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neutrino framework.

In this work, we study the modification of neutrino oscillation parameters due to light

scalar DM–neutrino interactions. In particular, we present a specific µ ! ⌧ symmetric model

in which the symmetry is broken by light scalar DM interactions thus generating a nonzero

mixing angle ✓13. We first examine the e↵ects of this model on data from various neutrino

experiments. We then study the potential to distinguish this model from the standard three

neutrino oscillation scenario at the future long-baseline accelerator experiment, DUNE, and

the medium-baseline reactor experiment, JUNO.

The paper is organized as follows. In Section 2, we present a model in which µ ! ⌧

symmetry is broken by the DM interactions. In Section 3, we examine the implications of

this model for the measured neutrino oscillation parameters. In Section 4, we simulate future

neutrino oscillation experiments to study the potential to distinguish this model from the

standard scenario. We summarize our results in Section 5. In Appendix A we calculate how

the scalar DM interactions with neutrinos a↵ect neutrino mass and mixing parameters, and

in Appendix B we determine how the DM oscillations cause a shift in the e↵ective neutrino

oscillation parameters measured in experiments.

2 The Model

The Lagrangian describing the interactions between light scalar DM and neutrinos can be

written in the flavor basis as [12, 13]

L = ⌫̄L! i/@⌫L! !
1

2
m!"

0 ⌫c
L! ⌫L" !

1

2
�!" �⌫c

L! ⌫L" + h.c. , (1)

where ↵, � = e, µ, ⌧ , m0 is the initial neutrino mass matrix, and � is the coupling constant

matrix. Since the light scalar DM can be treated as a classical field, the nonrelativistic

solution to the classical equation of motion can be approximated as [11]

�(x) "

p
2⇢#(x)

m#
cos(m#t ! ~v· ~x) , (2)

where m# is the mass of the scalar DM particle, ⇢# # 0.3 GeV/cm3 is the local DM density,

and v # 10�3 is the virialized DM velocity. Since v $ 1, we neglect the spatial variation in �
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neutrino oscillation experiments to study the potential to distinguish this model from the

standard scenario. We summarize our results in Section 5. In Appendix A we calculate how

the scalar DM interactions with neutrinos a↵ect neutrino mass and mixing parameters, and

in Appendix B we determine how the DM oscillations cause a shift in the e↵ective neutrino
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and v ⇠ 10�3 is the virialized DM velocity. Since v ⌧ 1, we neglect the spatial variation in &

3

neutrino framework.

In this work, we study the modification of neutrino oscillation parameters due to light

scalar DM–neutrino interactions. In particular, we present a specific µ� ⌧ symmetric model

in which the symmetry is broken by light scalar DM interactions thus generating a nonzero

mixing angle ✓13. We first examine the e↵ects of this model on data from various neutrino

experiments. We then study the potential to distinguish this model from the standard three

neutrino oscillation scenario at the future long-baseline accelerator experiment, DUNE, and

the medium-baseline reactor experiment, JUNO.

The paper is organized as follows. In Section 2, we present a model in which µ � ⌧

symmetry is broken by the DM interactions. In Section 3, we examine the implications of

this model for the measured neutrino oscillation parameters. In Section 4, we simulate future

neutrino oscillation experiments to study the potential to distinguish this model from the

standard scenario. We summarize our results in Section 5. In Appendix A we calculate how

the scalar DM interactions with neutrinos a↵ect neutrino mass and mixing parameters, and

in Appendix B we determine how the DM oscillations cause a shift in the e↵ective neutrino

oscillation parameters measured in experiments.

2 The Model

The Lagrangian describing the interactions between light scalar DM and neutrinos can be

written in the flavor basis as [12, 13]

L = ⌫̄L↵i/@⌫L↵ � 1

2
m↵�

0 ⌫c
L↵⌫L� �

1

2
�↵��⌫c

L↵⌫L� + h.c. , (1)

where ↵, � = e, µ, ⌧ , m0 is the initial neutrino mass matrix, and � is the coupling constant

matrix. Since the light scalar DM can be treated as a classical field, the nonrelativistic

solution to the classical equation of motion can be approximated as [11]

�(x) '
p
2⇢�(x)

m�
cos(m�t� ~v· ~x) , (2)

where m� is the mass of the scalar DM particle, ⇢� ⇠ 0.3 GeV/cm3 is the local DM density,

and v ⇠ 10�3 is the virialized DM velocity. Since v ⌧ 1, we neglect the spatial variation in �

3

3

10! 22 10! 21 10! 20 10! 19 10! 18 10! 1710! 26

10! 24

10! 22

10! 20

10! 18

102 101 100 10! 1 10! 2

m " @ eV D

g"

#" @ days D

CMB

Super ! K, SNO

LENA Hproj .L

Ly
m

an
!

$

FIG. 1. Regions in the m! � g! plane that are ruled out by either Planck measurements of the CMB or searches for time-
varying signals in the solar neutrino data of Super-K and SNO. We also show the projected reach of the LENA liquid scintillator
neutrino experiment. On the top-axis, for each value of m! we display the corresponding period (in days) of the modulation
imprinted on the solar neutrino flux, ⌧! ⌘ 2⇡/m ! . In the grey shaded region, dark matter lighter than ⇠ 10! 21 eV is in slight
tension with observations of the Lyman-↵ forest. Current searches for anomalous periodicities in the solar neutrino data can
probe DM-neutrino couplings that are orders of magnitude below limits derived from cosmological observations.

that the liquid scintillator Low Energy Neutrino Astron-
omy (LENA) detector could be sensitive to variations at
the 0.5 % level [87]. Approved near-future experiments,
such as SNO+, will also have increased sensitivity, al-
though no dedicated studies of the projected reach for
such signals have been performed. Eq. (6) therefore im-
plies that the null results from searches at Super-K and
SNO lead to an upper bound ong� that approximately
scales as

g� . 4⇥ 10! 25 ⇥
⇣ m�

10! 22 eV

⌘
(solar) , (7)

where we have taken! m2
12 ' (7.5± 0.25)⇥10! 5 eV2 [62]

and m1,2 ⇠ 0.1 eV. In the limit that ⌫1 is massless,
this bound is weakened by approximately an order of
magnitude.4 For values of g� near the upper limit of
Eq. (7), the resulting correction to ! m2

12 is at the level
of 0.1 % and is a negligible e" ect. Such interactions are

4 Note that our estimate is conservative, since it assumes that
gravitational focusing of the DM density near the Sun is negligi-
ble. Taking this into account, a simple estimate suggests that
⇢DM should be enhanced by a factor of

p
2GNM" /v2R" ⇠

O(1) [88, 89]. Hence, the e↵ect on the modulation fraction is
at the level of O(10)%.

well below bounds from leptonic meson decays, which
constrain couplings at the level ofg� ⇠ 10! 3 [90].
� should already be present during matter-radiation

equality, and hence should oscillate as in Eq. (2) at the
time of recombination. In the case that � provides the
dominant contribution to the e " ective masses of⌫1,2, we
have

m1,2(t) ' g� h|�|i ' 2g�
⇡

p
2⇢DM

m�
, (8)

such that h|�|i is the time-averaged value of|�|. Planck
measurements of the cosmic microwave background
(CMB) set an upper limit on the sum of the neutrino
masses at the time of photon decoupling,

P
i mi .

0.23 eV [91, 92]. Eq. (8) then implies that

g� . 10! 22 ⇥
⇣ m�

10! 22 eV

⌘
(CMB) , (9)

which is orders of magnitude weaker than the bound from
solar neutrino detectors. Projected sensitivities of CMB
Stage-IV experiments could improve upon the limit in
Eq. (9) by approximately an order of magnitude [93].

Similar limits can be inferred from the successful pre-
diction of Big Bang Nucleosynthesis (BBN) at tempera-
tures ⇠ 1 MeV [94]. During this epoch, the background
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Cold, ultralight (! eV) bosonic dark matter with a misalignment abundance can induce temporal variation
in the masses and couplings of Standard Model particles. We find that fast variations in neutrino oscillation
parameters can lead to significantly distorted neutrino oscillations (DiNOs) and yield striking signatures at long
baseline experiments. We study several representative observables to demonstrate this effect and find that current
and future experiments including DUNE and JUNO are sensitive to a wide range of viable scalar parameters
over many decades in mass reach.

INTRODUCTION

Many popular extensions to the Standard Model (SM) fea-
ture ultralight bosonic fields produced non-thermally through
the misalignment mechanism. In these scenarios, the field is
displaced from its minimum in the early universe and begins
to oscillate about this minimum when the Hubble expansion
rate becomes comparable to its mass. As the universe ex-
pands, the field eventually redshifts like nonrelativistic mat-
ter and can account for the dark matter in our universe (for a
review see [1]).

If a misaligned scalar couples to SM fields, it can introduce
temporal variation in the measured values of particle masses
and coupling constants. Recently it has been shown that such
time-dependent couplings to neutrinos can affect their masses
and mixing angles leading to modulation signals [2], amelio-
rate bounds on sterile neutrinos, and modify early universe
cosmology [3, 4].1 In this Letter, we show that novel neu-
trino oscillation signatures arise even when the time variations
of neutrino oscillation parameters in a misaligned scalar field
background are too fast to lead to any observable modulation.
Even modest couplings to the new field, over a wide range of
masses, can significantly modify neutrino oscillation proba-
bilities leading to distorted neutrino oscillations (DiNOs).

