupmd+Of2YpiFEinIiZc+2EuVmRChGOUyKTiohIXREBtDTGBG9z81mZ0zwmXb6OIiFfpHCM/f3REZCKcehrztDooZysTY1/6v1UhVcuBmLklRBROeLgpRjFeNpJrjPBFDFxxoIFUz/FdMhEYQqnVxRh2AvnrwM7UrZrpYvb6qlei2Po4CO0Sk6RzaqoTq6Rk3UQhQ9omf0it6MJ+PFeDc+5q0rRj5zhP7I+PwBzP2YDw==</latexit>

 

C1 C2



4 Examples of F -theory Models with U(1) Symmetry

In this section we explore various explicit 6-dimensional F-theory compactifications with a single
U(1) gauge group. Our main purpose is to explicitly compute the elliptic genus of heterotic
strings that arise from wrapped D3-branes on shrinking rational curves, C0, of self-intersection
zero on the base B2 of an elliptic 3-fold Y3. The results of this section serve as concrete examples
for the advertised general properties of the massive, U(1) charged string excitations, in the limit
of vanishing tension and global U(1) symmetry.

We will start in Section 4.1 by analyzing two explicit models on the Hirzebruch surface
B2 = F1. In this case the string associated with the vanishing curve C0 is the perturbative,
critical heterotic string. We will see that indeed, starting from the geometry and applying mirror
symmetry, the correct U(1) refinement of the elliptic genus is obtained for the perturbative
heterotic string theory on the K3-surface K, defined in (2.44). Exactly the same method can
systematically be applied to models for more general toric bases B2, e.g., any other Hirzebruch
surfaces Fa and the toric del Pezzo surfaces, dPr (r  3). For more Hirzebruch examples, the
results for F2 are collected in Appendix E.

For a further illustration, a fibration over B2 = dP2 will be analyzed in Section 4.2. On this
non-Hirzebruch base the string associated with C0 does not become a perturbative heterotic
string, and correspondingly we will observe that the elliptic genus is di↵erent from the familiar
elliptic genus of the perturbative heterotic string.

In all these examples the type of U(1) gauge symmetry is engineered by realising the fiber
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112.
Such an elliptic fibration has a Mordell-Weil group of rational sections of rank one [72]. It is
cut out by the hypersurface

P̂ = sw2 + b0s
2u2w + b1suvw + b2v

2w + c0s
3u4 + c1s

2u3v + c2su
2v2 + c3uv

3 , (4.1)

where [u : v : w : s] are the homogeneous coordinates of the toric fibral ambient space Bl1P1
112.

The bi and ci are sections of certain bundles on B2, the associated cohomology classes of which
take the form

[b0] = � , [b1] = K̄ , [b2] = 2K̄ � � , [c0] = 2� ,

[c1] = � + K̄ , [c2] = 2K̄ , [c3] = 3K̄ � � , [c4] = 4K̄ � 2� .
(4.2)

Apart from the concrete choice of base space B2, the fibration is therefore specified by a class
� 2 H2(B2,Z). It must satisfy the condition

0  �  2K̄ (4.3)

in order for all bi and ci to be realisable as holomorphic polynomials on B2. Here, an inequality
between two divisor classes indicates that the di↵erence of the divisors is e↵ective. The class
� also defines the transformation behaviour of the fiber coordinates, which are sections of the
bundles

u 2 H0(Y3,Lu) , v 2 H0(Y3,Lu ⌦ Ls ⌦O(� � K̄)) , w 2 H0(Y3,L
2
u
⌦ Ls ⌦O(�)) ,

s 2 H0(Y3,Ls) . (4.4)

Let us denote by
S0 = {u = 0} , S = {s = 0} (4.5)
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• Fiber,  Bl1 P112[4] 

· To realize rk-1 Mordell-Weil lattice  

· Fibral toric coordinates:  u, v, w, s  w/ the GLSM charges, 

 

• Fibration [Morrison, Park ’12] 

· Take a hypersurface of the form: 

 
 
 
 

· Take     

· Height pairing,      

The 3-Base and the Elliptic Fibration 

Bl1 P112[4] Fibration on dP2 X P 12
l

2

u     v     w     s  
1     1     2     0 
0     1     1     1

� = 2K̄B3
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b := �⇡⇤(� � �) = 6K̄B3 � 2� = 2K̄B3
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Computation of the Elliptic Genera 

4/6d Heterotic Strings

+ 4J2
2J3J5 + 14J1

2J4J5 + 8J1J2J4J5 + 4J2
2J4J5 + 105J1

3J6 + 56J1
2J2J6 (B.9)

+ 28J1J2
2J6 + 14J2

3J6 + 14J1
2J3J6 + 8J1J2J3J6 + 4J2

2J3J6 + 21J1
2J4J6

+ 12J1J2J4J6 + 6J2
2J4J6 + 3J1J3J4J6 + 2J2J3J4J6 + 3J1J4

2J6 + 2J2J4
2J6

+ 14J1
2J5J6 + 8J1J2J5J6 + 4J2

2J5J6 + 3J1J3J5J6 + 2J2J3J5J6 + 3J1J4J5J6
+ 2J2J4J5J6 ,

where Ja are the generators of the Kähler cone that obey
Z

l(a)

Jb = �a
b
. (B.10)

Equipped with the topological data listed above, we can compute the BPS invariants,
NG;Cb

(n, r), to any given order for curves of the form

C = Cb + nE⌧ + C f
r
, (B.11)

with respect to the transversal U(1) flux

G ⌘ GU(1) = � ^ ⇡⇤F , where F =:
4X

↵=1

c↵D↵ . (B.12)

The base curves, Cb, that are of interest in our examples are

Cb =
�
C0, C1

E
, C2

E

 
. (B.13)

These correspond respectively to the heterotic string featuring Section 5.1, and to the two types
of E-strings discussed in Section 6.1.

