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Neutrino Physics ⊂ Particle Physics

• Neutrinos have mass, change flavor (“oscillate”), and may violate CP. 

• Taxpayers are eager to find out about CP and to test the three-family paradigm: 

• $109 for LBNF/DUNE; 

• numerous other experiments. 

• Oscillation experiments aim a(n) (anti)neutrino beam 
at nuclei such as 12C, 16O, 40Ar. 

• A nucleus can be thought of as a collection of nucleons. 

• “A riddle, wrapped in a mystery, inside an enigma”— 

• a flavor change, wrapped in a nucleon, inside a nucleus.
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Most	important	systematics:
• Detector Calibration
– Will be improved by the 2019 test beam program

• Neutrino cross sections
– Particularly nuclear effects (RPA, MEC)

• Muon energy scale

• Neutron uncertainty – new with ν̅’s

Alex Himmel, June 15 @ Fermilab
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Uncertainty in Δm2
lj, θlj, δCP, αi owing to 

imperfect knowledge of nucleus?
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• At the energies used by experiments measuring oscillation parameters, the 
nucleus is treated as a collection nucleons: 

• use nuclear theory for nuclear structure; 

• use ab initio (i.e., derived from QCD) nucleon-level calculations for 
neutrino-nucleon transition matrix elements including 

• νN → eX, X = N, Nʹ, Δ, Nπ, i.e., matrix elements <n|V– Annn|; 

• and, eventually, two-body effects: <NN|V -A|NN>j; 

• use nuclear transport (e.g., GiBUU) theory for post-collision absorption/
secondary production of pions.

hN|V �A|Ni
<latexit sha1_base64="L/z8V1jKatZ7NphZzqkjTneB3e8="></latexit><latexit sha1_base64="ATazIKkE+20ky+MKahBJjunULHs="></latexit><latexit sha1_base64="ATazIKkE+20ky+MKahBJjunULHs="></latexit><latexit sha1_base64="FkKLqW2pUOGeNV+I9RVdYWyLqN4="></latexit>

Neutrino-Nucleus Collisions
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hNN|V �A|NNi
<latexit sha1_base64="kvBvlRaWfl82OjVgfDnt4l41nH8="></latexit><latexit sha1_base64="65qt9agT/Y+B/X1TbE3QhtbOLj4="></latexit><latexit sha1_base64="65qt9agT/Y+B/X1TbE3QhtbOLj4="></latexit><latexit sha1_base64="yRQosrHJGFpcEoCxBGUb4uWmCPs="></latexit>

https://gibuu.hepforge.org/trac/wiki


Nuclear Structure

• A huge challenge: 

• many approaches, some called “ab initio”— 

• means that a unified formalism describes many things and can be 
systematically improved— 

• can be cast as a chiral effective theory (nucleons in a pion cloud); 

• not QCD though. 

• Full error budgets are yet to come and may be impossible. 

• Measure “data over here” to constrain nuclear model; then trust validated 
models “over there” where oscillation parameters are determined.
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Hadronic Physics—nN Scattering

• Hard, but easy compared to nuclear theory. 

• Trap to avoid: nuclear model using nucleonic ingredients inconsistent with 
QCD: 

• even if tuned up “here” such a thing would be scary “over there”. 

• Therefore, aim to get scattering amplitudes from first principles. 

• Two approaches: 

• nN or nN scattering experiments in the Tokai, NuMI, or LBNF beam; 

• lattice QCD with error budgets as comprehensive as those for CKM.
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nd
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nN
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Outline

• Introduction & Motivation 

• Paradigm of Lattice QCD 

• Results (not for νA scattering) 

• Results (for νN and νA scattering) 

• Outlook
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Heidi Schellman

One thing I like about neutrino experiments is that they 
don’t rely on some damn lattice calculation!
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Lattice QCD for Beginners



• Infinite continuum: uncountably many 
d.o.f. (⇒ UV divergences); 

• Infinite lattice: countably many; 
used to define QFT; 

• Finite lattice: finite dimension ~ 108, 
so compute integrals numerically.