To illustrate this effect, consider an ultralight scalar � cou-
pled to neutrinos via

L e↵ = �m⌫

✓
1 + y

�

⇤

◆
⌫⌫ + h.c. , (1)

where ⇤ is a heavy mass scale and y is a yukawa coupling
whose flavor indices have been suppressed. Such an interac-
tion can arise from a Type-I seesaw model [12, 13] with right
handed neutrinos N coupled to the scalar field via

L � �y⌫HLN � (⇤ � y�)NN, (2)

where L,H are the lepton and Higgs doublets, y⌫ and y are
Yukawa couplings, and � is sequestered from other SM fields.

1 Time varying neutrino masses have also been considered in the context of
dark energy and modified cosmology [5–11].

Integrating out the N field gives the familiar Weinberg opera-
tor (LH)

2/⇤ with an additional � interaction, which reduces
to Eq. (1) after electroweak symmetry breaking. If � enjoys an
approximate shift symmetry, it can be naturally light and pro-
duced cosmologically through the misalignment mechanism,
thereby constituting some fraction of the dark matter abun-
dance.

In the present day halo, the local field value can be written

�(x, t) '
q

2⇢�
�

m�
cos[m�(t� ~v · ~x)] , (3)

where ⇢�
�  ⇢�

DM = 0.3 GeVcm�3 is the scalar energy den-
sity and v ⇠ 10

�3 is the virial velocity. In the presence of this
� background, the values of neutrino masses are modulated
by the DiNO amplitude

⌘� ⌘
q

2⇢�
�

⇤m�
, (4)

which always refers to the local value of the � density.
Note that there are qualitative differences if � affects

solar parameters (✓12,�m2
21) or atmospheric parameters

(✓13, ✓23,�m2
31), as we will see below. Although the impact

of such modulation on neutrino mass square differences and
mixings depends on the matrix y, we analyze the effect of
modifying one parameter in isolation assuming y ⇠ O(1).
Thus, each mass squared difference can be written as

�m2
ij(x, t) ⌘ m2

i �m2
j ' �m2

ij,0

✓
1 + 2

�(x, t)

⇤

◆
, (5)

where �m2
ij,0 is the undistorted value and � evolves accord-

ing to Eq. (3), with corresponding dependence on ⌘�. Simi-
larly, a potential shift in the mixing angles can be written

✓ij(x, t) = ✓ij,0 +

�(x, t)

⇤

, (6)

where ✓ij,0 is the undistorted mixing angle. Note that if the
�⌫⌫ interaction is flavor blind, then the rotations that diago-
nalize the vacuum mass matrix are unaffected and the mixing
angles are � independent.
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ture ultralight bosonic fields produced non-thermally through
the misalignment mechanism. In these scenarios, the field is
displaced from its minimum in the early universe and begins
to oscillate about this minimum when the Hubble expansion
rate becomes comparable to its mass. As the universe ex-
pands, the field eventually redshifts like nonrelativistic mat-
ter and can account for the dark matter in our universe (for a
review see [1]).

If a misaligned scalar couples to SM fields, it can introduce
temporal variation in the measured values of particle masses
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time-dependent couplings to neutrinos can affect their masses
and mixing angles leading to modulation signals [2], amelio-
rate bounds on sterile neutrinos, and modify early universe
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of neutrino oscillation parameters in a misaligned scalar field
background are too fast to lead to any observable modulation.
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tion can arise from a Type-I seesaw model [12, 13] with right
handed neutrinos N coupled to the scalar field via

L � �y! HLN � (⇤ � y! )NN, (2)

where L,H are the lepton and Higgs doublets, y! and y are
Yukawa couplings, and ! is sequestered from other SM fields.

1 Time varying neutrino masses have also been considered in the context of
dark energy and modified cosmology [5–11].

Integrating out the N field gives the familiar Weinberg opera-
tor (LH)2/⇤ with an additional ! interaction, which reduces
to Eq. (1) after electroweak symmetry breaking. If ! enjoys an
approximate shift symmetry, it can be naturally light and pro-
duced cosmologically through the misalignment mechanism,
thereby constituting some fraction of the dark matter abun-
dance.
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Note that there are qualitative differences if ! affects
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of such modulation on neutrino mass square differences and
mixings depends on the matrix y, we analyze the effect of
modifying one parameter in isolation assuming y ⇠ O(1).
Thus, each mass squared difference can be written as

�m2
ij (x, t) ⌘ m2

i �m2
j ' �m2

ij, 0

!
1 + 2

! (x, t)
⇤

"
, (5)

where �m2
ij, 0 is the undistorted value and ! evolves accord-

ing to Eq. (3), with corresponding dependence on %" . Simi-
larly, a potential shift in the mixing angles can be written

&ij (x, t) = &ij, 0 +
! (x, t)

⇤

, (6)

where &ij, 0 is the undistorted mixing angle. Note that if the
!"" interaction is flavor blind, then the rotations that diago-
nalize the vacuum mass matrix are unaffected and the mixing
angles are ! independent.
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(a) (b) (c)

FIG. 2. �! 2 curves from existing (thick solid curves) and future (thin dotted curves) analyses of neutrino oscillation data.
Shaded parameter regions are excluded by the current data. Panel (a) applies to scalar DM, panel (b) is for vector DM with
fixed polarization parallel to the ecliptic plane, and panel (c) is for unpolarized vector DM. For scalar DM, we have assumed
y = y0(m! / 0.1 eV), while for vector DM, we use a coupling structure inspired by L µ �L " symmetry, namely Qee = 0, Qµµ = 1,
Q"" = �1. In panel (a), we show also a limit based on the cosmological constraint on

P
m! .

FIG. 3. Predicted " e survival probability for solar neutrinos
at the SM best fit point (blue) and at the best fit point in-
cluding neutrino interactions with polarized vector DM (red).
The best fit curves for unpolarized vector DM and for scalar
DM are similar to the SM curve. We compared to data from
Borexino [63], Super-Kamiokande [64], and SNO [65, 66].

the correction to the heaviest neutrino mass (taken at
0.05 eV) should not be larger than 0.1 eV.

Astrophysical Neutrinos. One may wonder whether
neutrino–DM interactions could inhibit the propagation
of astrophysical neutrinos [68] from distant sources [69].
The optical depth for such neutrinos is given by [70]
⌧⌫(E⌫) = �⌫�(E⌫)X�m

! 1

� , with the DM column den-

sity X� !
R
l.o.s

dl ⇢�, where the integral runs along the
line of sight. For both galactic and extragalactic neutrino

sources, we have typicallyX� " 1022–1023 GeV/cm2 [70].
The scattering cross section for vector DM is approxi-
mately

�T
⌫� #

g4

8⇡

m2

⌫

E2

⌫m
2

�

, (vector DM) (8)

where the superscript T indicates that, for simplicity, we
have only considered the transverse polarization states of
DM. For scalar DM, the corresponding expression is

�⌫� #
g4

36⇡m2

⌫

, (scalar DM) (9)

Requiring ⌧⌫ < 1, we obtain the constraints

g

m�
< 3 á108 eV! 1

✓
E⌫

PeV

◆ 1
2
✓
0.1 eV

m⌫

◆ 1
2
✓
10! 22 eV

m�

◆ 1
4

,

(vector DM) (10)

y

m�
< 1.3 á1011 eV! 1

✓
m⌫

0.1 eV

◆ 1
2
✓
10! 22 eV

m�

◆ 3
4

.

(scalar DM) (11)

We see that these limits are much weaker than the con-
straints imposed by oscillation experiments (see fig. 2)
except for DM masses much larger than the ones con-
sidered here and for very low neutrino energies At low
energy, however, astrophysical neutrinos cannot be ob-
served because of prohibitively large atmospheric back-
grounds.
Summary. To conclude, we have demonstrated that

unique opportunities exist at current and future neu-
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We discuss novel ways in which neutrino oscillation experiments can probe dark matter. In
particular, we focus on interactions between neutrinos and ultra-light (ÒfuzzyÓ) dark matter particles
with masses of order 10�22 eV. It has been shown previously that such dark matter candidates are
phenomenologically successful and might help ameliorate the tension between predicted and observed
small scale structures in the Universe. We argue that coherent forward scattering of neutrinos on
fuzzy dark matter particles can signiÞcantly alter neutrino oscillation probabilities. These e ↵ects
could be observable in current and future experiments. We set new limits on fuzzy dark matter
interacting with neutrinos using T2K and solar neutrino data, and we estimate the sensitivity of
reactor neutrino experiments and of future long-baseline accelerator experiments. These results are
based on detailed simulations in GLoBES. We allow the dark matter particle to be either a scalar or
a vector boson. In the latter case, we Þnd potentially interesting connections to models addressing
various B physics anomalies.

Our ignorance about the particle physics nature of
dark matter (DM) is so vast that viable candidate parti-
cles span more than 90 orders of magnitude in mass. At
the heavy end of the spectrum are primordial black holes
[1–5]. On the low end of the DM mass spectrum are mod-
els of “Fuzzy Dark Matter” with a mass of order m! ⇠
10! 22 eV. The term “fuzzy” refers to the huge Compton
wave length � = 2⇡/m! ' 0.4 pc ⇥ (10! 22 eV/m! ) of
such DM particles. Fuzzy DM has been studied mostly
in the context of axions or other extremely light scalar
fields [6–12]. However, ultra-light vector bosons are also
conceivable fuzzy DM candidates [7, 13–23]. The tightest
constraints on the mass of Fuzzy DM come from obser-
vations of large scale structure in the Universe, and very
recent studies suggest that m! > 10! 21 eV may be re-
quired [9, 10, 24].

