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LOW-ENERGY NEUTRINO-NUCLEON INTERACTIONS

? Neutrino interactions are mediated by the gauge bosons W± and
Z0, whose masses are in the range ≈ 80− 90 GeV

? In the regime of momentum transfer discussed in this talk,
q ∼ 10 MeV, Fermi theory of weak interactions works just fine

W,Z0

LF =
G√

2
JNµJ`

µ

J`
µ =

{
ū`−γ

µ(1− γ5)uν (CC)
ūν′γ

µ(1− γ5)uν (NC)

? The nucleon current can be cast in the non relativistic limit

JNµ =

{
ūpγµ(1− gAγ5)un → χ†sp(g0

µ + gAg
µ
i σi)χsn (CC)

ūn′γµ(1− cAγ5)un → χ†s′n(g0
µ + cAg

µ
i σi)χsn (NC)
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NEUTRINO-NUCLEON X-SECTION

? Consider, as an example, the x-section of the neutral-current
process ν(k) + n(p)→ ν′(k′) + n(p+ q), q = k − k′

dσ ∝ LλµWλµ

. Lλµ specified by lepton kinematical variables

Lλµ = kλk
′
µ + kµk

′
λ − gλµ(kk′) + iελρµσk

ρk′
σ

. Wλµ written in terms of five structure functions Wi(q
2, (p · q))

Wλµ = −gλµW1 + pλ pµ
W2

m2
N

+ i ελµαβ qα pβ +
W3

m2
N

+ qλ qµ
W4

m2
N

+(pλ qµ + pµ qλ)
W5

m2
N

? In the following, I will assume that the neutrino-nucleon cross
section be known
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NEUTRINO-NUCLEUS X-SECTION

? Consider again a neutral current process

ν +A→ ν′ +X

? The nucleon tensor is replaced by the nuclear response tensor

Wλµ =
∑
n

〈0|Jλ|n〉〈n|Jµ|0〉δ(4)(P0 + q − Pn)

? Interaction rate

W (q, ω) ∝ GF
4π2

LλµW
λµ =

GF
4π2

[
(1 + cos θ)Sρ +

cA
2

3
(3− cos θ)Sσ

]
where cos θ = (k · k′)/(|k||k′|), while Sρ and Sρ are the nuclear
responses in the density and spin-density channels, respectively.
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NUCLEAR WEAK RESPONSES AT LOW ENERGY

? density response

Sρ =
1

N

∑
n

|〈0|J0|n〉〈n|J0|0〉δ(4)(P0 + q − Pn)

? spin-density response (α, β = 1, . . . 3)

Sρ =
∑
α

Sραα

Sραβ =
1

N

∑
n

|〈0|Jα|n〉〈n|Jβ |0〉δ(4)(P0 + q − Pn)

? Neutral weak current

J0 =
∑
i

j0
i =

∑
i

eiq·xi , Jα =
∑
i

jµi =
∑
i

eiq·xiσα

? Outstanding issues
. Model nuclear dynamics (determine H)
. Solve the many-body Schrödinger equation H|n〉 = En|n〉
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MODELING NUCLEAR DYNAMICS
? ab initio (bottom-up) approach

H =
∑
i

p2
i

2m
+
∑
j>i

vij +
∑
k>j>i

vijk

. vij provides a very accurate descritpion of the two-nucleon system,
and reduces to Yukawa’s one-pion-exchange potential at large
distances

. inclusion of vijk needed to explain the ground-state energies of the
three-nucleon systems

. vij is spin and isospin dependent, and strongly repulsive at short
distance

. nuclear interactions can not be treated in perturbation theory in the
basis of eigenstates of the non interacting system

? Mean field (independent particle) approximation{∑
j>i

vij +
∑
k>j>i

vijk

}
→
∑
i

Ui
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? Quantum Monte Carlo and variational calculations performed
using phenomenological nuclear Hamiltonians explain the
energies of the ground- and low-lying excited states of nuclei
with mass A ≤ 12, as well as saturation of the equation of state of
cold isospin-symmetric nuclear matter
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FIG. 3 GFMC energies of light nuclear ground and excited states for the AV18 and AV18+IL7 Hamiltonians compared to
experiment. See Table I for references.