Lattice Gauge Theory

a

L = NSa

L 4 =
 N

4a

⇤•⌅ =
1
Z

Z
DUD�D�̄exp(�S) [•]

�10



• Infinite continuum: uncountably many 
d.o.f. (⇒ UV divergences); 

• Infinite lattice: countably many; 
used to define QFT; 

• Finite lattice: finite dimension ~ 108, 
so compute integrals numerically.

hand

Lattice Gauge Theory

a

L = NSa

L 4 =
 N

4a

⇤•⌅ =
1
Z

Z
DUD�D�̄exp(�S) [•]

�10



• Infinite continuum: uncountably many 
d.o.f. (⇒ UV divergences); 

• Infinite lattice: countably many; 
used to define QFT; 

• Finite lattice: finite dimension ~ 108, 
so compute integrals numerically.

MC hand

Lattice Gauge Theory

a

L = NSa

L 4 =
 N

4a

⇤•⌅ =
1
Z

Z
DUD�D�̄exp(�S) [•]

�10



The Steps

• Use random number generator to create gauge fields distributed ~ e–S. 

• Solve (D/ + m)xzGzy = bx for quark propagators in these gauge fields. 

• Fit hadron correlation functions to get masses and matrix elements. 

• Repeat several times while varying bare gauge coupling and bare masses. 

• Find a trajectory with constant pion, kaon, Ds, Bs, masses (one for each 
quark) in dimensionless but physical units and obtain the continuum limit. 

• Convert units to MeV. 

• Comprehensive analysis of uncertainties!
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Error Budget

• Quark-flavor results compiled by Flavor Lattice Averaging Group (FLAG). 

• With meson form factors, mixing matrix elements, etc., it is now common 
to publish correlation matrices as well as error budgets.

TABLE I. Error budget for strange-, charm- and bottom-quark masses, their ratios, and the HQET
matrix element ⇤MRS. See the text for the description.

Error (%) mb/mc mc/ms mb/ms ms,MS(2 GeV) mc mb ⇤MRS

Statistics and EFT fit 0.10 0.09 0.12 0.43 0.30 0.29 4.5

Two-point correlator fits 0.08 0.02 0.10 0.13 0.08 0.03 1.1

Scale setting and tuning 0.02 0.08 0.10 0.12 0.03 0.02 0.2

Finite-volume corrections 0.02 0.04 0.06 0.07 0.02 0.01 0.1

Topological charge distribution 0.00 0.00 0.00 0.00 0.00 0.00 0.0

Electromagnetic corrections 0.11 0.11 0.01 0.02 0.08 0.01 0.1

↵s 0.01 0.00 0.01 0.56 0.75 0.18 2.9

f⇡,PDG 0.03 0.07 0.10 0.13 0.04 0.02 0.3

TABLE II. Error contributions from electromagnetic e↵ects to strange-, charm- and bottom-quark
masses, their ratios, and the HQET matrix element ⇤MRS. The sources of uncertainty are described
in the text.

Error (%) mb/mc mc/ms mb/ms ms,MS(2 GeV) mc mb ⇤MRS

K+-K0 splitting +0.00 +0.01 +0.01 �0.01 �0.00 �0.00 +0.0

K0 mass +0.00 +0.00 +0.01 �0.01 �0.01 �0.01 +0.1

Hx mass �0.11 +0.11 �0.00 �0.01 +0.07 �0.01 +0.0

magnetism are discussed in detail below. Finally, our results have uncertainties from the
parametric inputs ↵s, given in Eq. (4.5), and f⇡,PDG = 130.50(13) MeV [52].

Table II shows a breakdown of the uncertainties from matching a pure-QCD calculation
such as this to QCD+QED. Briefly, “K+-K0 splitting” is the uncertainty in connecting the
K+-K0 splitting to that of ⇡+-⇡0, stemming from ✏0, and “K0 mass” refers to the uncertainty
in the electromagnetic contribution to the neutral kaon mass,

�
M2

K0

��
. These two e↵ects

are negligible compared with the other sources of uncertainty. In this work, we choose a
specific scheme [63, 64] for the electromagnetic contribution to the neutral kaon masses;
other works, for example the FLAG report [74], choose other schemes. Changing

�
M2

K0

��

from +44 MeV2 to +461 MeV2 reduces ms by 0.17% and, consequently, increases mc/ms

and mb/ms by 0.17%. When using these ratios and the strange-quark mass in a setting
that ignores the subtleties of the QED scheme, one may wish to incorporate an additional
uncertainty of ±0.17%.