The computation of the BPS invariants proceeds by mirror symmetry, in practice using A.
Klemm’s Mathematica package inst.m and extensions thereof. For this purpose we need to
expand the various curves appearing on the RHS of (B.11) over the Mori cone generators. This
is achieved by making use of the explicit form for the curves (B.8), as well as of the intersection
data (B.9). This leads to the identification

C0 = l(4) + l(5) , (B.14)

C1
E

= l(4) , (B.15)

C2
E

= l(5) , (B.16)

E⌧ = 3l(1) + 2l(2) , (B.17)

C f
r=1 = l(1) + l(2) . (B.18)

We have calculated the relative BPS invariants up to certain finite degrees, and list them below
in terms of the generating functions

FG;Cb
=
X

n,r

NG;Cb
(n, r)qn ⇠r . (B.19)

Concretely, for each of the three base curves (B.13) under consideration, we get

FG;C0 = q[96c1⇠
±1̄ + 48c2⇠

±1̄ + 84c3⇠
±1̄ + 96c4⇠

±1̄]

+ q2[c1(69280⇠
±1̄ + 20384⇠±2̄ + 288⇠±3̄

� 8⇠±4̄)
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+c2(99552⇠

±1̄ + 29088⇠±2̄ + 480⇠±3̄
� 12⇠±4̄) (B.20)

+c3(65164⇠
±1̄ + 18896⇠±2̄ + 252⇠±3̄

� 8⇠±4̄)

+c4(134192⇠
±1̄ + 39280⇠±2̄ + 624⇠±3̄

� 16⇠±4̄)]

+O(q3) ,

FG;C1
E

= q[c2(112⇠
±1̄ + 4⇠±2̄) + c3(56⇠

±1̄ + 2⇠±2̄)]

+ q2[c2(2496⇠
±1̄ + 552⇠±2̄) + c3(1248⇠

±1̄ + 276⇠±2̄)] (B.21)

+ q3[c2(26928⇠
±1̄ + 9432⇠±2̄ + 336⇠±3̄) + c3(13464⇠

±1̄ + 4716⇠±2̄ + 168⇠±3̄)]

+O(q4) ,

FG;C2
E

= q[c3(56⇠
±1̄ + 2⇠±2̄) + c4(112⇠

±1̄ + 4⇠±2̄)]

+ q2[c3(1248⇠
±1̄ + 276⇠±2̄) + c4(2496⇠

±1̄ + 552⇠±2̄)] (B.22)

+ q3[c3(13464⇠
±1̄ + 4716⇠±2̄ + 168⇠±3̄) + c4(26928⇠

±1̄ + 9432⇠±2̄ + 336⇠±3̄)]

+O(q4) .

Here, the coe�cients c↵ parametrise the four-form flux G as in (B.12).
In the main text of the paper we argue that the derivative part of the elliptic genera is given

by a formally six-dimensional structure, which manifests itself in terms of the threefolds

⇡i : Y
i

3 ! B
i

2 , i = 1, 2 , (B.23)

whose two-fold bases are given by
B

i

2 = p⇤(C i) . (B.24)

Here we will provide some relevant details of these, for the sample geometry we consider. Con-
cretely, we have C1 = C2 and C2 = C1 and the respective bases are thus given by

B
1
2 ' dP2 , (B.25)

B
2
2 ' C0

⇥ C2 ' F0 . (B.26)

Since the self-intersections of p⇤(C i) vanish on B3, the normal bundles NB
i

2/B3
are trivial and

hence so are NY
i

3/Y4
. This implies that the induced fibrations Yi

3 are Calabi-Yau threefolds, once
again defined by the polynomials of the form (B.3). For the geometries under consideration, the
restrictions preserve the arithmetic structure of the sections and are described by the classes of
the height-pairings by

bi := b|Bi

2
= 2K̄B

i

2
, (B.27)

where, in the second step, we have used b = 2K̄B3 and NB
i

2/B3
= OB

i

2
.

As both of the induced fibrations, Y1
3 and Y

2
3, are torically constructed, they admit a de-

scription in terms of an abelian GLSM, analogous as for Y4 in Table B.1. The most general
such descriptions for the bases (B.25) and (B.26) can be found, for instance, in [4] (see Table
4.2, as well as Table 4.1 with a = 0); for the specific fibrations Y1

3 and Y
2
3 under scrutiny, we set

(x, y1, y2) = (6, 2, 2) in the former case and (x, y) = (4, 4) in the latter. By determining their
Mori cones and intersection rings, we can calculate the BPS invariants, N i

Cb
(n, r), for the curve

classes of the form (B.11) on Y
i

3, just like it was done for the fourfold Y4. As result we present
these invariants via their generating functions of the form,

F
i

Cb
=

X

n,r

N i

Cb
(n, r)qn ⇠r , (B.28)
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⌫x ⌫y ⌫z ⌫e1 ⌫e0 ⌫z1 ⌫z2 ⌫z3 ⌫z4 ⌫z5
Z 2 3 1 0 0 0 0 0 0 0
e1 �1 �1 0 1 �1 0 0 0 0 0

h 4 6 0 0 1 0 1 0 0 0
f 6 9 0 0 0 1 1 1 0 0
l0 4 6 0 0 0 0 0 0 1 1

Table C.1: GLSM charges of the toric coordinates of the su(2)-enhanced E-string model on
F1 ⇥ P

1
l0.

for each of the two geometries and base curves (B.13). For Y
1
3 we get for the heterotic base

curve and for the two E-string curves, respectively:

F
1
C0 = �2 +

�
252 + 84⇠±1

�
q +

�
116580 + 65164⇠±1 + 9448⇠±2 + 84⇠±3

� 2⇠±4
�
q2 (B.29)

+
�
6238536 + 3986964⇠±1 + 965232⇠±2 + 65164⇠±3 + 252⇠±4

�
q3 +O(q4) ,

F
1
C

i=1,2
E

= 1 + (138 + 56⇠±1 + ⇠±2)q + (2358 + 1248⇠±1 + 138⇠±2)q2 (B.30)

+ (23004 + 13464⇠±1 + 2358⇠±2 + 56⇠±3)q3 +O(q4) .