Because of its macroscopic delocalization, Fuzzy DM
has the potential to resolve several puzzles related to
structure formation in the Universe: (i) DM delocal-
ization can explain the observed flattening of (dwarf)
galaxy rotation curves towards their center [6], which is
in tension with predictions from N -body simulations [25–
27] (“cusp vs. core problem”); (ii) the lower than ex-
pected abundance of dwarf galaxies [28] (“missing satel-
lites problem”) can be understood in Fuzzy DM scenar-
ios because of the higher probability for tidal disruption
of DM subhalos and because of the suppression of the
matter power spectrum at small scales [12, 29]; (iii) the
apparent failure of many of the most massive Milky Way
subhalos to host visible dwarf galaxies [30, 31] (“too big
to fail problem”) is ameliorated since Fuzzy DM predicts
fewer such subhalos [12, 29]; While it is conceivable that
these galactic anomalies will disappear with a more re-
fined treatment of baryonic physics in simulations [32–
34], the possibility that DM physics plays a crucial role
is far from excluded.

Our goal in the present paper is to highlight the
tremendous opportunities for probing interactions of
fuzzy DM in current and future neutrino oscillation ex-
periments. These opportunities exist in particular in
scenarios in which DM–neutrino interactions are flavor
non-universal or flavor violating. In this case, even very
feeble couplings between neutrinos and dark matter are
su! cient for coherent forward scattering to induce a non-
negligible potential for neutrinos, which a" ects neutrino
oscillation probabilities and will thus alter the expected
event rates and spectra in current and future neutrino
oscillation experiments. We will in particular derive
constraints from T2K and solar neutrino neutrino data,
and we will determine the sensitivities of DUNE and
RENO. Similar e" ects have been considered previously
in ref. [35], where the focus has been on anomalous tem-
poral modulation of neutrino oscillation probabilities.

Dark MatterÐNeutrino Interactions. Fuzzy DM can
consist either of scalar particles � or of vector bosons �µ .
In the scalar case, the relevant terms in the Lagrangian
are given by [36]

L scalar = ⌫̄"
L i/@⌫

"
L � 1

2m
"#
$ (⌫c

L )
" ⌫#

L � 1
2y

"# � (⌫c
L )

" ⌫#
L ,
(1)

where ↵, � are flavor indices and y"# are the coupling
constants. For vector DM, the Lagrangian is

L vector = ⌫̄"
L i/@⌫

"
L � 1

2m
"#
$ (⌫c

L )
" ⌫#

L + gQ"# �µ ⌫̄"
L �µ⌫

#
L ,
(2)

with the coupling constant g and the charge matrix Q"# .
In both Lagrangians, m$ is the e" ective Majorana neu-
trino mass matrix. The interaction term in eq. (1) can be
generated in a gauge invariant way by coupling the scalar
DM particle � to heavy right-handed neutrinos in a see-
saw scenario [36]. The interaction in eq. (2) could arise
for instance if the DM is the feebly coupled gauge boson
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We discuss novel ways in which neutrino oscillation experiments can probe dark matter. In
particular, we focus on interactions between neutrinos and ultra-light (ÒfuzzyÓ) dark matter particles
with masses of order 10�22 eV. It has been shown previously that such dark matter candidates are
phenomenologically successful and might help ameliorate the tension between predicted and observed
small scale structures in the Universe. We argue that coherent forward scattering of neutrinos on
fuzzy dark matter particles can signiÞcantly alter neutrino oscillation probabilities. These e ↵ects
could be observable in current and future experiments. We set new limits on fuzzy dark matter
interacting with neutrinos using T2K and solar neutrino data, and we estimate the sensitivity of
reactor neutrino experiments and of future long-baseline accelerator experiments. These results are
based on detailed simulations in GLoBES. We allow the dark matter particle to be either a scalar or
a vector boson. In the latter case, we Þnd potentially interesting connections to models addressing
various B physics anomalies.

Our ignorance about the particle physics nature of
dark matter (DM) is so vast that viable candidate parti-
cles span more than 90 orders of magnitude in mass. At
the heavy end of the spectrum are primordial black holes
[1Ð5]. On the low end of the DM mass spectrum are mod-
els of ÒFuzzy Dark MatterÓ with a mass of orderm! !
10! 22 eV. The term ÒfuzzyÓ refers to the huge Compton
wave length � = 2⇡/m ! " 0.4 pc # (10! 22 eV/m ! ) of
such DM particles. Fuzzy DM has been studied mostly
in the context of axions or other extremely light scalar
Þelds [6Ð12]. However, ultra-light vector bosons are also
conceivable fuzzy DM candidates [7, 13Ð23]. The tightest
constraints on the mass of Fuzzy DM come from obser-
vations of large scale structure in the Universe, and very
recent studies suggest thatm! > 10! 21 eV may be re-
quired [9, 10, 24].

Because of its macroscopic delocalization, Fuzzy DM
has the potential to resolve several puzzles related to
structure formation in the Universe: (i) DM delocal-
ization can explain the observed ßattening of (dwarf)
galaxy rotation curves towards their center [6], which is
in tension with predictions from N -body simulations [25Ð
27] (Òcusp vs. core problemÓ); (ii) the lower than ex-
pected abundance of dwarf galaxies [28] (Òmissing satel-
lites problemÓ) can be understood in Fuzzy DM scenar-
ios because of the higher probability for tidal disruption
of DM subhalos and because of the suppression of the
matter power spectrum at small scales [12, 29]; (iii) the
apparent failure of many of the most massive Milky Way
subhalos to host visible dwarf galaxies [30, 31] (Òtoo big
to fail problemÓ) is ameliorated since Fuzzy DM predicts
fewer such subhalos [12, 29]; While it is conceivable that
these galactic anomalies will disappear with a more re-
Þned treatment of baryonic physics in simulations [32Ð
34], the possibility that DM physics plays a crucial role
is far from excluded.

Our goal in the present paper is to highlight the
tremendous opportunities for probing interactions of
fuzzy DM in current and future neutrino oscillation ex-
periments. These opportunities exist in particular in
scenarios in which DMÐneutrino interactions are ßavor
non-universal or ßavor violating. In this case, even very
feeble couplings between neutrinos and dark matter are
su! cient for coherent forward scattering to induce a non-
negligible potential for neutrinos, which a" ects neutrino
oscillation probabilities and will thus alter the expected
event rates and spectra in current and future neutrino
oscillation experiments. We will in particular derive
constraints from T2K and solar neutrino neutrino data,
and we will determine the sensitivities of DUNE and
RENO. Similar e" ects have been considered previously
in ref. [35], where the focus has been on anomalous tem-
poral modulation of neutrino oscillation probabilities.
Dark Matter–Neutrino Interactions. Fuzzy DM can

consist either of scalar particles� or of vector bosons�µ .
In the scalar case, the relevant terms in the Lagrangian
are given by [36]

L
scalar

= ø⌫"
L i /@⌫"

L $ 1

2

m"#
$ (⌫c

L )" ⌫#
L $ 1

2

y"# � (⌫c
L )" ⌫#

L ,
(1)

where ↵, � are ßavor indices andy"# are the coupling
constants. For vector DM, the Lagrangian is

L
vector

= ø⌫"
L i /@⌫"

L $ 1

2

m"#
$ (⌫c

L )" ⌫#
L + gQ"# �µ ø⌫"

L �µ⌫
#
L ,
(2)

with the coupling constant g and the charge matrix Q"# .
In both Lagrangians, m$ is the e" ective Majorana neu-
trino mass matrix. The interaction term in eq. ( 1) can be
generated in a gauge invariant way by coupling the scalar
DM particle � to heavy right-handed neutrinos in a see-
saw scenario [36]. The interaction in eq. (2) could arise
for instance if the DM is the feebly coupled gauge boson
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for neutrino oscillation experiments. In the presence of scalar DM interactions, the e↵ective

Hamiltonian for neutrino oscillations can be written as

H =
1

2E!
M †M +

p
2GFNe

!

"
"
"
#

1 0 0

0 0 0

0 0 0

$

%
%
%
&

, (3)

where Ne is the the number density of electrons. The e↵ective mass matrix can be treated

as the sum of an initial mass matrix and a small perturbation [15], i.e.,

M = U !
0

!

"
"
"
#

m0
1 0 0

0 m0
2 0

0 0 m0
3

$

%
%
%
&

U †
0 + Ecos(m" t) , (4)

where U0 is the initial mixing matrix, m0
i ’s are the initial neutrino eigenmasses, and the

elements of the perturbation matrix are

E#$ = ! #$

'
2" "

m"
= 0.0021 eV⇥ ! #$

10" 22
⇥ 10" 22 eV

m"
⇥

(
2" "

0.3 GeV/cm3
. (5)

Note that the bounds in Fig. 1 of Ref. [11] only apply to a specific combination of ! #$ and

m" . Planck measurements yield
)

m! < 0.23 eV [16], which is much larger than the size of

perturbation considered here.

We consider a model in which the initial mixing angle #0
13 = 0 and the measured #13 value

is generated by the DM interactions. In order to simplify our calculations, we specialize

to models in which the DM interactions only a↵ect the masses at higher orders in the

perturbation, leaving them e↵ectively unchanged. From the generalized perturbation results

of Ref. [15], we find that the most general perturbation satisfying the latter requirement is

of the form,

E =

!

"
"
"
#

0
p
2$s0

23

p
2$c0

23
p
2$s0

23 $#sin 2#0
23 $#cos 2#0

23
p
2$c0

23 $#cos 2#0
23 �$#sin 2#0

23

$

%
%
%
&

. (6)

As a further simplification, we assume the model is µ� %symmetric, i.e., #0
23 = &/4. Then

4
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!
2GFNe

!
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"
"
#
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0 0 0
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%
%
%
&

, (3)

whereNe is the the number density of electrons. The e! ective mass matrix can be treated

as the sum of an initial mass matrix and a small perturbation [15], i.e.,

M = U!
0

!