Another uncertainty comes from the estimates of the electromagnetic correction to the
heavy-light meson mass, described above with Eq. (4.2). It is denoted “Hx mass” in Table II.
For the associated error, we take the di↵erence between results obtained with and without the
electromagnetic shift. Results for heavy-quark masses depend on the chosen QED quark-
mass scheme. As discussed above, we do not subtract any part of the QED self-energy.
[Equation (4.2) contains no term proportional to e2h.] When using other schemes, one should
convert our results accordingly: a shift of 1 MeV in the QCD part of the Ds (Bs) mass leads
to a 0.83 MeV (1 MeV) shift in mc (mb). The scheme dependence on the meson masses may
be estimated as ±↵mhe

2
h ⇡ ±4.2 MeV (average for Ds and Bs). When using the heavy-quark

masses in a setting that ignores the subtleties of the QED scheme, one may consequently

19
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Sea Quarks

• Computationally the most demanding part. 

• So often charmed sea is omitted, sometimes strange sea is omitted. 

• Sometimes sea quarks take physical masses; often larger than up/down. 

• Most calculations of small nuclei have sea quarks such that the “pion” in 
the computer has mass 800 MeV.
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Lattice QCD for Textbooks



QCD Hadron Spectrum
π…Ω: BMW, MILC, PACS-CS, QCDSF; ETM (2+1+1);

η-ηʹ: RBC, UKQCD, Hadron Spectrum (ω); 
D, B: Fermilab, HPQCD, Mohler&Woloshyn

numerous 
quarkonium 

omittedρ K K∗ η φ N Λ Σ Ξ ∆ Σ
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∗ Ωπ η′ ω0
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,B s D s

* ,B s
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Bc Bc
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© 2012−2014 Andreas Kronfeld/Fermi Natl Accelerator Lab.

B mesons offset by −4000 MeV

compilation updated from arXiv:1203.1204
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Postdictions 
HPQCD, MILC, Fermilab Lattice, hep-lat/0304004

0.9 1.0 1.1
quenched/experiment

Υ(1P-1S)

Υ(3S-1S)

Υ(2P-1S)

Υ(1D-1S)

ψ(1P-1S)

2mBs 
− m

Υ

3m
Ξ
 − mN

fK

f
π

0.9 1.0 1.1
(nf = 2+1)/experiment

• From 2003! 

•  a = 0.12 & 0.09 fm; 

• O(a2) improved: asqtad; 

• FAT7 smearing; 

•  2ml < mq < ms; 

•  π, K, Υ(2S-1S) input.
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Predictions 
Fermilab Lattice, MILC, HPQCD

• Semileptonic form factor for D → Klν: hep-ph/0408306—updates: arXiv:
1008.4562 (normalization), arXiv:1305.1462 (shape); 

• Charmed-meson decay constants: hep-lat/0506030—update below; 

• Mass of Bc meson: hep-lat/0411027—updates: arXiv:0909.4462 (Mb* = 
6.330 ± 9GeV), arXiv:1010.3848.
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D → Klν

MB⇤ = 6330±9 GeV
<latexit sha1_base64="JdjErQUU1sd4O7TUIRuWgKGTFlY="></latexit><latexit sha1_base64="/v83E6XlOn4x0Nw8uvvTBm/dUms="></latexit><latexit sha1_base64="/v83E6XlOn4x0Nw8uvvTBm/dUms="></latexit><latexit sha1_base64="rQ01n5ex0fTO1z4SCASJXaqLzOU="></latexit>

MB⇤ = 6330±9 GeV
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Semileptonic B → πlν for |Vub|

• Much more precise than 2008. 

• z variable extends range. 

• Functional fitting method. 

• Relative norm’n yields |Vub|. 

• Total error on |Vub| is 4.1%: 

• 103|Vub| = 3.72±0.16

z =
p

t+� t �
p

t+� t0p
t+� t +

p
t+� t0
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 0.6
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(1
-q
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2 )
f +(
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z

All expt. Nz=3 t
Lattice Nz=4 t

BaBar untagged 6 bins (2011)
Belle untagged 13 bins (2011)

BaBar untagged 12 bins (2012)
Belle tagged B0 13 bins (2013)

Belle tagged B- 7 bins (2013)
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Leptonic B → τν for |Vub|, D → lν for |Vcd|

• Fermilab Lattice & MILC [arXiv:1712.09262]: 

• Overall uncertainty:	 ~0.2% for D mesons, 	
	 ~0.7% for B mesons.