On the other hand, since Y
2
3 does not contain (�1)-curves in its base B

2
2 ' F0, all we get is

invariants for Cb = C0:

F
2
C0 = �2 +

�
288 + 96⇠±1

�
q +

�
123756 + 69280⇠±1 + 10192⇠±2 + 96⇠±3

� 2⇠±4
�
q2 +O(q3) .

C Non-Abelian 4d E-String for B3 = F1 ⇥ P
1
l0

Here we present some details on the geometry that underlies the four-dimensional E-string model
presented in Section 6.1. The base space of the elliptic fourfold Y4 is given by B3 = F1 ⇥ P

1
l0 ,

which is related to the base dP2 ⇥ P
1
l0 discussed before in Appendix B by a simple blowdown.

Hence
H1,1(B3) = Span hl0, f, hi , (C.1)

with triple intersections
I(B3) = l0(fh� h2) (C.2)

and anti-canonical class
K̄B3 = 2l0 + 3f + 2h . (C.3)

We construct an elliptic fibration Y4 with base B3 and design an SU(2) gauge symmetry over
the divisor b = h. The model is obtained as the resolution of an SU(2) Tate model [158]. For a
flat fibration Y4 over B3, one finds two phases that are related via a flop transition. Both phases
lead to the same elliptic genus and in the following we present our analysis for just one phase
of our choice. The GLSM data can be found in Table C.1. The Mori cone is generated by the
following curves,

l(1) = ( 1 1 0 �1 1 0 0 0 0 0),
l(2) = ( 0 0 �2 0 1 0 1 0 0 0),
l(3) = ( �1 0 1 3 �3 0 0 0 0 0),
l(4) = ( 0 0 �1 0 �1 1 0 1 0 0),
l(5) = ( 0 0 �2 0 0 0 0 0 1 1),

(C.4)
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• Flux Basis 

                          ,                                                     Most general flux

• Low-Degree Invariants  =  Expansion of the Elliptic Genera 

· 4d heterotic string (             ): 
 
 
 
 
 
 

· 6d heterotic strings (             ):

G↵ = � ^ ⇡⇤D↵
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+ 4J2
2J3J5 + 14J1

2J4J5 + 8J1J2J4J5 + 4J2
2J4J5 + 105J1

3J6 + 56J1
2J2J6 (B.9)

+ 28J1J2
2J6 + 14J2

3J6 + 14J1
2J3J6 + 8J1J2J3J6 + 4J2

2J3J6 + 21J1
2J4J6

+ 12J1J2J4J6 + 6J2
2J4J6 + 3J1J3J4J6 + 2J2J3J4J6 + 3J1J4

2J6 + 2J2J4
2J6

+ 14J1
2J5J6 + 8J1J2J5J6 + 4J2

2J5J6 + 3J1J3J5J6 + 2J2J3J5J6 + 3J1J4J5J6
+ 2J2J4J5J6 ,

where Ja are the generators of the Kähler cone that obey
Z

l(a)

Jb = �a
b
. (B.10)

Equipped with the topological data listed above, we can compute the BPS invariants,
NG;Cb

(n, r), to any given order for curves of the form

C = Cb + nE⌧ + C f
r
, (B.11)

with respect to the transversal U(1) flux

G ⌘ GU(1) = � ^ ⇡⇤F , where F =:
4X

↵=1

c↵D↵ . (B.12)

The base curves, Cb, that are of interest in our examples are

Cb =
�
C0, C1

E
, C2

E

 
. (B.13)

These correspond respectively to the heterotic string featuring Section 5.1, and to the two types
of E-strings discussed in Section 6.1.

The computation of the BPS invariants proceeds by mirror symmetry, in practice using A.
Klemm’s Mathematica package inst.m and extensions thereof. For this purpose we need to
expand the various curves appearing on the RHS of (B.11) over the Mori cone generators. This
is achieved by making use of the explicit form for the curves (B.8), as well as of the intersection
data (B.9). This leads to the identification

C0 = l(4) + l(5) , (B.14)

C1
E

= l(4) , (B.15)

C2
E

= l(5) , (B.16)

E⌧ = 3l(1) + 2l(2) , (B.17)

C f
r=1 = l(1) + l(2) . (B.18)

We have calculated the relative BPS invariants up to certain finite degrees, and list them below
in terms of the generating functions

FG;Cb
=
X

n,r

NG;Cb
(n, r)qn ⇠r . (B.19)

Concretely, for each of the three base curves (B.13) under consideration, we get

FG;C0 = q[96c1⇠
±1̄ + 48c2⇠

±1̄ + 84c3⇠
±1̄ + 96c4⇠

±1̄]

+ q2[c1(69280⇠
±1̄ + 20384⇠±2̄ + 288⇠±3̄

� 8⇠±4̄)
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+c2(99552⇠

±1̄ + 29088⇠±2̄ + 480⇠±3̄
� 12⇠±4̄) (B.20)

+c3(65164⇠
±1̄ + 18896⇠±2̄ + 252⇠±3̄

� 8⇠±4̄)

+c4(134192⇠
±1̄ + 39280⇠±2̄ + 624⇠±3̄

� 16⇠±4̄)]

+O(q3) ,

FG;C1
E

= q[c2(112⇠
±1̄ + 4⇠±2̄) + c3(56⇠

±1̄ + 2⇠±2̄)]