"
"
"
#

m0
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%
%
%
&
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where U0 is the initial mixing matrix, m0
i Õs are the initial neutrino eigenmasses, and the

elements of the perturbation matrix are
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13 = 0 and the measured#13 value

is generated by the DM interactions. In order to simplify our calculations, we specialize

to models in which the DM interactions only a! ect the masses at higher orders in the

perturbation, leaving them e! ectively unchanged. From the generalized perturbation results

of Ref. [15], we Þnd that the most general perturbation satisfying the latter requirement is

of the form,

E =
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!
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for neutrino oscillation experiments. In the presence of scalar DM interactions, the e! ective

Hamiltonian for neutrino oscillations can be written as

H =
1

2E⌫
M †M +

p
2GFNe

0

BBB@

1 0 0

0 0 0

0 0 0

1

CCCA
, (3)

where Ne is the the number density of electrons. The e! ective mass matrix can be treated

as the sum of an initial mass matrix and a small perturbation [15], i.e.,

M = U !
0

0

BBB@

m0
1 0 0

0 m0
2 0

0 0 m0
3

1

CCCA
U †
0 + Ecos(m�t) , (4)

where U0 is the initial mixing matrix, m0
i ’s are the initial neutrino eigenmasses, and the

elements of the perturbation matrix are

E↵� = ! ↵�

p
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m�
= 0.0021 eV⇥ ! ↵�

10" 22
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m�
⇥

s
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. (5)
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m�. Planck measurements yield
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m⌫ < 0.23 eV [16], which is much larger than the size of

perturbation considered here.

We consider a model in which the initial mixing angle #013 = 0 and the measured #13 value

is generated by the DM interactions. In order to simplify our calculations, we specialize

to models in which the DM interactions only a! ect the masses at higher orders in the

perturbation, leaving them e! ectively unchanged. From the generalized perturbation results

of Ref. [15], we find that the most general perturbation satisfying the latter requirement is

of the form,

E =

0

BBB@

0
p
2$s023

p
2$c023

p
2$s023 $#sin 2#023 $#cos 2#023

p
2$c023 $#cos 2#023 �$#sin 2#023

1

CCCA
. (6)
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perturbation considered here.
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is generated by the DM interactions. In order to simplify our calculations, we specialize

to models in which the DM interactions only a↵ect the masses at higher orders in the

perturbation, leaving them e↵ectively unchanged. From the generalized perturbation results

of Ref. [15], we find that the most general perturbation satisfying the latter requirement is
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Class (a): θ0
23 = 45◦, θ0

13 = 0

We first examine the e! ect of small perturbations on models in class (a). The initial
(unperturbed) mixing matrix can be written as

U0 =

⎛

⎜⎜⎝

cos θ0
12 sin θ0

12 0

− sin θ0
12√
2

cos θ0
12√

2
1√
2

sin θ0
12√
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With this perturbation, the shifts in all three angles are first order in the small quantities

✏, ✏0, and �m0
21. In Appendix A, we show that the leading order corrections have amplitudes
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Note that �✓12 is second-order in the ✏’s and is therefore proportional to cos2(m�t), while �CP

depends only on the phase of ✏ and is constant, i.e., it is not a! ected by the DM oscillation.

Both �✓13 and �✓23 are dependent linearly on cos(m�t).

3 E↵ects on neutrino oscillation parameters

In this section, we study how the neutrino oscillation parameters are modified in our model,

assuming the period of the DM oscillation (⌧� = 2⇡/m�) is short compared to the time

resolution of the experiment. Here we use the superscript ‘0’ to denote the initial oscillation

parameters, and the superscript ‘eff’ to denote the e! ective parameters measured at neutrino

oscillation experiments if the data are interpreted in the standard three-neutrino framework.

For the parameters obtained after incorporating the DM perturbation, no superscript is used.

3.1 Short-baseline reactor experiments

The leading oscillation probability for reactor antineutrinos (at a Daya Bay-like distance)
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2 " 31 where ✓13 = ✓013 + �✓13 cos(m�t) and " jk = �m2
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expanding in powers of�✓13 and averaging over a DM oscillation cycle, we get

sin2 2✓13 sin2 ! 31 = sin2 ! 31
!
sin2 2✓0

13(1 ! 4(�✓13)2) + 2( �✓13)2
"

, (12)

as found previously in Ref. [12] . If✓0
13 = 0, then sin2 2✓eff13 = 2( �✓13)2, so the angle being

measured in these experiments is

✓eff13 " �✓13/
#

2. (13)

3.2 Long-baseline appearance experiments

For long-baseline experiments, the formulas are more complicated. From Ref. [17],

P(⌫µ $ ⌫e) = x2f 2 + 2xyfg cos(! 31 + �) + y2g2 , (14)

P(ø⌫µ $ ø⌫e) = x2 øf 2 + 2xy øfg cos(! 31 ! �) + y2g2 , (15)

wherex = sin ✓23 sin 2✓13, y = ↵ cos✓23 sin 2✓12, ↵ = |�m2
21/ �m

2
31|, f, øf = sin[(1 % öA)! 31]/ (1%

öA), g = sin( öA! 31)/ öA, öA = |A/ �m2
31|, and A & 2

#
2GFNeE. Assuming✓0

13 = 0, and before

averaging,

xf ' 2f �✓13C
!
sin✓0

23 + C cos✓0
23�✓23

"
, (16)

whereC = cos(m�t). After averaging, the leading term forx2f 2 is

x2f 2 ' 2f 2 sin2 ✓0
23(�✓13)2 , (17)

which is similar to the reactor case, i.e., the e" ective ✓13 is �✓13/
#

2.

We can write yg as

yg = y0g
cos✓23 sin 2✓12

cos✓0
23 sin 2✓0

12
, (18)

wherey0 = ↵ cos✓0
23 sin 2✓0

12. After explicitly putting in the perturbation, yg becomes

yg ' y0g
!
1 + 2C2�✓12 cot 2✓0

12 ! C tan ✓0
23�✓23

"
. (19)

Combining Eqs. (16) and (18) and after averaging, thexyfg term is

xyfg '
#

cos 2✓0
23�✓13�✓23

cos✓0
23

$
y0fg , (20)
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where the term in parentheses replaces xeff = sin ! eff23 sin 2! eff13 in the standard expression.

Note that this term is suppressed compared to the usual case since it is proportional to two

factors of the "’s (assuming " ! "!), instead of just one — the term proportional to one factor

of " was linear in C and averaged to zero. For µ " # symmetry, ! 023 = $/ 4 and the term

vanishes completely. The upshot is that the e! ect of the Dirac CP phase on P(%µ # %e)

and P(%̄µ # %̄e) is suppressed in long-baseline neutrino oscillation appearance experiments.

Also, as shown in Appendix B, this model predicts a suppression of the sensitivity to CP

violation in all types of neutrino oscillation experiments.

3.3 Medium-baseline reactor experiments

For KamLAND and JUNO, the oscillation probability is

P(%̄e # %̄e) = 1 " sin2 2! 13 sin2 " 31 " cos4 ! 13 sin2 2! 12 sin2 " 21

+sin2 ! 12 sin2 2! 13
!
1
2 sin 2" 21 sin 2" 31 + 2 sin2 " 31 sin

2 " 21 " sin2 " 21

"
. (21)

For ! 013 = 0, the angular factors after averaging over the DM oscillations are

$sin2 2! 13% & 2(&!13)2 , (22)

$sin2 ! 12 sin2 2! 13% & 2(&!13)2 sin2 ! 012 , (23)

$cos4 ! 13 sin2 2! 12% & sin2 2! 012(1 " (&!13)2) + sin 4! 012&!12 . (24)

Equations (22) and (23) are identical to the standard case with sin2 2! 13 replaced by 2(&!13)2,

the same as for short-baseline reactor and long-baseline accelerator experiments. In Eq. (24),

the sin2 2! 012-dependent term on the right-hand side has a coe# cient,

1 " (&!13)2 = 1 " 2
#

&!eff13

$2

' cos4 ! eff13 . (25)

Equation (24) also has an extra term proportional to &!12. This causes an e! ective shift

in the measured value of ! 12. To determine how the shift depends on &!12, neglect &!13 and
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expanding in powers of �✓13 and averaging over a DM oscillation cycle, we get

sin2 2✓13 sin
2 �31 = sin2 �31

⇥
sin2 2✓013(1� 4(�✓13)

2) + 2(�✓13)
2
⇤
, (12)

as found previously in Ref. [12] . If ✓013 = 0, then sin2 2✓eff13 = 2(�✓13)2, so the angle being

measured in these experiments is

✓eff13 ' �✓13/
p
2 . (13)

3.2 Long-baseline appearance experiments

For long-baseline experiments, the formulas are more complicated. From Ref. [17],

P (⌫µ ! ⌫e) = x2f 2 + 2xyfg cos(�31 + �) + y2g2 , (14)

P (⌫̄µ ! ⌫̄e) = x2f̄ 2 + 2xyf̄g cos(�31 � �) + y2g2 , (15)

where x = sin ✓23 sin 2✓13, y = ↵ cos ✓23 sin 2✓12, ↵ = |�m2
21/�m

2
31|, f, f̄ = sin[(1⌥Â)�31]/(1⌥

Â), g = sin(Â�31)/Â, Â = |A/�m2
31|, and A ⌘ 2

p
2GFNeE. Assuming ✓013 = 0, and before

averaging,

xf ⇡ 2f�✓13C
⇥
sin ✓023 + C cos ✓023�✓23

⇤
, (16)

where C = cos(m! t). After averaging, the leading term for x2f 2 is

x2f 2 ⇡ 2f 2 sin2 ✓023(�✓13)
2 , (17)

which is similar to the reactor case, i.e., the e↵ective ✓13 is �✓13/
p
2.