TABLE I AV18+IL7 GFMC results for A  12 nuclear ground states (Brida et al., 2011; Lovato et al., 2013; McCutchan et al.,
2012; Pastore et al., 2013, 2014; Pieper and Carlson, 2015; Wiringa et al., 2013), compared to experimental values (Amroun
et al., 1994; NNDC, 2014; Nörtershäuser and et al., 2009; Nörtershäuser et al., 2011; Purcell et al., 2010; Shiner et al., 1994;
Tilley et al., 2002, 2004). Numbers in parentheses are statistical errors for the GFMC calculations or experimental errors;
errors of less than one in the last decimal place are not shown.

AZ(J⇡; T ) E (MeV) rp [rn] (fm) µ (µN ) Q (fm2)
GFMC Expt. GFMC Expt. GFMC Expt. GFMC Expt.

2H(1+; 0) �2.225 �2.2246 1.98 1.96 0.8604 0.8574 0.270 0.286
3H( 1

2

+
; 1

2
) �8.47(1) �8.482 1.59 [1.73] 1.58 2.960(1) 2.979

3He( 1
2

+
; 1

2
) �7.72(1) �7.718 1.76 [1.60] 1.76 �2.100(1) �2.127

4He(0+; 0) �28.42(3) �28.30 1.43 1.462(6)
6He(0+; 1) �29.23(2) �29.27 1.95(3) [2.88] 1.93(1)
6Li(1+; 0) �31.93(3) �31.99 2.39 2.45(4) 0.835(1) 0.822 0.1(2) �0.082(2)
7He( 3

2

�
; 3

2
) �28.74(3) �28.86 1.97 [3.32(1)]

7Li( 3
2

�
; 1

2
) �39.15(3) �39.25 2.25 [2.44] 2.31(5) 3.24(1) 3.256 �3.9(2) �4.06(8)

7Be( 3
2

�
; 1

2
) �37.54(3) �37.60 2.51 [2.32] 2.51(2) �1.42(1) �1.398(15) �6.6(2)

8He(0+; 2) �31.42(3) �31.40 1.83(2) [2.73] 1.88(2)
8Li(2+; 1) �41.14(6) �41.28 2.10 [2.46] 2.20(5) 1.48(2) 1.654 2.5(2) 3.27(6)
8Be(0+; 0) �56.5(1) �56.50 2.40(1)
8B(2+, 1) �37.51(6) �37.74 2.48 [2.10] 1.11(2) 1.036 5.9(4) 6.83(21)
8C(0+; 2) �24.53(3) �24.81 2.94 [1.85]
9Li( 3

2

�
, 3

2
) �45.42(4) �45.34 1.96 [2.33] 2.11(5) 3.39(4) 3.439 �2.3(1) �2.74(10)

9Be( 3
2

�
, 1

2
) �57.9(2) �58.16 2.31 [2.46] 2.38(1) �1.29(1) �1.178 5.1(1) 5.29(4)

9C( 3
2

�
, 3

2
) �38.88(4) �39.04 2.44 [1.99] �1.35(4) �1.391 �4.1(4)

10Be(0+; 1) �64.4(2) �64.98 2.20 [2.44] 2.22(2)
10B(3+; 0) �64.7(3) �64.75 2.28 2.31(1) 1.76(1) 1.801 7.3(3) 8.47(6)
10C(0+; 1) �60.2(2) �60.32 2.51 [2.25]
12C(0+; 0) �93.3(4) �92.16 2.32 2.33

7 / 19



CORRELATED BASIS FUNCTIONS

? Replace the basis states of the non-interacting system with a set
of correlated states

|n0〉 → |n〉 =
F |n0〉

〈n0|F †F |n0〉1/2
=

1√Nn
F |n0〉

F = S
∏
j>i

fij

? the structure of the two-nucleon correlation operator reflects the
complexity of nuclear dynamics

fij =
∑

S,T=0,1

[fTS(rij) + δS1ftT (rij)Sij ]PST

PST spin− isospin projector operator , Sij = σαi σ
β
j

(rαijrβij
r2
ij

−δαβ
)