+ q2[c2(2496⇠
±1̄ + 552⇠±2̄) + c3(1248⇠

±1̄ + 276⇠±2̄)] (B.21)

+ q3[c2(26928⇠
±1̄ + 9432⇠±2̄ + 336⇠±3̄) + c3(13464⇠

±1̄ + 4716⇠±2̄ + 168⇠±3̄)]

+O(q4) ,

FG;C2
E

= q[c3(56⇠
±1̄ + 2⇠±2̄) + c4(112⇠

±1̄ + 4⇠±2̄)]

+ q2[c3(1248⇠
±1̄ + 276⇠±2̄) + c4(2496⇠

±1̄ + 552⇠±2̄)] (B.22)

+ q3[c3(13464⇠
±1̄ + 4716⇠±2̄ + 168⇠±3̄) + c4(26928⇠

±1̄ + 9432⇠±2̄ + 336⇠±3̄)]

+O(q4) .

Here, the coe�cients c↵ parametrise the four-form flux G as in (B.12).
In the main text of the paper we argue that the derivative part of the elliptic genera is given

by a formally six-dimensional structure, which manifests itself in terms of the threefolds

⇡i : Y
i

3 ! B
i

2 , i = 1, 2 , (B.23)

whose two-fold bases are given by
B

i

2 = p⇤(C i) . (B.24)

Here we will provide some relevant details of these, for the sample geometry we consider. Con-
cretely, we have C1 = C2 and C2 = C1 and the respective bases are thus given by

B
1
2 ' dP2 , (B.25)

B
2
2 ' C0

⇥ C2 ' F0 . (B.26)

Since the self-intersections of p⇤(C i) vanish on B3, the normal bundles NB
i

2/B3
are trivial and

hence so are NY
i

3/Y4
. This implies that the induced fibrations Yi

3 are Calabi-Yau threefolds, once
again defined by the polynomials of the form (B.3). For the geometries under consideration, the
restrictions preserve the arithmetic structure of the sections and are described by the classes of
the height-pairings by

bi := b|Bi

2
= 2K̄B

i

2
, (B.27)

where, in the second step, we have used b = 2K̄B3 and NB
i

2/B3
= OB

i

2
.

As both of the induced fibrations, Y1
3 and Y

2
3, are torically constructed, they admit a de-

scription in terms of an abelian GLSM, analogous as for Y4 in Table B.1. The most general
such descriptions for the bases (B.25) and (B.26) can be found, for instance, in [4] (see Table
4.2, as well as Table 4.1 with a = 0); for the specific fibrations Y1

3 and Y
2
3 under scrutiny, we set

(x, y1, y2) = (6, 2, 2) in the former case and (x, y) = (4, 4) in the latter. By determining their
Mori cones and intersection rings, we can calculate the BPS invariants, N i

Cb
(n, r), for the curve

classes of the form (B.11) on Y
i

3, just like it was done for the fourfold Y4. As result we present
these invariants via their generating functions of the form,

F
i

Cb
=

X

n,r

N i

Cb
(n, r)qn ⇠r , (B.28)
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⌫x ⌫y ⌫z ⌫e1 ⌫e0 ⌫z1 ⌫z2 ⌫z3 ⌫z4 ⌫z5
Z 2 3 1 0 0 0 0 0 0 0
e1 �1 �1 0 1 �1 0 0 0 0 0

h 4 6 0 0 1 0 1 0 0 0
f 6 9 0 0 0 1 1 1 0 0
l0 4 6 0 0 0 0 0 0 1 1

Table C.1: GLSM charges of the toric coordinates of the su(2)-enhanced E-string model on
F1 ⇥ P

1
l0.

for each of the two geometries and base curves (B.13). For Y
1
3 we get for the heterotic base

curve and for the two E-string curves, respectively:

F
1
C0 = �2 +

�
252 + 84⇠±1

�
q +

�
116580 + 65164⇠±1 + 9448⇠±2 + 84⇠±3

� 2⇠±4
�
q2 (B.29)

+
�
6238536 + 3986964⇠±1 + 965232⇠±2 + 65164⇠±3 + 252⇠±4

�
q3 +O(q4) ,

F
1
C

i=1,2
E

= 1 + (138 + 56⇠±1 + ⇠±2)q + (2358 + 1248⇠±1 + 138⇠±2)q2 (B.30)

+ (23004 + 13464⇠±1 + 2358⇠±2 + 56⇠±3)q3 +O(q4) .

On the other hand, since Y
2
3 does not contain (�1)-curves in its base B

2
2 ' F0, all we get is

invariants for Cb = C0:

F
2
C0 = �2 +

�
288 + 96⇠±1

�
q +

�
123756 + 69280⇠±1 + 10192⇠±2 + 96⇠±3

� 2⇠±4
�
q2 +O(q3) .

C Non-Abelian 4d E-String for B3 = F1 ⇥ P
1
l0

Here we present some details on the geometry that underlies the four-dimensional E-string model
presented in Section 6.1. The base space of the elliptic fourfold Y4 is given by B3 = F1 ⇥ P

1
l0 ,

which is related to the base dP2 ⇥ P
1
l0 discussed before in Appendix B by a simple blowdown.