We can write yg as

yg = y0g
cos ✓23 sin 2✓12
cos ✓023 sin 2✓

0
12

, (18)

where y0 = ↵ cos ✓023 sin 2✓
0
12. After explicitly putting in the perturbation, yg becomes

yg ⇡ y0g
⇥
1 + 2C2�✓12 cot 2✓

0
12 � C tan ✓023�✓23

⇤
. (19)

Combining Eqs. (16) and (18) and after averaging, the xyfg term is

xyfg ⇡
✓
cos 2✓023�✓13�✓23

cos ✓023

◆
y0fg , (20)
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31|, and A ⌘ 2

p
2GFNeE. Assuming ✓013 = 0, and before

averaging,

xf ⇡ 2f�✓13C
⇥
sin ✓023 + C cos ✓023�✓23

⇤
, (16)

where C = cos(m�t). After averaging, the leading term for x2f 2 is

x2f 2 ⇡ 2f 2 sin2 ✓023(�✓13)
2 , (17)

which is similar to the reactor case, i.e., the e↵ective ✓13 is �✓13/
p
2.

We can write yg as

yg = y0g
cos ✓23 sin 2✓12
cos ✓023 sin 2✓

0
12

, (18)

where y0 = ↵ cos ✓023 sin 2✓
0
12. After explicitly putting in the perturbation, yg becomes

yg ⇡ y0g
⇥
1 + 2C2�✓12 cot 2✓

0
12 � C tan ✓023�✓23

⇤
. (19)

Combining Eqs. (16) and (18) and after averaging, the xyfg term is

xyfg ⇡
✓
cos 2✓023�✓13�✓23

cos ✓023

◆
y0fg , (20)

6

consider

sin2 2✓012 + 2 sin 2✓012 cos 2✓
0
12�✓12 = sin2 2✓ef f

12

= sin2 2(✓012 + �✓ef f
12 )

!
!
sin 2✓012 + cos 2✓0122�✓

ef f
12

" 2

! sin2 2✓012 + 4 sin 2✓012 cos 2✓
0
12�✓

ef f
12 , (26)

so that �✓ef f
12 = �✓12/ 2, and what one measures in this type of experiment is

✓ef f
12 = ✓012 +

1

2
�✓12 . (27)

3.4 Solar neutrinos

In the SM scenario, solar neutrinos created in the center of the Sun undergo adiabatic

evolution to the surface of the Sun, and travel to the Earth as an incoherent sum of the

mass eigenstates. To not spoil the adiabatic evolution inside the Sun, we require the period

of the DM oscillation ⌧! to be much larger than the time in which neutrinos travel through

the Sun, which is about 2.3 seconds. This requirement restricts the mass of the scalar field:

m! " 1.8 # 10! 15 eV.

The three-neutrino survival probability for adiabatic propagation is

P(⌫e $ ⌫e) = cos2 ✓13 cos
2 ✓̄13

#
cos2 ✓m cos2 ✓̄12 + sin2 ✓0m sin2 ✓̄12

$
+ sin2 ✓13 sin

2 ✓̄13

=
cos2 ✓13 cos2 ✓̄13

2

#
1 + cos 2✓m cos 2✓̄12

$
+ sin2 ✓13 sin

2 ✓̄13 , (28)

where

cos 2✓m =
cos 2✓12 %Â0%

(cos 2✓12 %Â0)2 + sin2 2✓12

, (29)

with Â0 = 2
&
2GF N 0

e E/ �m2
21, and N 0

e is the electron number density at the point in the Sun

where the neutrino was created. Here ✓ij = ✓0ij + �✓ij cos(m! t) and ✓̄ij = ✓0ij + �✓ij cos(m! t +

m! t0) are the mixing angles at the production point in the Sun and at the Earth, respectively.

They di↵er by a phase factor m! t0, where t0 is the time traveled by neutrinos from the

production point to the Earth.
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consider

sin2 2! 0
12 + 2 sin 2! 0

12 cos 2! 0
12"! 12 = sin2 2! eff12

= sin2 2(! 0
12 + "! eff
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!
!
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12 + cos 2! 0

122"! eff
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" 2
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12 cos 2! 0
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12 , (26)
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In the SM scenario, solar neutrinos created in the center of the Sun undergo adiabatic

evolution to the surface of the Sun, and travel to the Earth as an incoherent sum of the

mass eigenstates. To not spoil the adiabatic evolution inside the Sun, we require the period

of the DM oscillation #� to be much larger than the time in which neutrinos travel through

the Sun, which is about 2.3 seconds. This requirement restricts the mass of the scalar Þeld:

m� " 1.8 # 10�15 eV.

The three-neutrino survival probability for adiabatic propagation is

P($e $ $e) = cos2 ! 13 cos2 ø! 13
#
cos2 ! m cos2 ø! 12 + sin2 ! 0

m sin2 ø! 12
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+ sin2 ! 13 sin2 ø! 13

=
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2

#
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$
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where
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, (29)

with öA0 = 2
&

2GFN 0
e E/ "m2

21, and N 0
e is the electron number density at the point in the Sun

where the neutrino was created. Here! ij = ! 0
ij + "! ij cos(m�t) and ø! ij = ! 0

ij + "! ij cos(m�t +

m�t0) are the mixing angles at the production point in the Sun and at the Earth, respectively.

They di↵er by a phase factorm�t0, where t0 is the time traveled by neutrinos from the

production point to the Earth.

8

B@)



•  f#.3*6(0$&+)102#$&13*)Iex)*2$=&=%"J)

)))))13)_$*#W3$,0$)+3$$0+431*)#3)T@K)))
))))))
)))))%"*3))))))))))))))))))))))))))))))))))))I*%.0)%*)Q3$)$0%+#3$*J)

and Eq. (67) reduces to (again keeping only the leading correction for each!" )

P ! P0 +
!

#P
#"12

"

0

!" ef f
12 +

!
#P
#"23

"

0

!" ef f
23 +

1
2

!
#2P
#"2

13

"

0

(!" ef f
13 )2 . (69)

Comparing Eqs. (68) and (69), we Þnd!" ef f
12 = !" 12/ 2, !" ef f

13 = !" 13/
"

2, and !" ef f
23 = 0

(neglecting the small, second-order correction to"23, which is acceptable since the leading

order terms involving"23 are generally not zero). Note that since the period of DM oscillation

considered here is much larger than the neutrino travel time at a terrestrial experiment, the

expansions in Eqs. (66) and (67) are not a! ected by matter e! ects and the shifts in the

e! ective angles remain the same.

In the more general case with (#P/ #"13)0 #= 0 (such as when there is a single factor of

s13 or sin 2"13), there is no single power of!" 13 in Eq. (66) that matches the single power

of !" ef f
13 in Eq. (67), and the simple correspondence between!" 13 and !" ef f

13 breaks down.

The only measurement that appears to have this problem is the appearance measurement

at long-baseline experiments. Also, since the Dirac CP phase is always associated withs13

in an oscillation probability, the absence of a single power of!" 13 in Eq. (66) indicates a

reduced sensitivity to the Dirac CP phase in neutrino oscillation experiments.
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Since! 0
13 = 0, expanding to the leading term, we have

cos2 ! 13 ! 1 " "! 2
13 cos2(m! t) ,

sin2 ! 13 ! "! 2
13 cos2(m! t) ,

cos 2! 12 ! cos 2! 0
12 " 2 sin 2! 0

12"! 12 cos2(m! t) , (30)

and the corresponding barred quantities can be obtained by replacing the phasem! t with

m! t + m! t0. Also, to the leading order, we have

cos 2! m ! cos 2! 0
m + F "! 12 cos2(m! t) , (31)

where cos 2! 0
m has the same form as Eq. (29), and

F =
" 2 sin 2! 0

12!
(cos 2! 0

12 " öA0)2 + sin2 2! 0
12

"
2 sin 2! 0

12
öA0(cos 2! 0

12 " öA0)

[(cos 2! 0
12 " öA0)2 + sin2 2! 0

12]3/ 2
. (32)

If P0 is the probability without the perturbation, i.e.,

P0 =
1
2

"
1 + cos 2! 0

m cos 2! 0
12

#
, (33)

then keeping the leading correction for each"! , we have

P ! P0 +
1
2

"! 12[cos 2! 0
12F cos2(m! t) " 2 sin 2! 0

12 cos 2! 0
m cos2(m! t + m! t0)] (34)

" "! 2
13P0[cos2(m! t) + cos2(m! t + m! t0)] .

Because there is no interference term between cos2(m! t) and cos2(m! t + m! t0), we can

average over them separately. Hence,

#P$ ! P0 +
1
2

"! 12

$
F
2

cos 2! 0
12 " sin 2! 0

12 cos 2! 0
m

%
" "! 2

13P0 . (35)

By a similar calculation, the e! ective shifts in ! ef f
12 and ! ef f

13 lead to

P ! P0 +
1
2

"! ef f
12 (F cos 2! 0

12 " 2 sin 2! 0
12 cos 2! 0

m) " 2("! ef f
13 )2P0 , (36)

and we see that"! ef f
12 = "! 12/ 2 and "! ef f

13 = "! 13/
%

2, the same as for medium-baseline

reactor experiments.