? shapes of fTS(rij) and ftT (rij) determined form minimization of
the ground-state energy
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NN POTENTIAL AND CORRELATION FUNCTIONS
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EFFECTIVE INTERACTION
? The effective interaction in nuclear matter at density ρ is defined

through the relation [kF = (3π2ρ/2)1/3]

〈0|H|0〉 =
3

5

k2
F

2m
+ 〈0FG|Veff |0FG〉

? unlike the bare NN potential, Veff is well behaved, and can be
used to perform perturbative calculations in the basis of
eigenstates of the non interacting system

? the response can be also computed using the Fermi gas states
and the corresponding effective operators, defined through

〈n|Jµ|0〉 = 〈nFG|Jµeff |0FG〉

Jµeff = FJµF = Jµ +
∑
j>i

{jµi + jµj , gij}+ . . .

gij = fij − 1
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EFFECTIVE INTERACTION
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EFFECTS OF NN INTERACTIONS

? Mean field effects
. Change of nucleon energy spectrum

ek =
k2

2m
+

∑
k′

〈kk′|Veff |kk′〉a

. Effective mass
1

m?
k

=
1

|k|
dek
d|k|

? Correlation effects
. Effective operators couple the ground state to

two-particle–two-hole (2p2h) final states, thus removing strength
from the 1p1h sector

M2p2h = 〈2p2h|Jµeff |0〉 6= 0→M1p1h = 〈1p1h|Jµeff |0〉 < 〈1p1h|Jµ|0〉
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? Nucleon energy spectrum and
Effective mass in
isospin-symmetric matter at
equilibrium density ? Quenching of Fermi transition

strength in isospin-symmetric
matter at equilibrium density
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q-EVOLUTION OF INTERACTION EFFECTS
? Density response of isospin-symmetric matter at equilibrium

density

|q| = 3.0 fm−1

|q| = 1.8 fm−1

|q| = 0.3 fm−1
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LONG-RANGE CORRELATIONS

? At low momentum transfer the space resolusion of the neutrino
becomes much larger than the average NN separation distance
(∼ 1.5 fm), and the interaction involves many nucleons

← λ ∼ q−1 →

d

? Write the nuclear final state as
a superposition of 1p1h states
(RPA scheme)

|n〉 =

N∑
i=1

Ci |pihi)

+ + + . . .
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TAMM-DANCOFF (RING) APPROXIMATION

? Propagation of the particle-hole pair produced at the interaction
vertex gives rise to a collective excitation. Replace

|ph〉 → |n〉 =

N∑
i=1

Ci |pihi)

? The energy of the state |n〉 and the coefficients Ci are obtained
diagonalizing the hamiltonian matrix

Hij = (E0 + epi − ehi
)δij + (hipi|Veff |hjpj)

ek =
k2

2m
+
∑
k′

〈kk′|Veff |kk′〉a

? The appearance of an eigenvalue, ωn, lying outside the
particle-hole continuum signals the excitation of a collective
mode
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EFFECTS OF LONG-RANGE CORRELATIONS

? Density response of isospin-symmetric nuclear matter at
equilibrium density

|q| ≈ 480 MeV

|q| ≈ 300 MeV

|q| ≈ 60 MeV

308 O. Benhar, N. Farina / Physics Letters B 680 (2009) 305–309

The FG ph states, while being eigenstates of the HF Hamiltonian

HHF =
∑

k

ek, (12)

with ek given by Eq. (10), are not eigenstates of the full nuclear
Hamiltonian. As a consequence, there is a residual interaction V res
that can induce transitions between different ph states, as long as
their total momentum, q, spin and isospin are conserved.

We have included the effects of these transitions, using the
Tamm Dancoff (TD) approximation, which amounts to expanding
the final state in the basis of one 1p1h states according to [27]

| f ) = |q, T S M) =
∑

i

cT S M
i |pihi, T S M), (13)

where pi = hi +q, S and T denote the total spin and isospin of the
particle–hole pair and M is the spin projection along the quantiza-
tion axis.