Hence
H1,1(B3) = Span hl0, f, hi , (C.1)

with triple intersections
I(B3) = l0(fh� h2) (C.2)

and anti-canonical class
K̄B3 = 2l0 + 3f + 2h . (C.3)

We construct an elliptic fibration Y4 with base B3 and design an SU(2) gauge symmetry over
the divisor b = h. The model is obtained as the resolution of an SU(2) Tate model [158]. For a
flat fibration Y4 over B3, one finds two phases that are related via a flop transition. Both phases
lead to the same elliptic genus and in the following we present our analysis for just one phase
of our choice. The GLSM data can be found in Table C.1. The Mori cone is generated by the
following curves,

l(1) = ( 1 1 0 �1 1 0 0 0 0 0),
l(2) = ( 0 0 �2 0 1 0 1 0 0 0),
l(3) = ( �1 0 1 3 �3 0 0 0 0 0),
l(4) = ( 0 0 �1 0 �1 1 0 1 0 0),
l(5) = ( 0 0 �2 0 0 0 0 0 1 1),

(C.4)
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Z

Z

Z

2/q�

2/q� 2

2 3

2

= (c2 + c4)Z
0
�1,2 + 4(c2 + c3 + c4)

1

4
⇠@⇠Z

1
�2,2 + 2(2c1 + c2 + 2c4)

1

4
⇠@⇠Z

2
�2,2

where

– Via mirror symmetry, low-degree GW invariants are easily computed:

(show the eqns for F)

– here: G(= �) = � ^ ⇡
⇤
F (= c↵!↵) and ⇠

±r̄ := ⇠
r � ⇠

�r

• Yi
3:

– Both are CY 3-folds b/c the normal bundle is trivial (recall Ci ·B2 C
i = 0)

– Specifically, B1
2 ' dP2 and B2

2 ' F0.

– The restrictions preserve the arithmetic structure of the sections and the height pairings
are given as:

⇤ b|Bi
2
= 2K̄Bi

2

– Again, via mirror symmetry, low-degree GW invariants are easily computed:

(show the eqns for Fs)

– here: ⇠±r := ⇠
r + ⇠

�r

1.3.3 Analytic Expression

• To apply the conj 2, let us first divide the generating function by �q to turn it into Z.

• Next, compute the index m = 1
2b · C

0 = 2.

• Using the ansatz in conj 2, one then finds:

– Z�,C0 = (c2 + c4)Z0
�1,2 + 4(c2 + c3 + c4)

1
4⇠@⇠Z

1
�2,2 + 2(2c1 + c2 + 2c4)

1
4⇠@⇠Z

2
�2,2

where

Z
0
�1,2 ⌘ 84'�1,2 (1.1)

Z
1
�2,2 ⌘ 1

12

1

⌘24
(14E4E6,2 + 10E4,2E6 � E4,1E6,1) +

1

12

1

⌘24
E2E

2
4,1 (1.2)

Z
2
�2,2 ⌘ 1

12

1

⌘24
(14E4E6,2 + 10E4,2E6) . (1.3)

1.3.4 Lowest Order Confirmation

1.3.5 Splitting of the Generic Fiber

1.4 HAE

1.4.1 Flux Structure

1.4.2 Conjecture by [OP]

2 Part 2. Why Care

2.1 Swampland Conjecture

2.1.1 Motivation, Examples (all written)

2.2 Stringy Realisation

2.2.1 F-theory

2.2.2 6d Physics

2.2.3 4d Physics

2

1/2m 1/2m

= Z1
�2,2

= Z2
�2,2

ZY4
C0;G
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Weak Gravity Conjectures in 4 Dimensions



4/5. Tensionless String 



• Quantum Gravity Conjectures ~ Swampland Conjectures 

· Consistency constraints Quantum Gravity (QG) is believed to impose  

· Landscape v.s. Swampland  in the context of string theory

Gauge coupling    cannot become zero in presence of gravity

The entire charge lattice must be popultated by physical particles

An “infinite” deformation of physics leads to a tower of particles with their masses exponentially suppressed

g
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• Conjectures in the Literature 

· No Global Symmetry [Banks, Dixon ’88] 
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· Distance Conjecture [Ooguri, Vafa ’06] 

 

• Stringy Realization 
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Quantum Gravity Conjectures 
String-Theoretic Approach

We will confirm these for “Open Strings”

A (sub)lattice/tower of charged particles with                        should exist g2q2 � cM2µ

• Conjectures in the Literature 
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• Stringy Realization 

6d: [S.-J.L., Lerche, Weigand ’18-’19] 
 

4d: [Klaewer, S.-J.L., Weigand, Wiesner: to appear]



volj(B2) (⇠ M4
Pl)= 1volj(b) (⇠ 1/g2)! 1

• The Key Geometric Statement 

In the weak-coupling limit where                                 while                                 is 
fixed, one can find a shrinking curve C0 with the following properties: 

   1. 
   2. 
   3. 

   4.  
 

In fact, the shrinking curve class is unique (up to scaling) if we demand  C0·C0 > 0  

• An Intuition 

“ If one direction is big its normal direction must be small ” 
 

B2

B2

b

C0

C0 · b 6= 0

C0 · C0 = 0

C0 · K̄ = 2

J J

volJ(C0) ! 0

( g(C0) = 0 )

—

Unique, 

Tensionless,  

Charged,  

Heterotic String

Weak-Coupling Limit & a Shrinking Curve 

6d F-theory [S.-J.L., Lerche, Weigand ’18]



Step 2:     is the class of a holomorphic  
           curve     with the desired properties 

Step 1:  With                       , we have 
 
  
            where           and     stay finite

K(B2) = hJ0, I⌫i

J = tJ0 +
X

⌫

s⌫I⌫

t ! 1 s⌫

J0
C0

J0 · I⌫ I⌫ · Iµ

vol(B2) = t2
J0 · J0

2
+ t n⌫s⌫ +

s⌫sµn⌫µ

2

n⌫s⌫ ! 1

t
J0 · J0 = 0

t ! 1

vol(b) ! 1

! 1

2m..

1.  

 
 
2.  

 
 
3.  
 