175 185 195 205 215 225 235 245 255

Fermilab/MILC 17

HPQCD 17 (pseudoscalar current)

ETM 16

HPQCD 13 (NRQCD b)

RBC/UKQCD 14

HPQCD 12 (NRQCD b)

HPQCD 11 (HISQ b)

Fermilab/MILC 11 (Clover b)

fBs (MeV)fB+ (MeV)

u, d, s, c sea

u, d, s sea

205 215 225 235 245 255 265 275

Fermilab/MILC 17

ETM 14

Fermilab/MILC 14

�QCD 14

HPQCD 12

Fermilab/MILC 11 (Clover c)

HPQCD 10

fDs (MeV)fD+ (MeV)

u, d, s, c sea

u, d, s sea

fD0 = 211.5(0.3)stat(0.3)syst(0.2) fp,PDG MeV

fD+ = 212.6(0.3)stat(0.3)syst(0.2) fp,PDG MeV

fDs = 249.8(0.3)stat(0.3)syst(0.2) fp,PDG MeV

fB+ = 189.4(0.8)stat(1.1)syst(0.3) fp,PDG MeV

fB0 = 190.5(0.8)stat(1.0)syst(0.3) fp,PDG MeV

fBs = 230.7(0.8)stat(0.8)syst(0.2) fp,PDG MeV
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Quark Masses

• Results from arXiv:1802.04248: 

• To our knowledge, first results w/ order-αs5 running & order-αs4 matching. 

• 0.3% for bottom, 0.5% for charm, 0.7% for strange, 1% for down, 2% for up.
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Lattice QCD for Neutrino Scattering



Form Factors

• Hadronic matrix elements of the weak currents are decomposed into 
Lorentz covariant forms, multiplied by form factors: 

• The q2 dependence is constrained by unitarity and analyticity, leading to a 
model-independent parametrization known as the “z expansion”. 

• Lattice-QCD calculations plus z expansion is a key ingredient in CKM 
determinations, e.g., |Vub|.

hp(ppp)|V µ
ūd |n(kkk)i= ūp(ppp)gµun(kkk)F1(q2)+

qn
2MN

ūp(ppp)isµnun(kkk)F2(q2),

hp(ppp)|Aµ
ūd |n(kkk)i= ūp(ppp)gµ

?g5un(kkk)FA(q2)+
2MNqµ

q2 ūp(ppp)g5un(kkk)FP(q2),

qµ = kµ � pµ
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Vector Form Factor from Lattice QCD

• Lattice QCD too high? 

• Even continuum limit: 	
	
urE = 0.80(11) fm,	
	
vs CODATA: 	
	
urE = 0.875(6) fm.	  

• iGE = F1 – Q2 F2/M2.

Electric Form Factors GE (Q2) and Charge Radius hr2E i

G
E
/g
V

Q2 [GeV2]

Kelly2004
CODATA2014: 0.875(6) fm

dipole: 0.772(13) fm
z-exp: 0.804(107) fm

a15m310
a12m310
a12m220L
a12m220
a12m220S

a09m310
a09m220
a09m130

a09m130W
a06m310

a06m310W
a06m220

a06m220W
a06m135

0.0

0.2

0.4

0.6

0.8

1.0

0 0.2 0.4 0.6 0.8 1 1.2 1.4 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

⟨r 2
E
⟩ [fm2]

a15m310
a12m310
a12m220L
a12m220
a12m220S
a09m310
a09m220
a09m130
a09m130W
a06m310
a06m310W
a06m220
a06m220W
a06m135

14-pt
11-pt
10-pt (−a15)
10∗-pt (−m220S)

dipole
z2

z3

z4
z2+4

z3+4
z4+4

central value: 11-point extrapolation hr2E i(a,M⇡,M⇡L)

systematic error: di↵erence of rE from two physical ensembles

rE = 0.804(42)(98) fm from z-expansion fit @ z3+4

rE = 0.772(10)(8) fm from dipole fit

rE = 0.875(6) fm (CODATA-2014, electron) [Rev. Mod. Phys. 88, 035009 (2016)]
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Vector Form Factor from Lattice QCD

• Lattice QCD too high? 

• Even continuum limit: 	
	
urE = 0.80(11) fm,	
	
vs CODATA: 	
	
urE = 0.875(6) fm.	  