9

Since! 0
13 = 0, expanding to the leading term, we have

cos2 ! 13 ! 1 " "! 2
13 cos2(m! t) ,

sin2 ! 13 ! "! 2
13 cos2(m! t) ,

cos 2! 12 ! cos 2! 0
12 " 2 sin 2! 0

12"! 12 cos2(m! t) , (30)

and the corresponding barred quantities can be obtained by replacing the phasem! t with

m! t + m! t0. Also, to the leading order, we have

cos 2! m ! cos 2! 0
m + F "! 12 cos2(m! t) , (31)

where cos 2! 0
m has the same form as Eq. (29), and

F =
" 2 sin 2! 0

12q
(cos 2! 0

12 " öA0)2 + sin2 2! 0
12

"
2 sin 2! 0

12
öA0(cos 2! 0

12 " öA0)

[(cos 2! 0
12 " öA0)2 + sin2 2! 0

12]3/ 2
. (32)

If P0 is the probability without the perturbation, i.e.,

P0 =
1
2

�
1 + cos 2! 0

m cos 2! 0
12

�
, (33)

then keeping the leading correction for each"! , we have

P ! P0 +
1
2

"! 12[cos 2! 0
12F cos2(m! t) " 2 sin 2! 0

12 cos 2! 0
m cos2(m! t + m! t0)] (34)

" "! 2
13P0[cos2(m! t) + cos2(m! t + m! t0)] .

Because there is no interference term between cos2(m! t) and cos2(m! t + m! t0), we can

average over them separately. Hence,

#P$ ! P0 +
1
2

"! 12

✓
F
2

cos 2! 0
12 " sin 2! 0

12 cos 2! 0
m

◆
" "! 2

13P0 . (35)

By a similar calculation, the e! ective shifts in ! ef f
12 and ! ef f

13 lead to

P ! P0 +
1
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3.5 Atmospheric neutrinos

The survival probability of atmospheric neutrinos is

P(! µ ! ! µ) = 1 " (cos4 "13 sin2 2"23 + sin2 "23 sin2 2"13) sin2 ! 31 . (37)

For " 0
13 = 0, after averaging,

#cos4 "13 sin2 2"23$ % sin2 2" 0
23(1 " (#"13)2) + 2 cos 4" 0

23(#"23)2 , (38)

#sin2 "23 sin2 2"13$ % sin2 " 0
232(#"13)2 . (39)

Since the (#"23)2 term is doubly suppressed, we have" ef f
13 % #"13/

&
2 and #"ef f

23 % 0. Thus,

" ef f
23 % " 0

23 . (40)

This also applies to the long-baseline! µ survival probability. Also, as shown in Appendix B,

matter e" ects do not change these results.

4 Tests of the model in future neutrino experiments

From the analytic analysis of the last section, we see that the constraints on this model

mainly come from the measurement of" ef f
13 and " ef f

12 . From Eqs. (8) and (13), we have

" ef f
13 '

|$|
#m0

31
, (41)

and from Eqs. (10) and (27), we have

" ef f
12 ' " 0

12 "
Re(

&
2$$! cos 2" 0

12 + ( $2 " $!2/ 2) sin 2" 0
12)

2#m0
21#m0

31
, (42)

where

#m0
31 =

!
(m0

1)2 + #m2
31 " m0

1 , (43)

#m0
21 =

!
(m0

1)2 + #m2
21 " m0

1 ,

for the normal hierarchy, and

#m0
31 = m0

3 "
!

(m0
3)2 " #m2

31 , (44)

#m0
21 =

!
(m0

3)2 " #m2
31 + #m2

21 "
!

(m0
3)2 " #m2

31 ,
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expanding in powers of �✓13 and averaging over a DM oscillation cycle, we get

sin2 2✓13 sin
2 �31 = sin2 �31

⇥
sin2 2✓013(1� 4(�✓13)

2) + 2(�✓13)
2
⇤
, (12)

as found previously in Ref. [12] . If ✓013 = 0, then sin2 2✓eff13 = 2(�✓13)2, so the angle being

measured in these experiments is

✓eff13 ' �✓13/
p
2 . (13)

3.2 Long-baseline appearance experiments

For long-baseline experiments, the formulas are more complicated. From Ref. [17],

P (⌫µ ! ⌫e) = x2f 2 + 2xyfg cos(�31 + �) + y2g2 , (14)

P (⌫̄µ ! ⌫̄e) = x2f̄ 2 + 2xyf̄g cos(�31 � �) + y2g2 , (15)

where x = sin ✓23 sin 2✓13, y = ↵ cos ✓23 sin 2✓12, ↵ = |�m2
21/�m

2
31|, f, f̄ = sin[(1⌥Â)�31]/(1⌥

Â), g = sin(Â�31)/Â, Â = |A/�m2
31|, and A ⌘ 2

p
2GFNeE. Assuming ✓013 = 0, and before

averaging,

xf ⇡ 2f�✓13C
⇥
sin ✓023 + C cos ✓023�✓23

⇤
, (16)

where C = cos(m�t). After averaging, the leading term for x2f 2 is

x2f 2 ⇡ 2f 2 sin2 ✓023(�✓13)
2 , (17)

which is similar to the reactor case, i.e., the e↵ective ✓13 is �✓13/
p
2.

We can write yg as

yg = y0g
cos ✓23 sin 2✓12
cos ✓023 sin 2✓

0
12

, (18)

where y0 = ↵ cos ✓023 sin 2✓
0
12. After explicitly putting in the perturbation, yg becomes

yg ⇡ y0g
⇥
1 + 2C2�✓12 cot 2✓

0
12 � C tan ✓023�✓23

⇤
. (19)

Combining Eqs. (16) and (18) and after averaging, the xyfg term is

xyfg ⇡
✓
cos 2✓023�✓13�✓23

cos ✓023

◆
y0fg , (20)
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expanding in powers of!" 13 and averaging over a DM oscillation cycle, we get
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, (12)

as found previously in Ref. [12] . If" 0
13 = 0, then sin2 2" ef f

13 = 2( !" 13)2, so the angle being

measured in these experiments is

" ef f
13 " !" 13/

#
2. (13)

3.2 Long-baseline appearance experiments

For long-baseline experiments, the formulas are more complicated. From Ref. [17],

P(#µ $ #e) = x2f 2 + 2xyfg cos(! 31 + ! ) + y2g2 , (14)

P(ø#µ $ ø#e) = x2 øf 2 + 2xy øfg cos(! 31 ! ! ) + y2g2 , (15)

wherex = sin "23 sin 2"13, y = $ cos"23 sin 2"12, $ = |! m2
21/ ! m2

31|, f, øf = sin[(1 % öA)! 31]/ (1%

öA), g = sin( öA! 31)/ öA, öA = |A/ ! m2
31|, and A & 2

#
2GF NeE. Assuming" 0

13 = 0, and before

averaging,

xf ' 2f !" 13C
!
sin" 0

23 + C cos" 0
23!" 23

"
, (16)

whereC = cos(m! t). After averaging, the leading term forx2f 2 is

x2f 2 ' 2f 2 sin2 " 0
23(!" 13)2 , (17)

which is similar to the reactor case, i.e., the e" ective "13 is !" 13/
#

2.

We can write yg as

yg = y0g
cos"23 sin 2"12

cos" 0
23 sin 2" 0

12
, (18)

wherey0 = $ cos" 0
23 sin 2" 0

12. After explicitly putting in the perturbation, yg becomes

yg ' y0g
!
1 + 2C2!" 12 cot 2" 0

12 ! C tan " 0
23!" 23

"
. (19)

Combining Eqs. (16) and (18) and after averaging, thexyfg term is

xyfg '
#

cos 2" 0
23!" 13!" 23

cos" 0
23

$
y0fg , (20)
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3.4. LONG-BASELINE OSCILLATIONS THROUGH THE EARTH 53

where

x = sin ! 23 sin 2! 13 , (3.33)

y = " cos ! 23 sin 2! 12 , (3.34)

f , f̄ = sin
[
(1 ! Â)!

]
/ (1 ! Â) , (3.35)

g = sin(Â! )/ Â , (3.36)

and

! = |! 31| , Â = |A/ #m2
31| , " = |#m2

21/ #m2
31| . (3.37)

For #m2
31 < 0, the corresponding formulae are

P($µ " $e) = x2f̄ 2 # 2xyf̄ g(cos #cos ! + sin #sin ! ) + y2g2 , (3.38)

P($̄µ " $̄e) = x2f 2 # 2xyf g(cos#cos ! # sin #sin ! ) + y2g2 . (3.39)

Figure 3.6 shows the matter e" ect on $µ " $e oscillations for a representative choice

of parameters.

Oscillation probabilities for an initial $e and final $µ can be found by changing

the sign of the sin # term in Eqs. (3.31, 3.32, 3.38), and (3.39). These expansions

are nearly exact for distances less than 4000 km when Eν >$ 0.5 GeV [85]. For more

accurate results at longer distances, Eq. 3.30 may be integrated numerically over the

density profile of the neutrino path.

Other approximate solutions can also be useful in certain situations. At relatively

short distances where the matter e" ect is not as large, an expansion can be made

in " and A/ #m2
31 for the constant density solution [193]. Relationships between the

vacuum and matter oscillation parameters for three-neutrino oscillations are given

in Ref. [194]. Exact results for the three-neutrino case with constant density are

given in Refs. [36,195]. Several properties of the general three neutrino solution with

a nonconstant density profile are discussed in Ref. [196]. Consequences of random

density fluctuations are discussed in Ref. [197]; they are not expected to play an

important role in most situations.
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where

x = sin θ23 sin 2θ13 , (3.33)

y = α cosθ23 sin 2θ12 , (3.34)

f, øf = sin
!
(1 ! öA)!