4.  
 

vol(C0) = J · C0 = n⌫s⌫ ! 1

t

vol(b) = J · b = t C0 · b+ s⌫ I⌫ · b

2g(C0)� 2 = C0 · (C0 +K) = �J0 · K̄  0

vol(C0) ! 0

C0 · b 6= 0

C0 · C0 = 0

C0 · K̄ = 2

) g(C0) = 0 , C0 · K̄ = 2

0

• Existence Proof

· For                     ,  (exactly) one coefficient  
must go to infinity; call it t 
· The volume of B2 takes the form, 
 
 
 

· Importantly, for vol(B2) = 1 with             , 
 

                                              and													

Weak-Coupling Limit & a Shrinking Curve 

Existence in 6d F-theory [S.-J.L., Lerche, Weigand ’18]



• Better be Unique (up to scaling) 

· Existence has been addressed: C0 

· Another shrinking curve C w/ C·C > 0, if exists, would bring a physical problem 

• Uniqueness Proof 

· Essentially due to the (1, nT) signature of the two-cycle intersections in B2 

· The argument:  

   - Suppose another curve C shrinks with C·C non-negative. 

   - C0 = (a0; a1, …, anT),  C = (b0; b1, …, bnT).  
             C0·C0 = 0                  a0  =    ai 
             C0·C = J0·C = 0           a0b0 =    aibi 
      - Cauchy-Schwarz gives a0 b0  = (    aibi)  < (   ai  )(     bi  ) = a0 (     bi  ) 
   - For equality to hold, C must be proportional to C0

⌃2 2

⌃

⌃ ⌃ ⌃
2 2 2 2 2

—

2 ⌃ 2

—

Weak-Coupling Limit & a Shrinking Curve 

Uniqueness in 6d F-theory [S.-J.L., Lerche, Weigand ’18]



• The Key Geometric Statement 

In the weak-coupling limit, there exists a unique genus-0 curve C0 shrinking at a fastest rate  

with normal bundle                                  . 

• What’s New in 4d?     

· Weak coupling can arise from two classes of geometric limits:   

 
 
 
 

· Both classes lead to the same geometric result as stated above

NC0/B3
= OC0 �OC0
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J-class A
J-class B

*
* We restrict to those weak-coupling limits in the sense of classical geometry 
  that keep giving a weak gauge coupling even after quantum corrections. 

[Klaewer, S.-J.L., Weigand, Wiesner: to appear]

[S.-J.L., Lerche, Weigand ’19]

Weak-Coupling Limit & a Shrinking Curve 

4d F-theory [Klaewer, S.-J.L., Weigand, Wiesner: to appear]



5/5. Super-Extremal Tower 



Confirmation of QGCs 

6d F-theory

• No Global Symmetries 

· The weak-coupling limit must lie at infinite distance in moduli space    

· Indeed:  the limit             is located at an infinite distance                 

• Distance Conjecture 

· A tower of states must become light (w/ mass supp. exponentially by d) 

· Indeed:  the shrinking curve, once wrapped by D3, leads to tensionless heterotic string 

· Specifically:   

 

          The tension is given as 
 

          The mass scale of the tower is determined by the tension

t ! 1 d ! log(2t)

T / vol(C0) '
1

t
' 2e�d

M2 / T / e�d

[S.-J.L., Lerche, Weigand ’18]



m =
1

2
C0 · b = 2

number of coe�cients in this ansatz, we compare it with a finite number of genus-zero
Gromov-Witten invariants of curve classes of the form

�C0(n, r) := C0 + nCE + rC f , n = 0, 1 . . . , (4.27)

for a small number of choices of n. The fibral classes CE and C f have the properties (4.9)
and (4.10). The expansion (3.24) of the generating function

F
(0)
C0

(⌧, z) =
X

n�0

X

|r|qmax(n)

N (0)
C0

(n, r)qn⇠r with q = e2⇡i⌧ , ⇠ = e2⇡iz (4.28)

can then be obtained to the chosen finite order, where qmax(n) denotes the maximal power
of ⇠ appearing in the expansion at a given level n in q. By computing a su�cient number
of low-degree Gromov-Witten invariants N (0)

C0
(n, r), one can proceed to fix the coe�cients

in the ansatz for �10,6�x. This provides an analytic expression for F
(0)
C0

and thus for
ZK(⌧, z), as well as for its spin-refined cousin, ZC0(⌧,�s, z).

In the remainder of this subsection we will consider a = 1, that is B2 = F1. Although one
may in principle analyze all possible choices of � within the range (4.18), we will focus here on
the two models with (x, y) = (4, 4) and (4, 6), respectively. Some further models over F2 can
be found in Appendix E.

Model 1: Hirzebruch base F1 with extra section, for (x, y) = (4, 4)

Some results for the Hirzebruch base F1 with (x, y) = (4, 4) have already been presented in
Section 2.5 to exemplify the general behaviour of the charge spectrum of the nearly tensionless
heterotic string. Using the toric data as summarized in Appendix E.1, we can compute via mir-
ror symmetry a collection of low order genus-zero Gromov-Witten invariants. These assemble
into the expansion (4.28) as follows:
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Here and in the sequel we use the abbreviation

⇠±n := ⇠n + ⇠�n . (4.30)

These Gromov-Witten invariants are more than enough to determine the unknown coe�-
cients in the ansatz (3.46), and this yields:
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As a non-trivial consistency check, we have confirmed that the Gromov-Witten invariants
N (0)

C0
(2, r) at order n = 2 in q are correctly reproduced. Moreover, in the un-refined limit
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number of coe�cients in this ansatz, we compare it with a finite number of genus-zero
Gromov-Witten invariants of curve classes of the form

�C0(n, r) := C0 + nCE + rC f , n = 0, 1 . . . , (4.27)

for a small number of choices of n. The fibral classes CE and C f have the properties (4.9)
and (4.10). The expansion (3.24) of the generating function
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can then be obtained to the chosen finite order, where qmax(n) denotes the maximal power
of ⇠ appearing in the expansion at a given level n in q. By computing a su�cient number
of low-degree Gromov-Witten invariants N (0)

C0
(n, r), one can proceed to fix the coe�cients

in the ansatz for �10,6�x. This provides an analytic expression for F
(0)
C0

and thus for
ZK(⌧, z), as well as for its spin-refined cousin, ZC0(⌧,�s, z).