At fixed q, the excitation energy of the state | f ), ω f , as well as
the coefficients cT SM

i , are determined solving the eigenvalue equa-
tion

H| f ) = (HHF + V res)| f ) = (E0 + ω f )| f ), (14)

where E0 is the ground state energy. Within our approach this
amounts to diagonalizing a Nh × Nh matrix whose elements are

H T S M
ij = (E0 + epi − ehi )δi j + (hi pi, T S M|V eff|h j p j, T S M). (15)

In TD approximation, the response can be written as

S(q,ω) =
∑

T S M

Nh∑

n=1

∣∣∣∣∣

Nh∑

i=1

(
cT S M

n
)

i(hi pi, T S M|O eff(q)|0)

∣∣∣∣∣

2

× δ
(
ω − ωT S M

n
)
, (16)

where (cT SM
n )i denotes the i-th component of the eigenvector be-

longing to the eigenvalue ωT SM
n .

The diagonalization has been performed using a basis of Nh ∼
3000 ph states for each spin–isospin channel. The appearance of an
eigenvalue lying outside the particle hole continuum, correspond-
ing to a collective excitation reminiscent of the plasmon mode of
the electron gas, is clearly visible in panel (A) of Fig. 3, showing the
TD response at |q| = 0.3 fm−1 for the case of Fermi transitions. For
comparison, the result of the correlated HF approximation is also
displayed. Note that the sharp peak arises from the contributions
of particle–hole pairs with S = 1, T = 0.

In order to identify the kinematical regime in which long range
correlations are important, we have studied the TD response in
the region 0.3 ! |q| ! 3.0 fm−1. The results show that at |q| "
1.2 fm−1 the peak corresponding to the collective mode in the
S = 1, T = 0 channel is still visible, although less prominent. How-
ever, it disappears if the exchange contribution to the matrix ele-
ment of the effective interaction appearing in the rhs of Eq. (15) is
neglected.

The transition to the regime in which short-range correlations
dominate is illustrated in panels (B) and (C) of Fig. 3, showing
the comparison between TD and HF responses at |q| = 1.5 and
2.4 fm−1, respectively.

At |q| = 1.5 fm−1 the peak no longer sticks out, but the effect
of the mixing of ph states with S = 1 and T = 0 is still detectable,
resulting in a significant enhancement of the strength at large ω.
At |q| = 2.4 fm−1 the role of long range correlations turns out to
be negligible, and the TD and correlated HF responses come very
close to one another. The calculation of the response associated
with Gamow–Teller transitions shows a similar pattern.

Fig. 3. Nuclear matter response calculated within the TD (squares) and correlated
HF (diamonds) approximations, for the case of Fermi transitions. Panels (A), (B) and
(C) correspond to |q| = 0.3, 1.5 and 2.4 fm−1, respectively.

5. Conclusions

The CBF formalism employed in our work is ideally suited to
construct an effective interaction starting from a realistic NN po-
tential. The resulting effective interaction, which has been shown
to provide a quite reasonable account of the equation of state of
cold nuclear matter [16], allows for a consistent description of the
weak response in the regions of both low and high momentum
transfer, where different interaction effects are important.

The results of our calculations, obtained including 1p1h final
states, suggest that in addition to the HF mean field, which moves
the kinematical limit of the transitions to 1p1h states well be-
yond the FG value, correlation effects play a major role, and must
be taken into account. While at |q| " 0.5 fm−1 long-range cor-
relations, leading to the appearance of a collective mode outside
the particle–hole continuum, dominate, at |q| # 2.0 fm−1 the most
prominent effect is the quenching due to short-range correlations.

In principle, the uncertainty associated with the truncation of
the space of final states at the 1p1h level can be estimated study-
ing the static structure function S(q) and the sum rules of the
responses [28]. We have verified that the S(q) goes linearly to zero
for vanishing |q|, as required by particle number conservation.

A more quantitative understanding of the role of two particle-
two hole (2p2h) final states can be gained comparing the response
resulting from the approach discussed in the present Letter and
that obtained using the spectral function formalism, applicable in
the impulse approximation regime [24]. The results of Ref. [24]
suggest that the main effect of 2p2h states, which are explicitely
taken into account in the spectral function, is the appearance of a
tail extending to large energy transfer.