• iGE = F1 – Q2 F2/M2.

Electric Form Factors GE (Q2) and Charge Radius hr2E i
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Axial Form Factor from Lattice QCD

• Gupta, Jang, Lin, Yoon, Bhattacharya (PNDME) [arXiv:1705.06834]: 

• a ≠ 0 slope smaller than 
deuterium & other data. 

• Even continuum limit: 	
	 	
	 rA = 0.46(6) fm,	
	 	
vs Meyer et al.:	
	 	
	 rA = 0.68(16) fm.	  

• What would 0.46 fm say about deuteron?
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15

Nucleon axial form factors

⋆ Left: Data for Tsink>1.2fm compatible, but
slope different

⋆ Right: Lattice data compatible with upper
range of neutrino-nucleus cross sections
(green band) and with MiniBooNE (red band)

⋆ Parametrization of lattice data:
• Dipole fit, z-expansion

⋆ Deviations on ⟨rA⟩ from different methods

M. Constantinou, Lattice 2018 �25



Continuum Limit (for B → πlν)

• Compute 	
f(k, ms, ms, a) 

• Combine data 
with Symanzik 
EFT & chiral PT: 

• ml → ½(mu+md); 

• a → 0. 

• Limited range:       
|k|a ≪ 1.
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Need same chiral-continuum limit for 
nucleon form factors!
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• Pragmatic inputs: 

• vector form factors from ep 
scattering (z parametrization) 
[Ye et al., arXiv:1707.09063]; 

• ss form factor from lattice QCD 
[χQCD, arXiv:1705.05849]; 

• extract FA(Q2(z)) from MiniBooNE; 

• compare with BNL E734. 

• Sufian, Liu, Richards, Lattice 2018.

Neutrino Phenomenology
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• HALQCD Collab computes baryon-
baryon potentials in lattice QCD 
[nucl-th/0611096, arXiv:1711.01952]. 

• Implicitly assumes smoothness. 

• ΞΞ (top); NN (bottom). 

• Hard-core repulsion obvious. 

• Attraction between 0.5 fm and 1.0 fm 
(almost) visible.

Nucleon Forces
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Outlook

• Neutrino-nucleus scattering is a difficult problem. 

• Understanding it better is of paramount importance for neutrino exp’ts. 

• A “parton model” approach: 

• compute the elementary amplitudes from first principles; 

• use models, parametrizations, data to constrain nucleus. 

• The amplitudes can be computed in lattice QCD.
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Priority vs Difficulty
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Thank you!
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Backup



• In the old days, we used a variety of parametrizations, from goofy to well-
motivated but still presumptuous. 

• Now everyone adopts the “z expansion”: z .

• Form factors take the form 

• Inspired by analyticity; bounded by unitarity. 

• Preferred over “dipole”

A Word on Parametrizations
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Axial Form Factor from Deuterium

• Meyer, Betancourt, Gran, Hill [arXiv:1603.03048]:

z
-0.2 0 0.2 0.4

(z
)

AF

0

0.5

1
=4 z expansionaN
 = 1.014(14) dipoleAm

dipole 
underestimates 

uncertainty!
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Results & Comparisons 2

• With mass ratios from light pseudoscalar mesons: 

• Most precise s-, d-, and u-quark masses to date; e.g., mu to 2%. 

• All quarks except top.
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Results & Comparisons 3

• Masses in numerical form: 

• Mass ratios: mc/ms = 11.784(11)stat(17)syst(00)as(08) fp,PDG

mb/ms = 53.93(7)stat(8)syst(1)as(5) fp,PDG

mb/mc = 4.577(5)stat(7)syst(0)as(1) fp,PDG
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ml,MS(2 GeV) = 3.404(14)stat(08)syst(19)as(04) fp,PDG MeV

mu,MS(2 GeV) = 2.118(17)stat(32)syst(12)as(03) fp,PDG MeV

md,MS(2 GeV) = 4.690(30)stat(36)syst(26)as(06) fp,PDG MeV

ms,MS(2 GeV) = 92.52(40)stat(18)syst(52)as(12) fp,PDG MeV

mc,MS(3 GeV) = 984.3(4.2)stat(1.6)syst(3.2)as(0.6) fp,PDG MeV

mb,MS(mb,MS) = 4203(12)stat(1)syst(8)as(1) fp,PDG MeV
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