In the remainder of this subsection we will consider a = 1, that is B2 = F1. Although one
may in principle analyze all possible choices of � within the range (4.18), we will focus here on
the two models with (x, y) = (4, 4) and (4, 6), respectively. Some further models over F2 can
be found in Appendix E.

Model 1: Hirzebruch base F1 with extra section, for (x, y) = (4, 4)

Some results for the Hirzebruch base F1 with (x, y) = (4, 4) have already been presented in
Section 2.5 to exemplify the general behaviour of the charge spectrum of the nearly tensionless
heterotic string. Using the toric data as summarized in Appendix E.1, we can compute via mir-
ror symmetry a collection of low order genus-zero Gromov-Witten invariants. These assemble
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As a non-trivial consistency check, we have confirmed that the Gromov-Witten invariants
N (0)

C0
(2, r) at order n = 2 in q are correctly reproduced. Moreover, in the un-refined limit

44

• A Model over  

· Topology of the model gives the U(1) elliptic index,  

· Mirror symmetry computation gives the genus-0 prepotential  
 
 
 
 
 

· Modular property fixes its analytic expression as 
 
 

B2 = dP1

number of coe�cients in this ansatz, we compare it with a finite number of genus-zero
Gromov-Witten invariants of curve classes of the form
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for a small number of choices of n. The fibral classes CE and C f have the properties (4.9)
and (4.10). The expansion (3.24) of the generating function

F
(0)
C0

(⌧, z) =
X

n�0

X

|r|qmax(n)

N (0)
C0

(n, r)qn⇠r with q = e2⇡i⌧ , ⇠ = e2⇡iz (4.28)

can then be obtained to the chosen finite order, where qmax(n) denotes the maximal power
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may in principle analyze all possible choices of � within the range (4.18), we will focus here on
the two models with (x, y) = (4, 4) and (4, 6), respectively. Some further models over F2 can
be found in Appendix E.

Model 1: Hirzebruch base F1 with extra section, for (x, y) = (4, 4)

Some results for the Hirzebruch base F1 with (x, y) = (4, 4) have already been presented in
Section 2.5 to exemplify the general behaviour of the charge spectrum of the nearly tensionless
heterotic string. Using the toric data as summarized in Appendix E.1, we can compute via mir-
ror symmetry a collection of low order genus-zero Gromov-Witten invariants. These assemble
into the expansion (4.28) as follows:
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As a non-trivial consistency check, we have confirmed that the Gromov-Witten invariants
N (0)

C0
(2, r) at order n = 2 in q are correctly reproduced. Moreover, in the un-refined limit
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Calculation of the Elliptic Genus 

6d Example: dP1 [S.-J.L., Lerche, Weigand ’18]
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Figure 1: Maximal charge qmax(n) per excitation level n for a 6d F-theory compactification
on Y3 with base B2 = F1. The model refers to the values (x, y) = (4, 4) in the notation
of Section 4.1, and has charge index m = 1

2C ·C0 = 2. The solid blue curve is given by

q(n) =
p
4m(n� 1), which corresponds to the modified, scalar weak gravity bound derived in

ref. [83] for the relevant extremal black holes.
Observe that the charges for some excitations lie just barely above this curve, as a consequence of
the plateau pattern in conjunction with the o↵set of the vacuum energy by �1. The maximally
superextremal states, marked in red, lie on the dashed curve given by qmax(n) =

p
4mn and

populate a charge sublattice with spacing given by �q = 2m = 4. Together with the additional
superextremal states lying between the red and the blue curves they populate the full charge
lattice. This is a feature of this particular example.

1. For each value of U(1) charge q 2 Z there exists at least one state in the excitation
spectrum of a single string along C0. All of these states become massless in the limit
volJ(C0) ! 0, which coincides with the limit gYM ! 0. Oftentimes, we will only discuss
non-negative charges q 2 Z�0 given that the states in the theory come in pairs of U(1)
charges q and �q.

2. At each excitation level n, the spectrum of these string excitations contains states of
maximal charge

q2max(n) � �(n)n , (2.54)

for some numerical prefactor � that is fixed by the specifics of the abelian gauge group
and its realisation in F-theory. For large n, this prefactor can be taken as a positive
constant with an upper bound given by 2C ·C0, in the following sense: For each value of
✏ 2 (0, 1), we can find some N(✏) such that

�(n) � (1� ✏) 4m =: �✏ 8n � N(✏) , (2.55)

with

m =
1

2
C · C0 (2.56)

18
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p

8(n� 1)

q(n) =
p
8n

/ M

qk = 4k

=
p
4mn

=
p

4m(n� 1)

= 2mk· For                          
  states exist on the red curve w/ 
 
 

· The theta expansion: guarantees  
  that every charge on this (sub-) 
  lattice has states on the red curve,  
  and in particular, strictly above  
  the blue curve

�(⌧, z) =
X

l2Z/2mZ
hl(⌧)#m,l(⌧, z)

#m,l(⌧, z) :=
X

r⌘l mod 2m

q
r2

4m ⇠r

nk = 2k2 = mk2
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Confirmation of QGCs, Continued 

6d F-theory

qk = 2mk nk = mk2
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[S.-J.L., Lerche, Weigand ’18]

sub-lattice index:
2m = C0 · b

with= µ
M2

nk

M4
Pl

µ = 1

• Completeness Hypothesis 
· The entire charge lattice is populated by physical states    