"
/(1 ! öA) , (3.35)

g = sin( öA! )/ öA , (3.36)

and

! = |! 31| , öA = |A/δm2
31| , α = |δm2

21/δm
2
31| . (3.37)

For δm2
31 < 0, the corresponding formulae are

P (νµ " νe) = x2 øf2 # 2xy øfg(cosδ cos! + sin δ sin ! ) + y2g2 , (3.38)

P (øνµ " øνe) = x2f2 # 2xyfg(cosδ cos! # sin δ sin ! ) + y2g2 . (3.39)

Figure 3.6 shows the matter e" ect on νµ " νe oscillat ions for a representat ive choice

of parameters.

Oscillation probabilities for an initial νe and Þnal νµ can be found by changing

the sign of the sin δ term in Eqs. (3.31, 3.32, 3.38), and (3.39). These expansions

are nearly exact for distances less than 4000 km when E! >$ 0.5 GeV [85]. For more

accurate results at longer distances, Eq. 3.30 may be integrated numerically over the

density proÞle of the neutrino path.

Other approximate solut ions can also be useful in certain situat ions. At relat ively

short distances where the matter e" ect is not as large, an expansion can be made

in α and A/δm2
31 for the constant density solution [193]. Relationships between the

vacuum and matter oscillation parameters for three-neutrino oscillat ions are given

in Ref. [194]. Exact results for the three-neutrino case with constant density are

given in Refs. [36,195]. Several propert ies of the general three neutrino solut ion with

a nonconstant density proÞle are discussed in Ref. [196]. Consequences of random

density ßuctuations are discussed in Ref. [197]; they are not expected to play an

important role in most situat ions.
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where

x = sin ! 23 sin 2! 13 , (3.33)

y = " cos ! 23 sin 2! 12 , (3.34)

f, f̄ = sin
!
(1 ! Â)!

"
/(1 ! Â) , (3.35)

g = sin(Â! )/Â , (3.36)

and

! = |! 31| , Â = |A/#m2
31| , " = |#m2

21/#m2
31| . (3.37)

For #m2
31 < 0, the corresponding formulae are

P ($µ " $e) = x2f̄2 # 2xyf̄g(cos #cos ! + sin #sin ! ) + y2g2 , (3.38)

P ($̄µ " $̄e) = x2f2 # 2xyfg(cos#cos ! # sin #sin ! ) + y2g2 . (3.39)

Figure 3.6 shows the matter e" ect on $µ " $e oscillations for a representative choice

of parameters.

Oscillation probabilities for an initial $e and final $µ can be found by changing

the sign of the sin # term in Eqs. (3.31, 3.32, 3.38), and (3.39). These expansions

are nearly exact for distances less than 4000 km when E! >$ 0.5 GeV [85]. For more

accurate results at longer distances, Eq. 3.30 may be integrated numerically over the

density profile of the neutrino path.

Other approximate solutions can also be useful in certain situations. At relatively

short distances where the matter e" ect is not as large, an expansion can be made

in " and A/#m2
31 for the constant density solution [193]. Relationships between the

vacuum and matter oscillation parameters for three-neutrino oscillations are given

in Ref. [194]. Exact results for the three-neutrino case with constant density are

given in Refs. [36,195]. Several properties of the general three neutrino solution with

a nonconstant density profile are discussed in Ref. [196]. Consequences of random

density fluctuations are discussed in Ref. [197]; they are not expected to play an

important role in most situations.
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!
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!
2GFNeEν / δm2

31
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!
!

expanding in powers of �✓13 and averaging over a DM oscillation cycle, we get

sin2 2✓13 sin
2 �31 = sin2 �31

⇥
sin2 2✓013(1� 4(�✓13)

2) + 2(�✓13)
2
⇤
, (12)

as found previously in Ref. [12] . If ✓013 = 0, then sin2 2✓eff13 = 2(�✓13)2, so the angle being

measured in these experiments is

✓eff13 ' �✓13/
p
2 . (13)

3.2 Long-baseline appearance experiments

For long-baseline experiments, the formulas are more complicated. From Ref. [17],

P (⌫µ ! ⌫e) = x2f 2 + 2xyfg cos(�31 + �) + y2g2 , (14)

P (⌫̄µ ! ⌫̄e) = x2f̄ 2 + 2xyf̄g cos(�31 � �) + y2g2 , (15)

where x = sin ✓23 sin 2✓13, y = ↵ cos ✓23 sin 2✓12, ↵ = |�m2
21/�m

2
31|, f, f̄ = sin[(1⌥Â)�31]/(1⌥

Â), g = sin(Â�31)/Â, Â = |A/�m2
31|, and A ⌘ 2

p
2GFNeE. Assuming ✓013 = 0, and before

averaging,

xf ⇡ 2f�✓13C
⇥
sin ✓023 + C cos ✓023�✓23

⇤
, (16)

where C = cos(m�t). After averaging, the leading term for x2f 2 is

x2f 2 ⇡ 2f 2 sin2 ✓023(�✓13)
2 , (17)

which is similar to the reactor case, i.e., the e↵ective ✓13 is �✓13/
p
2.

We can write yg as

yg = y0g
cos ✓23 sin 2✓12
cos ✓023 sin 2✓

0
12

, (18)

where y0 = ↵ cos ✓023 sin 2✓
0
12. After explicitly putting in the perturbation, yg becomes

yg ⇡ y0g
⇥
1 + 2C2�✓12 cot 2✓

0
12 � C tan ✓023�✓23

⇤
. (19)

Combining Eqs. (16) and (18) and after averaging, the xyfg term is

xyfg ⇡
✓
cos 2✓023�✓13�✓23

cos ✓023

◆
y0fg , (20)
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Figure 3.5: Survival probability for solar neutrinos versus A0/ ! m2 for oscilla-

tion amplitude 0.8 (solid curve) and 0.2 (dashed), where A0 = 2
√

2GF N 0
e Eν and

! m2 = 8 × 10−5 eV2.

3.4 Long-baseline oscillations through the Earth

Oscillations of long-baseline neutrinos are affected by electrons in the Earth if the

path length is an appreciable fraction of the Earth’s diameter. The full propagation

equations for three neutrinos in matter are

i
d"α
dL

=
1

2Eν

∑

β

(
A! αe! βe +

∑

i

V ∗
βi! m2

i1Vαi

)
" β . (3.30)

A constant density approximation often provides a good representation of the neutrino

propagation over long baselines through the Earth. Since ! m2
21 ≪ |! m2

31| and #13

is small, the probabilities can be expanded to second order in terms of the small

parameters #13 and |! m2
21/ ! m2

31| [191,192]. The following useful approximations for

! m2
31 > 0 are obtained [85]:

P(" µ → " e) = x2f 2 + 2xyf g(cos ! cos∆− sin ! sin∆) + y2g2 , (3.31)

P("̄ µ → "̄ e) = x2f̄ 2 + 2xyf̄ g(cos ! cos∆ + sin ! sin∆) + y2g2 , (3.32)

52
C

H
A

P
T

E
R

3.
N

E
U

T
R

IN
O

M
IX

IN
G

A
N

D
O

S
C

IL
L
A

T
IO

N
S

 
0

 
0
.
2

 
0
.
4

 
0
.
6

 
0
.
8

 
1  
0
.
0
1

 
0
.
1

 
1

 
1
0

 
1
0
0

 
1
0
0
0

P(!e " !e)

A
0
/

#m
2

s
i
n
2
2

$ 
=
 
0
.
8

s
i
n
2
2

$ 
=
 
0
.
2

F
ig

u
re

3.
5:

S
u
rv

iv
al

p
ro

b
ab

il
it
y

fo
r

so
la

r
n
eu

tr
in

os
ve

rs
u
s

A
0
/δ

m
2

fo
r

os
ci

ll
a-

ti
on

am
p
li
tu

d
e

0.
8

(s
ol

id
cu

rv
e)

an
d

0.
2

(d
as

h
ed

),
w

h
er

e
A

0
=

2!
2G

F
N

0 e
E
ν

an
d

δm
2

=
8

"
10

−
5

eV
2
.

3.
4

L
on

g-
b

as
el

in
e

os
ci

ll
at

io
n

s
th

ro
u

gh
th

e
E

ar
th

O
sc

il
la

ti
on

s
of

lo
n
g-

b
as

el
in

e
n
eu

tr
in

os
ar

e
a!

ec
te

d
by

el
ec

tr
on

s
in

th
e

E
ar

th
if

th
e

p
at

h
le

n
gt

h
is

an
ap

p
re

ci
ab

le
fr

ac
ti

on
of

th
e

E
ar

th
’s

d
ia

m
et

er
.

T
h
e

fu
ll

p
ro

p
ag

at
io

n

eq
u
at

io
n
s

fo
r

th
re

e
n
eu

tr
in

os
in

m
at

te
r

ar
e

idν
α

dL
=

1

2E
ν

! β

"

A
δ α

e
δ β

e
+

!

i

V
∗ βi
δm

2 i1
V α

i#

ν β
.