As pointed out in Section 2, the differences between our work
and that of Ref. [8] arise from the definitions of both the ef-
fective interaction and the effective operators. Three- and many-
nucleon forces, taken into account in our approach, play a marginal
role at nuclear matter equilibrium density, their inclusion lead-
ing to changes that never exceed 15% in the Fermi TD response
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EXCITATION OF COLLECTIVE MODES

? Density (a) and spin-density (b) responses of isospin-symmetric
nuclear matter at equilibrium densityA. Lovato et al. / Nuclear Physics A 901 (2013) 22–50 45

Fig. 13. Fermi (a) and Gamow–Teller (b) response functions of SNM at ρ = 0.16 fm−3, evaluated at q = 0.10, 0.15,
0.20, 0.25, 0.30, 0.40, and 0.50 fm−1 using the v6′ + UIX potential and correlation functions.

distribution entering the VGS calculation at three-body cluster level, the result of which is de-
noted VGS3b.

The static structure functions corresponding to the Fermi and Gamow–Teller transitions are
displayed in panels (a) and (b) of Fig. 14, respectively. The CTD results have been obtained
with the effective interaction based on the Argonne v′

6 + UIX Hamiltonian and the correspond-
ing correlations (see Table 2) have been used in the calculation of the effective operators. The
Hamiltonian entering the variational estimates, VGS and VGS3b, has been consistently chosen
to be the Argonne v′

6 + UIX.
The curves corresponding to the Fermi transition are normalized in order for the sum rule of

the non-interacting FG to approach unity in the |q| → ∞ limit. On the other hand, the Gamow–
Teller results are normalized in such a way that both the transverse and longitudinal sum rules,
to be defined below, tend to the same limit.

A. Lovato et al. / Nuclear Physics A 901 (2013) 22–50 45

Fig. 13. Fermi (a) and Gamow–Teller (b) response functions of SNM at ρ = 0.16 fm−3, evaluated at q = 0.10, 0.15,
0.20, 0.25, 0.30, 0.40, and 0.50 fm−1 using the v6′ + UIX potential and correlation functions.

distribution entering the VGS calculation at three-body cluster level, the result of which is de-
noted VGS3b.

The static structure functions corresponding to the Fermi and Gamow–Teller transitions are
displayed in panels (a) and (b) of Fig. 14, respectively. The CTD results have been obtained
with the effective interaction based on the Argonne v′

6 + UIX Hamiltonian and the correspond-
ing correlations (see Table 2) have been used in the calculation of the effective operators. The
Hamiltonian entering the variational estimates, VGS and VGS3b, has been consistently chosen
to be the Argonne v′

6 + UIX.
The curves corresponding to the Fermi transition are normalized in order for the sum rule of

the non-interacting FG to approach unity in the |q| → ∞ limit. On the other hand, the Gamow–
Teller results are normalized in such a way that both the transverse and longitudinal sum rules,
to be defined below, tend to the same limit.

? |q| = 0.1, 0.15, 0.20, 0.25, 0.30, 0.40 and 0.50 fm−1
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SUMMARY

? A consistent theoretical framework for the description of the
weak response of nuclear matter at low energy is available

? Recent studies have signifcantly advanced the understanding of
the relevant reaction mechanisms, pinning down the role of both
short- and long-range correlations

? The generalization to atomin nuclei, while being demanding
from the computational point of view, does not involve
conceptual difficulties

? As an intermediate step, nuclear cross sections can be estimated
exploiting nuclear matter results within the conceptual
framework of the local density approximation
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NEUTRINO MEAN FREE PATH IN NEUTRON MATTER
? The mean free path of non degenerate neutrinos at zero

temperature is obtained from

1

λ
=
G2
F

4
ρ

∫
d3q

(2π)3

[
(1 + cos θ)S(q, ω) + C2

A(3− cos θ)S(q, ω)
]

where S and S are the density (Fermi) and spin (Gamow Teller)
response, respectively

A Lovato et al, arXiv 1310.0510 [nucl-th]
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? Both short and long range correlations important
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? Mean free path of a non degenerate neutrino in neutron matter.
Left: density-dependence at k0 = 1 MeV and T = 0 ; Right:
energy dependence at ρ = 0.16 fm−3 and T = 0, 2 MeV
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? Density and temperature dependence of the mean free path of a
non degenerate neutrino at k0 = 1 MeV and ρ = 0.16 fm−3
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