· In fact, open string sector alone would not satisfy this 

• Weak Gravity Conjectures (Sublattice, Scalar version)  
· Masses of the perturbative heterotic string excitations: 

· Consider the sublattice states with                  and                

    Carefully keeping the numerical factors, first get  

 
   
    and then, observe                                          in the weak-coupling limit;  this implies that  

M4
Pl = 4⇡vol(B2) ⌘ 4⇡ ;

1

g2
=

1

2⇡
vol(b) ; T = 2⇡vol(C0) ,M4

Pl = 4⇡vol(B2)
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Weak Gravity Conjectures in 4 Dimensions 

Special vs. General Fluxes [S.-J.L., Lerche, Weigand ’19]
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Figure 1: Shown is the charge-mass spectrum encoded in the fully modular elliptic genus (5.22).
The fat red dots indicate super-extremal states, which lie above the solid blue line encoding the
charge-to-mass ratio of classical extremal black holes as discussed in Section 6.3. Note the gaps
at charges q = 4Z; in particular the open dots, which would correspond to the possible maximal
super-extremal states and which would form a charge sublattice by themselves, are not populated.
Qualitatively this picture does not only apply to the present example, but to the generic situation
with modular fluxes. We will come back to it in the next section in the context of Weak Gravity
Conjectures.

heterotic string we can identify the excitation level n � 1 with the mass M2 of the physical
states associated with the excitations, more precisely M2/(8⇡T ) = n� 1, where T denotes the
string tension. The solid blue curve is defined by q2/(M2/8⇡T ) = 4m and characterizes the
charge-to-mass ratio of extremal dilatonic black holes which play a role in the context of the
Weak Gravity Conjecture. This will be explained in Section 6.3. The open dots correspond to
the possible, but not populated maximally super-extremal states which would lie on the dashed
red line that corresponds to the leading orbit of ` = 0,m in the theta expansion.

We also have exhibited, as red fat dots, the existence of super-extremal states, whose charges
just barely lie above the blue curve. There are also other gaps in the part of spectrum encoded
in the elliptic genus, for example at (M2/8⇡T, q) = (5, 6) in Figure 1. It turns out that these
intermediate locations become populated for quasi-modular fluxes leading to (5.19). Moreover,
all gaps are fully populated for the non-modular elliptic genus (5.12) for a generic choice for
the cj. This is what we have shown in Figure 2. Thus, morally speaking, the better behaved
under modular transformations the elliptic genus becomes upon judiciously choosing the flux
configuration, the more non-trivial cancellations occur.

At this point one may worry whether the criterion of completeness of the charge lattice
[18, 132], which is part of the lore of quantum gravity conjectures, may be violated due to
the gaps. And relatedly, whether the sublattice conjecture of the super-extremal states [4] is
violated too, since in general the charges of the super-extremal states do not appear to form
a sublattice. We just note here the obvious fact that the absence of contributions of certain
charges to the elliptic genus does not necessarily imply that the states do not exist, and refer
to the concluding Section 7 for a further discussion.

30

• Special (quasi-modular) Fluxes 
· The 4d heterotic elliptic genus is modular/Jacobi  
 — theta expansion of Jacobi forms (wt. -1)  
 — a (shifted) sublattice of super-extremal particles!     

 

 

[Klaewer, S.-J.L., Weigand, Wiesner: to appear]

• General Fluxes 
· The elliptic genus of 4d heterotic string is generically not modular/Jacobi 

· The deviation is controllable, nevertheless   
 
 

· In the derivative part:   

 — super-extremal terms in Z -2,m guaranteed by the modular/Jacobi property 
 — state counting in each (n, r)-sector multiplied by r due to the derivative 
 — existence of charged super-extremal sublattice guaranteed!   

ZCb;G(q, ⇠) = Z�1,m(q, ⇠) + ⇠@⇠Z�2,m(q, ⇠)
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Weak Gravity Conjectures in 4 Dimensions 

New Features in 4 Dimensions

• What’s New in 4d?  
(a) Quantum corrections do change the physics, but the weak gravity still holds:  

 —                                              before/after (leading) corrections     
         

(b) The U(1)s are generically Stuckelberg massive:  

 — weak gravity still works for Stuckelberg U(1)s 

 — the mass is effectively zero for special (quasi-modular) fluxes  
 

(c) U(1)s can be obtained also by breaking non-abelian algebra via flux 

 — a tower of states that are “super-extremal w.r.t Cartan U(1)s” guaranteed by the 

     modular/Jacobi property (of a Weyl-invariant Jacobi form)  

 — weak gravity thus holds after the flux breaking 

[Klaewer, S.-J.L., Weigand, Wiesner: to appear]

(cf.) [Reece ’18]

vol(C0) vol(b) ! 2m vol(B3)
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[Grimm, Savelli, Weissenbacher ’13] 
[Weissenbacher ’20]

[S.-J.L., Lerche, Weigand ’19]



Conclusions



• Solitonic strings in F-theory compactifications on a general elliptic 4-fold 

• Elliptic genera obtained via GW invariants  

• Behavior of elliptic genera under modular/elliptic transformations clarified:  
      
 
  — manifestation of the quasi-Jacobi nature 
  — connection b/w elliptic 4- and 3-fold invariants 
  — connection b/w (-1)- and (-2)-flux invariants

• Explicit examples worked out via mirror symmetry for “GLSM 4-folds”

• Weak gravity conjectures (tower/sublattice ver.) verified  
— for general 4d N=1 EFTs of F-theory with fluxes  
— immediate consequence of the modular/elliptic behavior of the heterotic elliptic genus

We have studied elliptic genera of N=(0,2) strings in 4 dimensions

Summary

ZCb;G(q, ⇠) = Z�1,m(q, ⇠) + ⇠@⇠Z�2,m(q, ⇠)
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Thank You!