(3
.3

0)

A
co

n
st

an
t
d
en

si
ty

ap
p
ro

xi
m

at
io

n
of

te
n

p
ro

vi
d
es

a
go

od
re

p
re

se
nt

at
io

n
of

th
e

n
eu

tr
in

o

p
ro

p
ag

at
io

n
ov

er
lo

n
g

b
as

el
in

es
th

ro
u
gh

th
e

E
ar

th
.

S
in

ce
δm

2 21
#

|δ
m

2 31
|

an
d
θ 1

3

is
sm

al
l,

th
e

p
ro

b
ab

il
it

ie
s

ca
n

b
e

ex
p
an

d
ed

to
se

co
n
d

or
d
er

in
te

rm
s

of
th

e
sm

al
l

p
ar

am
et

er
s
θ 1

3
an

d
|δ

m
2 21

/δ
m

2 31
|

[1
91

,1
92

].
T

h
e

fo
ll
ow

in
g

u
se

fu
l

ap
p
ro

xi
m

at
io

n
s

fo
r

δm
2 31

>
0

ar
e

ob
ta

in
ed

[8
5]

:

P
(ν

µ
$
ν e

)
=

x2
f

2
+

2x
yf

g(
co

s
δ
co

s
"

%
si

n
δ
si

n
"

)
+

y2
g2

,
(3

.3
1)

P
(ν̄

µ
$
ν̄ e

)
=

x2
f̄

2
+

2x
yf̄

g(
co

s
δ
co

s
"

+
si

n
δ
si

n
"

)
+

y2
g2

,
(3

.3
2)

•  f#)60%-)3Q)3*+&""%431)I|BK)k)lm@J^)0z2&=%"01#)#3)s)k)A)3$)l))

<P)=%$&%431);&#()s)

?2SS8)OP)

•  [GY)31"8)*001)%#)(&'(0$)3$,0$)&1)#(0)60$#2$U%431w)
BV)



52 CHAPTER 3. NEUTRINO MIXING AND OSCILLATIONS

 0

 0.2

 0.4

 0.6

 0.8

 1

 0.01  0.1  1  10  100  1000

P
(!

e
 
$

 
!

e
)

A0/ 'm2

sin 22& = 0.8

sin 22& = 0.2

Figure 3.5: Survival probability for solar neutrinos versus A0/ ! m2 for oscilla-

tion amplitude 0.8 (solid curve) and 0.2 (dashed), where A0 = 2
!

2GF N 0
e Eν and

! m2 = 8 " 10−5 eV2.

3.4 Long-basel ine osci l lat ions t hrough t he Ear t h

Oscillat ions of long-baseline neutrinos are affected by electrons in the Earth if the

path length is an appreciable fraction of the EarthÕsdiameter. The full propagation

equations for three neutrinos in matter are

i
d"α
dL

=
1

2Eν

∑

β

(
A! αe! βe +

∑

i

V ∗
βi! m2

i1Vαi

)
" β . (3.30)

A constant density approximat ion often providesa good representat ion of theneutrino

propagation over long baselines through the Earth. Since ! m2
21 # |! m2

31| and #13

is small, the probabilit ies can be expanded to second order in terms of the small

parameters #13 and |! m2
21/ ! m2

31| [191,192]. The following useful approximations for

! m2
31 > 0 are obtained [85]:

P(" µ $ " e) = x2f 2 + 2xyf g(cos! cos∆ %sin ! sin∆) + y2g2 , (3.31)

P(ø" µ $ ø" e) = x2 øf 2 + 2xy øf g(cos! cos∆ + sin ! sin∆) + y2g2 , (3.32)
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Figure 2: The appearance probabilities at DUNE. The oscillation parameters in the DM

scenario are: ! 012 = 35.3�, m0
1 = 0.1 eV, " = 0.0024 ! ei0.7502 eV and "0 = 0.00041 ! ei1.278 eV.

See the text for the other parameter values.

0.05 eV. We also see that as m0
1 decreases, #2

min increases. This can be understood from

Eqs. (41) and (43). For a smaller m0
1, the magnitude of " required to explain the measured

! 13 becomes larger, and higher order corrections then break the degeneracies between the

SM and DM scenarios.

Since future medium-baseline reactor experiments can make a high precision measure-

ment of both ! 12 and ! 13, we study the sensitivity reach at JUNO. We use the GLoBES

software to simulate the JUNO experiment. The experimental configuration is the same

as that in Ref. [27], which reproduces the results of Ref. [28]. We use the same procedure

for the long-baseline accelerator experiments except with no prior on ! eff12 , since JUNO can

measure ! 12 more precisely than the current experiments. For the lightest mass between 0

and 0.2 eV, we find that the minimum value of #2 at JUNO is 47.6, 46.9 and 57.0, with the

initial mixing being BM, TBM and HG, respectively. Hence, JUNO can rule out this model

with the three initial mixings at more than 6$ C.L.

5 Summary

We studied the e↵ects of light scalar DM–neutrino interactions at various neutrino oscilla-

tion experiments. For a light scalar DM field oscillating as a coherent state, the coupling

between DM and neutrinos induces a small perturbation to the neutrino mass matrix. We
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Figure 1: The minimum value of ! 2 as a function of m0
1 at DUNE. Here BM, TBM and HG

correspond to " 0
12 = 45�, 35.3�, and 30�, respectively.

Eq. (42) to calculate the predicted value of " ef f
12 . Then for a given " 0

12 and the lightest mass

m0
1 (m

0
3) for the normal (inverted) hierarchy, we scan over the magnitudes and phases of #and

#0. We find that the phases of #and #0 only have a small e! ect on the ! 2 value, which agrees

with the analytical expectation that the measurement of the CP violation is suppressed in

this model. We also marginalize over both the normal and inverted hierarchy for the tested

DM scenario. We find that the ! 2 value for the inverted mass hierarchy is always larger than

that for the normal hierarchy for the same lightest mass. This is a consequence of the fact

that the masses are not a! ected at the leading order in this model and the mass hierarchy

can be resolved at high confidence level at DUNE [26].

The minimum value of ! 2 as a function of m0
1 is shown in Fig. 1 for the three benchmark

values of " 0
12. As an illustrative example, we show the oscillation probabilities for " 0

12 = 35.3�

and m0
1 = 0.1 eV in the neutrino and antineutrino appearance channels in Fig. 2. We see

that the DM oscillation curves overlap the SM curves su" ciently in both modes that a clear

discrimination is not possible. From Fig. 1 we see that DUNE alone cannot distinguish the

DM scenario from the SM scenario at more than the 3$ C.L. if m0
1 is greater than about
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12. This is not quite in the standard form, but we can multiply

the second and third rows bye! i ! and the third column by ei ! to get the standard form for

U with �CP = �(�13 + ⌘). Since the phases in⌘ are all small,�CP is primarily given by ��13,

i.e., arg(✏).

B A general treatment of oscillation probabilities
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expanding in powers of!" 13 and averaging over a DM oscillation cycle, we get

sin2 2"13 sin2 ! 31 = sin2 ! 31
!
sin2 2" 0

13(1 ! 4(!" 13)2) + 2( !" 13)2
"

, (12)

as found previously in Ref. [12] . If" 0
13 = 0, then sin2 2" ef f

13 = 2( !" 13)2, so the angle being

measured in these experiments is

" ef f
13 " !" 13/

#
2. (13)

3.2 Long-baseline appearance experiments

For long-baseline experiments, the formulas are more complicated. From Ref. [17],

P(#µ $ #e) = x2f 2 + 2xyfg cos(! 31 + ! ) + y2g2 , (14)

P(ø#µ $ ø#e) = x2 øf 2 + 2xy øfg cos(! 31 ! ! ) + y2g2 , (15)

wherex = sin "23 sin 2"13, y = $ cos"23 sin 2"12, $ = |! m2
21/ ! m2

31|, f, øf = sin[(1 % öA)! 31]/ (1%

öA), g = sin( öA! 31)/ öA, öA = |A/ ! m2
31|, and A & 2

#
2GF NeE. Assuming" 0

13 = 0, and before

averaging,
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whereC = cos(m! t). After averaging, the leading term forx2f 2 is

x2f 2 ' 2f 2 sin2 " 0
23(!" 13)2 , (17)

which is similar to the reactor case, i.e., the e" ective "13 is !" 13/
#

2.

We can write yg as
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cos" 0
23 sin 2" 0

12
, (18)

wherey0 = $ cos" 0
23 sin 2" 0

12. After explicitly putting in the perturbation, yg becomes
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Combining Eqs. (16) and (18) and after averaging, thexyfg term is
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and Eq. (67) reduces to (again keeping only the leading correction for each �✓)
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Comparing Eqs. (68) and (69), we find �✓eff12 = �✓12/2, �✓
eff
13 = �✓13/

p
2, and �✓eff23 = 0

(neglecting the small, second-order correction to ✓23, which is acceptable since the leading

order terms involving ✓23 are generally not zero). Note that since the period of DM oscillation

considered here is much larger than the neutrino travel time at a terrestrial experiment, the

expansions in Eqs. (66) and (67) are not a↵ected by matter e↵ects and the shifts in the

e↵ective angles remain the same.

In the more general case with (@P/@✓13)0 6= 0 (such as when there is a single factor of

s13 or sin 2✓13), there is no single power of �✓13 in Eq. (66) that matches the single power

of �✓eff13 in Eq. (67), and the simple correspondence between �✓13 and �✓eff13 breaks down.

The only measurement that appears to have this problem is the appearance measurement

at long-baseline experiments. Also, since the Dirac CP phase is always associated with s13

in an oscillation probability, the absence of a single power of �✓13 in Eq. (66) indicates a

reduced sensitivity to the Dirac CP phase in neutrino oscillation experiments.
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